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Abstract

The Poisson type inequalities, which were improved by Shu, Chen, and
Vargas-De-Tedn (J. Inequal. Appl. 2017:114, 2017), are generalized by using Poisson
identities involving modified Poisson kernel functions with respect to a cone. New
generalizations of improved Poisson-Sch type inequalities are obtained by using the
generalized Montgomery identity associated with the Schrédinger operator. As
applications in quantum calculus, we estimate the size of weighted Schrédingerean
harmonic Bergman functions in the upper half space.
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1 Introduction

The Poisson—Sch inequality problem has many applications, e.g., second-order irre-
versible reactions, obstacle problems, the diffusion problem involving Michaelis—Menten,
and reservoir simulation, see, for example, [11, 16—18] and the references therein for de-
tails. In recent years, various extensions and generalizations of the classical variational
inequality models and complementarity problems have emerged in mechanics, nonlin-
ear programming, physics, optimization and control, economics, transportation, finance,
structural, elasticity, and applied sciences; see [7, 12, 17, 18] and the references therein for
more details. And hence there are a number of numerical methods, such as descent and
decomposition, neutral differential equations, for the solution of Poisson—Sch inequality
models and complementarity problems [16, 17].

In general, when this method, or its many Poisson-Sch forms, is used to solve the
Poisson—Sch inequality problem, a key element for implementing this is to find the pro-
jection operator. And then, based on the assumption of the convex set, the sequence
generated by the proposed method converges to the unique solution of the Poisson—Sch
inequality problem. However, for some classes of variational inequalities, such as the gen-
eralized nonlinear Poisson—Sch inequality systems, there is not a general convergence the-
orem, owing to the fact that the convex set cannot be built and the projection method
is inapplicable [1, 5, 13, 24]. To fix this issue, the auxiliary principle method has been
used to the Poisson—Sch inequality problem, the origin of which can be traced back to
the reference by Lions and Stampacchia [16]. Moreover, the authors in [12, 20, 22] used
an auxiliary principle method to study the existence of a solution of mixed variational in-
equalities. In recent years, under the frame of the auxiliary principle, some authors, such
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as Huang [14], Qiao [20], Shu et al. [21], Wang et al. [22], Zhao and Zhang [23], and so
on, introduced some interesting iterative algorithms to solve some classes of Poisson—Sch
inequality problems, and built the corresponding convergence theorems.

Due to the rapid advancement of computing resource, there is a growing interest in
developing parallel algorithms for the simulation of the Poisson—Schinequality problem.
However, most approaches for Poisson—Sch inequality problems are based on the sequen-
tial iterative method. Motivated and inspired by the references [21, 23], in this paper we
introduce and investigate some new Poisson—Sch type inequalities and obtain some ap-
plications.

Let R, be a set of all positive real numbers and R*! be the #-dimensional Euclidean
space, where # > 2. A point z in H is denoted by (7, z,), where H = R*! x R,, 7 € R*,
and z, > 0.

Let ¢ > 0 and /4 be a Schwarz function. Then the positive powers of the Laplace operator
A can be defined by (see, e.g., [10, p. 102])

(~2)%h(z) =37 (I&1h(®)) )
and
3hie) = he) = f I d,
Rn

It is well known that the definition (1) can be extended to certain negative powers of —A,

and we can define
Leh=(-A)y2h=F"(I"h) (O<t<n).

If we define the inverse Fourier transform of |§|™* by L, then it follows that [9, p. 61]

143
|z|n-7 ?

L, (Z) =

where y; is a certain constant.
Let 0 <7 <nand g = (-A)2 k. Then it is well known that any Schwartz function / can

be written as follows:

h(z) = Lrg(z) =(L, *g)(Z) =Y /R,,, %

A time scale is defined by T. Then the operators o : T — T and p : T — T are defined
as follows:

o(t)=inf{seT:s>t}
and
o) =sup{seT:s<t},

respectively, where ¢ € T (see [4, 6, 24]).
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Let a and b be fixed two points in T satisfying a < b. The modified Schrodinger equation
is defined by

19) = ~[py* )] +a@)y(e), telabl, (2)

where g: T — C is a continuous function, p : T — C is V-differentiable on T, p(¢) # 0 for
all£ € T, and p¥ : Ty — C is continuous. The Wronskian of y, z is defined as

W(,2)(t) := p(O)[y(0)z> () - y* (D2(0)],

where t € T* (see [8]).
Consider the boundary-value problem defined by

I)=Ay, yeD, (3)
subject to the boundary conditions

y(b) —hp(b)y* (b)) =0,  Imh >0, (4)
uiy(a) - vap(a)y® (@) = A(viy(a) - vyp(a)y® (a)), (5)

where A is a spectral parameter and vy, vy, v}, U5 € R, and v is defined by

vy v

U= = U Uy — U1Uy > 0.

vy Uy

Motivated by this Riesz kernel L., we shall introduce the modified Riesz kernel function
in H. To do this, we first set (see [2])

—loglz] ift=n=2,
Er(z) =
|z|F " if0<t<n.

We define the modified Riesz kernel G, (z, w) by
E.(z-w)-E(z—w"),

where z # w, 0 < T < n and * denotes reflection in the boundary plane dH just as w* =
(W1, W,y W1, —Wy).

Let { >0,0<p<o0, QCR" and 1/p + 1/q = 1. Then the weighted harmonic space
N’;(Q) can be defined by

1

Il = ( [ yu(z)\Pdmz)) " oo,

where u are real-valued harmonic functions on €, dg (2) = dist(z, 92)° dz. Let dist(z, 0€2)
be the distance from z to 92 and dz denote the Lebesgue measure on R” (see [15, 19]).
Put NIZ = N‘;(H). Then we can check that dV; (z) = z4dz on H.
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In this section, we further present some basic definitions, concepts, and some fundamental

results that will be used later.

Definition 2.1 A mapping T : H — H goes by the name of (see [3]):
(i) Nonexpansive, if

13z -Fw| < llz-w]|

forall z,w € H.

(ii) Firmly nonexpansive, if
1F2 = Fw| < (z—w, Tz - Tw)

for all z,w € H.
(iii) Contractive on w, if there exists 0 < ¢ < 1 such that

1%z - Fwl < ¢llz—wl

for all z,w € H.
(iv) Monotone, if

(Zz—-Fw,z—w) >0

for all z,w € H.
(v) k-inverse strongly monotone, if there exists « > 0 such that

k|Tz-3w||® < (Zz-FTw,z—w)
for all z,w € H.

Define

Zy +
P,(w) = Pz, w) = W
nlz —wl"

where w € Hand w = (W, —w,,). We call it the general Poisson kernel.

It follows from (6) that

b " flz—w)
DEpte )= D2 D e = L

for
K=Ki+Ky+-+Ky
and

/ P(z,w)dw =1
aH

7)

8)
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for each z € H and for every w € H, where f is a homogeneous polynomial of degree || + 2
(see [2] for more details).

The following lemmas are called Green—Sch type estimates of Green—Sch functions
G.(-,-) (see [21, 22]).

Lemma 2.1 Let0< ¢ <n. Then

ZnWn

W)~ M—"
G:(z,w) PR

Lemma 2.2
(1)

\Ck (t)‘ =C¢1)= FQw)C(k+1)’

where |t| < 1;

(2)
d w w+
EC,( (t) = Zka_ll(t),

where k > 1;

(3)

Yot =1 -0

k=0

n-¢ n-¢
2 2

6 O-¢F () <-0C; Wle-r

’

where |t| < 1 and |t*| < 1.

3 Main results and their applications

In this section, we present the proposed parallel iterative method with auxiliary princi-
ple for the generalized Schrodinger inequality systems. We first prove new Poisson—Sch
inequalities associated with the Schrédinger operator in Di P(z,w).

Theorem 3.1 Let i be a multi-index such that
n+§+1<p(n+|/?|—2)

and w € H. Let
u(z) = DgP(z, w)

on H. Then

n++1
~ p-n—|k|+2

IIuIIRI; R Wy
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Proof It follows that

w(z) = flz—w)

- |z — w|n+2\:?|+1

from (7), which together with z — (z' + W/, z,,) gives that

_ ) |p+l
fle-wP .
u |z — w2y ™"

| fer Qwrt

1 |z + (0, w,,)| 21D "

po_
Ilullxﬁ = dz

LR e e )P, 4
- (n+2]k)p+1 (2R en - 4%
Wy H |Z + (0’ l)|
=1
So z+> wy,z.
By the definition of f, we have
¢+1
Zn
< - -
O<ts /H 2+ © Dy

< o0 2+ zy+1 oy
~ (e Dp-r+2 n 0% G
o (z.+1) on |z +(0,1)]

o 2
<
N/O‘ (2, + 1)+ IKI=Dp-n—g+2 dzy

< o0

from (8) and Lemma 2.1, where

n+§<p(n+|E|—1)

and [ is defined as in (9).
Thus

P (1m0 —(n+]K]-1)p-1
lully = pL,

which yields that

(n+g+1)
p-n-|k|+1

IIuIINIZ_ N Wy
from Lemma 2.2.

The following lemma is required.

Lemma 3.1 Letu € R’;, where p >0 and ¢ > 0. Then

¢

IIMIIN;;

’M(Z)| E n+t+1
zn”

forany z € H.

Page 6 of 13

)

(10)
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Proof Let

If w,, denotes the volume of the ball B(z, ), then we have
Wy & Z,.
So

”Zn+1 - l:t” = HPS,‘{ZVI - HnG*GVn + )W(Vn _Zn)} _PSi{l,'\t - tG*GZ"\t} H

- Psi{(l—kn)zn+k <I—i—"G* ) }

(1= Zee)- (1- Zere)
T T,

=< (3 _2)‘n)||zn - i‘” + )\n”"n - ’:‘”

=< (3 - 2)\n)||zn - ﬁ” + )\n

Since ¢ — 0 as n — o0 and from the condition in (8), it is easy to see that

c<1- Ynp(G*G)
f— 2 ’

as n — 00, which gives that

Vn c (0, p(G*G))
1-¢, 2

We deduce that

”Vn - it” = ”PS,'{(l - (n)zn - VnG*GZn} _P31{£l_ 1G * Gi‘}”

yn sk A~ ~ yn A
S(I_Cn)<zn_1_—§nG Gzn)"'{;nu"'(l_gn)(u_l_;,n GM)}

i (1- g)[zn

G*Gz, — i +
_gn 1‘(}1

G*Git] ,

which is equivalent to
Vi =l < Gull=2ell + (1 = &)l 20 — 2l
Substituting (6) in (8), we obtain that

2 = all < (1= Xp)llzn — @l + A (Eull =]l + (1= &) |20 — i)
<(1- )\né‘n)”Zn - it” + )‘ngn”_&”

< max{ ||z, - il], |-l }.
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By induction we have

Iz, — il < max{llz, — all, |-l }.
If we put
T =2Ps, -1,

then it is easy to see that P, is nonexpansive and monotone.
So

I+T
Zper = +2 [(1—,\n)zn+)\n(1—g—”G*G>vn]

Tn

I1-A A
= " Zn + — I—E—HG*G Vi
2 2 T,

S Z[(l _)\n)zn +)\n(1— E_nG*G>Vni|r
2 T

n

which yields that

1-A, 1+,
Zn+l = Tzn + Tbn;

where

donll = 22 G*G)vyy + TI(L = M)z + n(I = £ G*G)v,y]
" 1+ A, '

Indeed

)\n+1
by — byl <
” n+l n” =14+ )"n+1

(1— ot G*G)v,,+1 - (1— g—"G*G)vn
)Vn+1 Tn

(I - g—"G*G) Vy
Ty

{(1 = Ans1)Znsl + Anel (1 - l;m—l G*G> Vn+1}

n+1

T[(l A2 + o (1 - %G*G) v,,:|

1+A,1 1+A,

‘ )\n+1 )\n

+

1+ )\n+1

1 1
1+Apa 1+A,

+ ‘

n

It follows that

p+1 1 t{
/ udt 5/ luP*l de ~ 7/ |u|1“1—’;dt
B(z,r) Bl(z,r) 2y JB(z,r) Zn

from Ostrowski type inequality (see [20]).
So

[u@” =

q

[l
K

n+l+l °
P

lu2)] <

Page 8 of 13
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Theorem 3.2 Let p # q and ¢ > 0. Then N’Z does not contain N? and

W ()R, (t) dx + W dxdt

Q Styxo

5/ dedt+/ F2 4+ yluo|P 2 dxdt
(84,01 \Sh) o st

m+1 X7

foranyt>0.

Proof To derive local energy estimates, we use R, and its proprieties.
It follows from Lemma 3.1 that we have

el 2
s (207 + 282 v) — 2R N, 07 =282 |V|7 = 4R N, 00 + 2y |u| uwR?,
+ 282 [V[? =2V - (X2 wVv) +4R,,1(VR,, - V)

= 2wRk2F,
which yields that
a 2 20y
—(a®2 V] + a2 |V + s |u) PR
Bs<a ”’| | oIV /o+2I | "
2ay’ 4
20, R [V 4 20082, |V p—+”2|u|ﬂ+2><; - %W”N;nxm

- 20,8, |VV]> =20V - (R2V/VV) + 4o,V (VR,, - V)

= 2aV' R F.

Combining the above identities, we have

0 2.2 2 2 (.12 2 ,  2ay 2402
a(mmv + 2820V + a2 V[T + aR2 | VY +m|u|ﬂ+ K2

— 282 V| + 20082 [V [P + 282, | VY)? - 2aR), N, V[?
m

20y’ 4o
29 |ulP 2R, — 2 |ulP U soRE, — o +V2 u]P 282~ e +y2 ]P 2R, R,

— 2R N, 02— AR R,V — 208, R, [V [P =2V - (K2 WVY) + 4R, 1(VR,, - V)
—2aV - (RLV'VY) +4aR,,V (VR,, - Vv)

= 2wRXF + 2av'anF.
So

d 2 2 2 21,12 2 2, 20y 242
£<LNW,V + 282w +aR2 V[T + R V| +m|u|p’r R

!/

ay 42402
U N
p+2>| | e

x 2ot = DR V| + 282 |Vv]? + 2()/ -

= 2R, R, 1% + AR R,V + 2R R, |V [P+ 208 R, | VY[
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— 4R, V(VR,y, - VV) — 4o,V (VR,,, - V) + 20V - (R2 V' V)

4o
p+2

+2V. (Ninv) + lulP 2y R R, + 2y(|u|pu)uook~<2

m

+2wR2 F + 2aV/R% F,

which together with the facts that X, = 0 for £ = 0 yields that

/ <LV2(t) +2vV () + oziv/(t)|2 + |Vv(t)|2 + 20lL(t)|u(t‘)|p+2>§’€fn(t) dx
Q p+2

o i
+ / IGTRS 1)?~¢fﬂ|v’|2 +2R2 VP +2( y - i |u|P**R2 dxdt
Q p+2
- / 2R, R, 17 + AR R, 0+ 208, R, V[ + 2aR) R, (Vo)
t
40”/ +248/ /
+ —2|u|" R N, dedt— | 48, v(VR,, - Vv) —4aR, V' (VR,, - Vv)dxdt
0+

t

+/ 2y(|u|"u)uoot~<i,dxdt+/ 2WR2 F + 20v'R2 F dx dt.
Qe Q

In order to estimate the left-hand side of the above equality, we should use the following

inequality:
1
20 > —(Lv2 + —|1/|2),
t
which yields that

22 2 2 2 2 2 2 2 2 2
R2 V4282V +aRD V|7 + o [V > 8R2 V|7 + aX [V,
where

1
80:<a——>>0.
L

Considering the properties of Q, and taking into account that y’ <0, we have
20y (t
/ So|V @) +a|Vue)|* + 20y(1) ()| | N2 (¢) dx
Q p+2
o /
+ 2/ LSOW}Z +| Vv +(y+ ival ul?* )R2 dxdt.
Q p+ 2
So it can be estimated by
co/ ’v'|2+|v|2+|Vv|2+y|u|"+2dxdt
(SL,1\St) xo

+/ 2y(|u|pu)uooandxdt+/ 2wR2 F + 2av/R2 Fdx dt.
L

t
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Here and in the sequel, we notice that

+1)e
(I s = L2 iz, o2,

+2 (p +2)elr*l
The same inequality, for p = g = 2, yields that

1+ a?

2WR2F + 20V F <e(v + |v’|2) + 2,

&
2wV < v+ ‘v/}2,

2|V <v? + Vv
So
Co/ |v’|2+|v|2+|Vv|2+y|u|”+2dxdt
(S%,:1\S5)

+C1€/Q(|V| +y ul”?)N dxdt + (pﬂ)/Q(F2+y|uoo|’”2)k~€fndxdt
t

=0.
Since o is bounded, Poincaré’s inequality yields that

|V(t)| N2 (t)dx<c / |Vx2v(t)| Nz t)dx<c / |Vv(t| N2 () dx,

where ¢, is a positive Poincaré constant.

By applying Poincaré’s inequality again, we have

62/ ’v'|2+|Vv|2+y|u|”+2dxdt
(8L, 1 \S)

C
+ 628/ (|‘/i2 + VP + y |ulP*?)R2, dxdt + g(/jrl) / (F + 7 oo |P*?)N2, dix .
Qt Qt

Thus

/(80|V/(t)|2+oe|VV(t)|2 20y(1) =~ (t)|"*2>x2 (t) dx
Q o+
/12 2 |V| PRAT)
+2 WSolV[T + VY + y+ | )N2 dxdt
Q
§c2/ V[*+ IV + y |ul?*? dxdt
m+l\St)

+Cz£/ (|1/|2+ IVVI> + y ul”?)N2 dxdt
Qt

e 2 2) 2
e+D) /Q (F? + ¥ luo|°*?)N}, dxdt.
t
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Considering that ¢ is small enough, we have
/ (V@ + Vv + y @) |u@)]”?)R% () dx
Q m
13
+/ (|1/|2 +|Vy2+ y|u|p*2)an dxdt
t
§C3/ |v/|2+|Vv|2+y|u|’”2dxdt
(8L, 1\Sh)xo

+ 03/ (F2 + y|uoo|p+2)an dx dt
Q
< +00.
This completes the proof. O

4 Conclusions

In this paper, we generalized the Poisson—Sch type inequalities by using new identities in-
volving new Green—Sch’s functions. As applications in quantum calculus, we estimated the
size of weighted Schrédingerean harmonic Bergman functions and L”-norm size of par-
tial derivatives of extended Poisson—Sch kernel functions associated with the Schrédinger
operator in the upper half space.
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