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1 Introduction
In 1966, Shafer [1] posed, as a problem, the following inequality:

3x
————— <arctanx, «x>0. (1.1)

1+2v1+42

Three proofs of it were later given in [2]. Shafer’s inequality (1.1) was sharpened and gen-
eralized by Qi et al. in [3]. A survey and expository of some old and new inequalities as-
sociated with trigonometric functions can be found in [4]. Chen et al. [5] presented a new
method to sharpen bounds of both sincx and arcsinx functions, and the inequalities in
exponential form as well.

For each a > 0, Chen and Cheung [6] determined the largest number b and the smallest
number c¢ such that the inequalities

bx cx

—  <arctanx < ————
1+av1+x2 1+av1+x2

are valid for all x > 0. More precisely, these author proved that the largest number b and

(1.2)

the smallest number ¢ required by inequality (1.2) are

T T
when0<a<—, b=—a, c=1+a;
2 2
T 2 4a® -1
when — <a < , b= ( ), c=1+a
2 T -2 a?
4(a® -1 T
when <a<?, bzg, c=—a;
T - a? 2
T
when2<a<oo, b=1+a, c=5a.

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-018-1734-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1734-7&domain=pdf
mailto:chenchaoping@sohu.com

Qiao and Chen Journal of Inequalities and Applications (2018) 2018:141 Page 2 of 14

In 1974, Shafer [7] indicated several elementary quadratic approximations of selected
functions without proof. Subsequently, Shafer [8] established these results as analytic in-
equalities. For example, Shafer [8] proved that, for x > 0,

8x

3+,/25+ L2

The inequality (1.3) can also be found in [9]. The inequality (1.3) is an improvement of the

< arctanx. (1.3)

inequality (1.1).
Zhu [10] developed (1.3) to produce a symmetric double inequality. More precisely, the
author proved that, for x > 0,

8x 8x
—_— <arctany < ——————, (1.4)
3+,/25+ L2 3+,/25+ 22«2
T
where the constants 80/3 and 256/72 are the best possible.
Remark 1.1 For x > 0, the following symmetric double inequality holds:
8x 2/T5m
- = carctanx< —3> | (1.5)
3+,/25+ a2 3+,/25+ L2

24151
3

where the constants 8 and are the best possible. We here point out that, for x > 0,

the upper bound in (1.4) is better than the upper bound in (1.5).

Based on the following power series expansion:

80 32 ., 64 , 25376
arctanx| 3 +,/25+ —x2 ) =8x + x' - x + X =,
3 4725 4725 1,299,375

Sun and Chen [11] presented a new upper bound and proved that, for x > 0,

8x + 22 x7

4725 (1.6)

3+‘/25+8—30x2

Moreover, these authors pointed out that, for 0 < x < xy = 1.4243..., the upper bound in

arctanx <

(1.6) is better than the upper bound in (1.4). In fact, we have the following approximation

formulas near the origin:

8
arctanx — % = O(xs),
3+,/25+ B0y2
b g
3x
arctany — —————— = O(x°),
1+2v1 442 ( )
8
arctanx — S O(x7),

3+,/25+ L2
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and

8x + 2257
arctanx - ———222—— = O(x”).

3+,/25+ %9@

Nishizawa [12] proved that, for x > 0,

72x 2%

<arctany < ——————— (1.7)

4+ /(> = 4)% + Q) 4+/32+ 2mx)?

where the constants (72 — 4)? and 32 are the best possible.

Using the Maple software, we derive the following asymptotic formulas in the Appendix:

arctanx 7?2 12 — 72 1
= — C) + —5 (1.8)
x 4+ /32 + (2nx)?2 3mx x
arctanx 32
x 24— 712 + /432 — 2472 + 4 — 127 (12 — 72)x + (677%)?
at-72 o 1 (19)
+———+ 0| — |, .
1873x° x6
and
s x2 + 14—5 1
x| — —arctanx | = 5> +O0| — (1.10)
2 X%+ % x°
as x — 0.

In this paper, motivated by (1.9), we establish a symmetric double inequality for arctan x.
Based on the Padé approximation method, we develop the approximation formula (1.10) to
produce a general result. More precisely, we determine the coefficients @; and b; (1 <j < k)
such that

4 2K b a4y o 1
X 3 —arctanx | = 1 02 D 41 by + e )’ X — 00,

where k > 1 is any given integer. Based on the obtained result, we establish new bounds

for arctanx.
Some computations in this paper were performed using Maple software.

2 Lemma
It is well known that

2n+1 . 2/<+1 x2k+1

Z( 1) (2k W <sinx < Z (2k+ W (2.1)
and

2n+1

Z( l)k 20! <COSXx < Z (2]()‘ (2.2)

for x > 0 and n € Ny := N U {0}, where N denotes the set of positive integers.
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The following lemma will be used in our present investigation.

Lemma 2.1 ForO<u<m/2,

5, 91 . 41

cosusin®u>u? - Zut+ —ub - ——u (2.3)
6 360 1008
and
1 13 41
sinfus>ud- Py —u’ - —— . (2.4)
2 120 3024
Proof We find that
. 9 1
cosusin“u = 1 (cos u-— Cos(3u))
5 91 41 >
2 4 6 8 n-1
-2 2 _ -1 2.5
u 6M + 360u 1008u +;( ) wy(u) (2.5)
and
. 3 1, . .
sin“u = o (3sinu - sin(3u))
1 13 41 >
3 5 7 9 n-1
=u’——u+—u - + -1)"" Wyu(u), 2.6
" T 120" T 3024 ,g;( V" Walu) 26
where
- 309"~ 1)
2n 2n+1
= d W,(u)=—— .
W) = o and Wil = e

Elementary calculations reveal that, for 0 < # < /2 and n > 5,

en) w1 1) (/220" - 1)
we(u)  2@2n+Dm+1)(97-1) < 22n+1)(n+1)(9" - 1)
3. 971 ) 27 L
S22+ D)+ DO —1)  22n+ D(n+ 1) { T 1 }

- 27 1 1 1,594,323
+ = <
T 22n+1)(n+1) 9% -1 118,096(2% + 1)(n + 1)

and

Wru—l(u) _ u2(9n+1 - 1) < Wn+1(”) <1
Wo(u)  22n+3)(m+1)9"=1)  wy(u) '

Therefore, for fixed u € (0,7/2), the sequences n +— w,(4) and n —> W, (u) are both
strictly decreasing for n > 5. From (2.5) and (2.6), we obtain the desired results (2.3) and
(2.4). O

The proof of Theorem 3.1 makes use of the inequalities (2.1)—(2.4).
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3 Sharp Shafer-type inequality
Equation (1.9) motivated us to establish a symmetric double inequality for arctan x.

Theorem 3.1 For x >0, we have

3m’x
24— 72 + \Ja — 127 (12 — w2)x + 367 2x2

< arctanx
3 2
< il , (3.1)
24— 72+ /B — 127 (12 — w2)x + 367242
with the best possible constants
o =432-24n" + 1% =292.538... and
(3.2)
B =576 -19272 + 167* =239.581....
Proof The inequality (3.1) can be written for x > 0 as
37 2x? 2
B < ( - (24—712)) +127 (12 - %) - 367°x% < . (3.3)
arctanx
By the elementary change of variable ¢ = arctanx (x > 0), (3.3) becomes
T
B<®(t)<a, O<t<—, (3.4)

2

where

3n2tan’t >
V() = <f —(24- 712))
+ 1271(12 - 7'(2) tant — 3677 tan t.
Elementary calculations reveal that

lim 9(f) =576 — 19272 + 167* and

t—0t

lim () =432 — 2472 + 7*.

t—m/2”

In order to prove (3.4), it suffices to show that ¥ (¢) is strictly increasing for 0 < t < 7/2.
Differentiation yields

£3cos® 9/ (¢) = (247”‘ - nst) sintcos®t + (Snst - 127 t3) sint
— (377 + (247 - %) — (24 - 27%)£%) cost + 3n° cos’ ¢

=: A(2).

We now consider two cases to prove A(£) >0 for 0 < £t < 7 /2.
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Case1l:0<t<0.6.
Using (2.1) and (2.2), we have, for 0 < £ < 0.6,

1 3 11
AE) = (671 - En3>tsin(3t) + Eng cos(3t) + {<6n + ZnB)t— 12711.‘3} sint

- (Zns - (7r3 - 247r)t2 - (24— 2712)1:3) cost

1, 9, 81 . 243,
>|6m—-m° Jt|3t— ="+ —t° — —t
4 2 40 560

3 9 27 81
+omd 122+ St - — 8
4 2 8 80

11 1
+1l6m+ = )t-12n83 (- =1
4 6
3 1, 1
—( =7 - (7% -24m)? - (24 -27%) 2 (1 - =2 + =1
4 2 24
8
= t3{24—2n2 - (2871 - §n3>t— (12—712)152}

o[ 263 235 4 1, 729 243 5\ ,
+ty ——nm—-—n'+|(1-—=n" )t | =7 — 7" )t ;.
20 192 12 280 2240
Each function in curly braces is positive for ¢ € (0,0.6]. Thus, A(t) > 0 for £ € (0,0.6].
Case2:0.6<t<m/2.

We now prove A(f) > 0 for 0.6 < £ < /2. Replacing ¢ by 7 — u leads to an equivalent
inequality:

g
n(u) >0, O<u<§—0.6,

where

3
ulu) = (24-71 —n3)<% — u) cosusin® u + {3713(% — u> — 1271(% - u) }cosu
T 2 T 3
- {3n3 + (2471 - n?’)(E - u) - (24 - 2712) (E - u) } sinu + 373 sin® .
Using (2.1)—(2.4), we have, for O<u < Z — 0.6,

2

b4 5 91 41
,LL(M) > (247'[ —JTS)(E - l/[) (l/l2 - glxl4 + %M6 - m”g)

T T 3 1 1 1
+{3m3 = —u)-127(=-u -+ —ut— —u°
2 2 2 24 720
T 2 T 3 1 1
- 3n3+(247r—7r3) ——u —(24—2712) ——u u— -+ —u’
2 2 6 120

1 13 41
#3703 —u - —°
2 120 3024

1 9 11
sutl =gt 24+ (12 - Znd u+ (272 - =7t + 4 )u®
3 5 90
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82 199 .\ .
tl-——m+—n"|u
157 " 360

1 25, 41 ,\ , (403 41 5\ 5
+|l-——=——-—nmn"+—n" |+ | —m ——7° |u’; >0.
5 56 2016 4207 504

We then obtain A(¢) > 0 and ¥'(¢) > 0 for all 0 < ¢ < /2. Hence, 9 (¢) is strictly increasing
for 0 <t < /2. The proof is complete. d

From (1.7) and (3.1), we obtain the following approximation formulas:

2

arctan T
~ =:a, (3.5)
n 4+ /32 + (2 n)?
and
arctan # 372
R =:b,, (3.6)
n 24— 72 + /432 - 2472 + 14 — 127 (12 — 2)n + (67 1)?
as n — o0.

The following numerical computations (see Table 1) would show that, for n € N, Eq. (3.6)
is sharper than Eq. (3.5).

In fact, we have, as n — oo,

arctan n 1 arctann 1
=a,,+O(—4> and =bn+O(—5).
n n n

4 Approximations to arctanx
For later use, we introduce the Padé approximant (see [13—16]). Let f be a formal power

series,

f®) =co+cit+ert> +---. (4.1)

The Padé approximation of order (p, q) of the function f is the rational function, denoted

by

plal ) - —=0% @2)

4 1+ <q:1 bjﬁ’ '
/)
Table 1 Comparison between approximation formulas (3.5) and (3.6).
n an - arctann arctann _ )
n n

1 7.055 x 1073 5259 x 1073
10 595 x 107° 3.939 x 107/
100 7.066 x 10710 4492 x 10712
1000 7.182 % 10714 4546 x 1077
1

0,000 7.193 x 10718 4552 x 10722
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where p > 0 and g > 1 are two given integers, the coefficients 4; and b; are given by (see

[13-15])

ap = Co,
ay = ¢oby + ¢y,

a) = C0b2 + Clbl + Cy,

ay=coby + - +cp1by +Cp,

0=cpe1 +Cpb1 + -+ Cp_gi1by,

0=Cpig+ Cpig1b1+ - + Cpby,

and the following holds:

(p/qlr () - f(£) = O(+7).

(4.3)

(4.4)

Thus, the first p + g + 1 coefficients of the series expansion of [p/q]s are identical to those

of f.

From the expansion (see [17, p. 81])

00
T

arctanx = — + , x> 1,
2 21(2] 1x2/1 g

we obtain

o]

T ¢ 1 1
x| — —arctanx :E IV T —
<2 ) xY 3x2  5xt

j=0
where
-1
i (— forj>0
2j+1
Let
=34,
j=0

with the coefficients ¢; given in (4.6). Then we have

o0
f(xz) = Z 9% =x<% - arctanx).
j=0

In what follows, the function f is given in (4.7).

(4.5)

(4.6)

4.7)

(4.8)
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Based on the Padé approximation method, we now give a derivation of Eq. (1.10). To

this end, we consider

>0 ait?
[l = =2
1+Zj:1b/t_/
Noting that
1 ! ! 4.9)
=1, ci=--, C)=—-, .
0 1=-3 2= ¢

holds, we have, by (4.3),

ap=1,
ar=by -~ %,
11
0=3- gbl,
that is,
3
=1, =—, b =-.
ao ay 15 1 5
‘We thus obtain
AL - 1+:& _ 15t+4 (4.10)
A TR TP ) ’
and we have, by (4.4),
15t +4 1
H=———+0(=), t— . 4.11
10- 555 °(3) (1)

Replacing ¢ by x? in (4.11) yields (1.10).
From the Padé approximation method and the expansion (4.7), we now present a general

result.

Theorem 4.1 The Padé approximation of order (p, q) of the function f(t) = Z;):Oo Cg’ (at the

point t = 00) is the following rational function:
o

1+ at”

— 7

L+, bt

ratrl+--+a
— P ! 2, (4.12)
4+ bt + -+ by

[p/qls(e) =
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where p > 1 and q > 1 are any given integers, the coefficients a; and b; are given by

ay =b1 +C1,

a) = b2 + Clbl + Cy,

ay=by+-+cp1b1 +¢p, (4.13)

0=cpe1+Cpb1+ -+ Cpgi1by,

0=Cpig+ Cpig1b1 + - + Cpby,

and c; is given in (4.6), and the following holds:

1
£O) - plal(©) = o(tw1 ) [ oo. (@19)
In particular, replacing t by x* in (4.14) yields

T
x| — —arctanx
2

2p 2p-1) 4 ... 1
_ g (XX +otay
x (x2‘1 TS S +0 2D )’ x — 00, (4.15)

with the coefficients a; and b; given by (4.13).
Setting (p,q) = (k, k) in (4.15), we obtain the following corollary.

Corollary 4.1 Asx — oo,

2k 2(k-1)
T x5+ a1x + -+ ag 1
x(a - arctanx) R — + O(x‘*k*z)’ (4.16)

where k > 1 is any given integer, the coefficients a; and b; (1 < j < k) are given by

ay =b1 +Cy,

a) = b2 + C1b1 + Cy,

ax=bi+ -+ cra1by + cx, (4.17)

0=cpy1 +cxb1 +---+c1by,

0= Cok + CZk—lbl + o+ Ckbk,

and c; is given in (4.6).
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Setting k = 2 in (4.16) yields, as x — o0,

4 945x* + 735x% + 64 1
x| — —arctanx | = +0| — |, (4.18)
2 15(63x* + 70x2 + 15) x10

which gives

w
arctanx = —

2 15x(63x* + 7042 + 15

945x* + 735x2 + 64 1
+0 .
) xll

Using the Maple software, we find, as x — oo,

T 945x* + 735x% + 64 64
arctanx = — — +
2 15x(63x* + 70x% + 15)  43,659x1
1856 1
- 0ol —=—). 4.19
464,373 (x15> (*.19)

Equation (4.19) motivated us to establish new bounds for arctan x.

Theorem 4.2 For x > 0, we have

T 945x* + 735x% + 64 64 1856

- +
2 15x(63x* + 7042 + 15)  43,659x!!1  464,373x!3

T 945x* + 735x% + 64 64
<arctanx < — — + .
2 15x(63x* + 70x2 + 15)  43,659x!1

(4.20)

Proof For x>0, let

7 945x* + 735x% + 64 64 1856
I(x) = arctanx — [ — — + _
2 15x(63x* + 7042 + 15)  43,659x!1  464,373x13

and

7 945x* + 735x> + 64 64
J(x) = arctanx — | — — + .
2 15x(63x* + 70x2 + 15)  43,659x!1

Differentiation yields

64(230,391x% + 372,680x° + 236,885x* + 65,400x + 6525)
- <

I'(x) =
() 35,721x1%4(1 + x2)(63x* + 7042 + 15)2

0

and

(12,7898 + 15,610x° + 8890x* + 2325x% + 225)
3969x12(1 + x2)(63x* + 70x% + 15)2

64
J'(x) =
Hence, I(x) is strictly decreasing and J(x) is strictly increasing for x > 0, and we have
Ix)> lim I(t) =0 and J(x)< limJ(¢)=0 forx>O0.
t—00 t—00

The proof is complete. O
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Remark 4.1 We point out that, for x > 1.0213..., the lower bound in (4.20) is better than
the one in (1.7). For x > 0.854439..., the upper bound in (4.20) is better than the one in
(1.7). For x > 0.947273..., the lower bound in (4.20) is better than the one in (3.1). For
x>0.792793..., the upper bound in (4.20) is better than the one in (3.1).

5 Conclusions

In this paper, we establish a symmetric double inequality for arctanx (Theorem 3.1). We
determine the coefficients a; and b; (1 < < k) such that

7 2K b a4y o 1
X bY —arctanx | = 1 02D 41 by + e )’ X — 00,

where k > 1 is any given integer (see Corollary 4.1). Based on the obtained result, we

establish new bounds for arctanx (Theorem 4.2).

Appendix: A derivation of (1.8), (1.9), and (1.10)
Define the function F(x) by

arctan x 1

F(x) = .
@ x a+~'b+cx?

We are interested in finding the values of the parameters 4, b, and ¢ such that F(x) con-
verges as fast as possible to zero, as x — 00. This provides the best approximations of the
form

arctanx 1
~ X — 00.

’
x a+ b+ cx?

Using the Maple software, we find, as x — oo,

TJc-2 a-c¢ b-2a®
+ +
2./cx cxr 23243

3a3 + ¢* - 3ab o 1
+——+0[ = ).
3c2xt x5

The three parameters a, b, and ¢, which produce the fastest convergence of the function

F(x) =

F(x), are given by

Tc-2=0,

a-c=0,
b-2a*=0,
namely, if
4 32 4
612;, b‘;, C‘ﬁ
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We then obtain, as x — oo,

arctanx 1

12— 72 1
= - o tO0|l =
x 4 32 , 4.0 3mwixt x
— + = t =X
T T T

2

T 12 — 72 O(l)
= - +0[ = ).
4+ 32+ @2rx)? 3wt x°

Define the function G(x) by

arctanx 1
G(x) = -

x P ++/q+ 1%+ sx?

Using the Maple software, we find, as x — oo,

6 Ts—2 r=2242ps 4gs—3r* —8sp® —8./spr
X) =
2./sx 253/2x2 855/2x3

—485%2pq + 48./spr* — 36rqs + 15r° + 485°2p3 + 72sp?r + 1657/
+ 48572 x4

+ (120sqr* — 128+/spr® — 128s°p* — 240sp*r* + 256rs**pq + 1925°p*q

—2565°p’r - 35r* - 48¢%s*) /(1285°*x°)

For
24 — 2 432 — 247? + * 412 - 7?) 4
= ) = ) r=- ) S§=—,
p 32 1 o4 373 2

we obtain, as x — 00,

arctanx 372

D 24-72+ /232 - 2477 + 7t — 1270(12 — 2% + (677%)?
4

a* =72 0 1
+——+0| = ).
18735 x0

Define the function H(x) by

X

T X%+ a1x + ay
H(x) =x[ — —arctanx | - ————.
2 %2+ bix + by

Using the Maple software, we find, as x — oo,

bl —a; 3612 - 3b2 - Bdlbl + Bb% +1 ﬂlbz - 2b1b2 + azbl - (llb% + b?
H(x) = - +
x 3x2 x3

~1—5a3by + 5b% + 10a1b1by — 15b3by + 5ab? — 5a1b3 + 5b}
B 5x*

—ﬂlb% + 3b1b% — 2a2b1b2 + Sdlb%bz - 4b?]92 + ﬂzb? - ﬂlb;} + b?
+

1
x° +0 x6

Page 13 of 14
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For

4 3
=0, b =0, N
ay 1 [7%) 15 Y] 5

we obtain, as x — 00,

2, 4
T X°+ 5 1
x| — —arctanx :—135+O — .
2 x4z x©
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