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1 Introduction
The gamma function I" can be defined [24, 28, 31, 32] by

I'(z) =/ tletdt, NR(z)>0.
0

Alternatively, it can also be defined [20] by

1,21
I'(z) = lim "

n—00 (Z)Vl ’

where (z),, for z #0 is the Pochhammer symbol defined [27] as

2(z+1)(z+2)---(z+n-1), n>1;
(Z)n:

1, n=0

The relation between (z),, and I'(z) is

['(z+n)
I'(z)

The beta function B(x, y) can be defined [18, 21, 22] by

(Z)n =

1
B(x,y) = / FrA -t N, Rx), R(y) >0
0
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and can be expressed by

()T (y)

B(x,y) = m,

R(x), R(y) > 0.
In 1995, Chaudhry and Zubair [4] introduced the extended gamma function,
Ty(z) = / Fle T e R(z) > 0,6 > 0. (1.1)
0

If b = 0, then I';, becomes the classical gamma function I'.
In 1997, Chaudhry et al. [3] introduced the extended beta function,

1
By(x,y) = / A=t te 0 4y R(b), R(x), R(y) > 0.
0

It is clear that By(x, y) = B(x, ).
In 2009, Barnard et al. [1] established three inequalities

[qﬁ(zz,a + b,x)]2 >¢la+v,a+b,x)p(a—-v,a+b,x),
[¢(a, c,x)]2 >pla+v,cx)pa-v,cx),

and

A(qb(a +v,a+b,x),pla—v,a+ b,x)) > ¢(a,a+ b,x)

> G(¢(a +v,a+b,x),pla—v,a+ b,x)),

where A(a, B) = % and G(«, B) = /apf are the arithmetic and geometric means and

o]

(@), x"
#la,b)= Z(; ) !

is the Kummer confluent hypergeometric function [25, 28].

The Kummer confluent hypergeometric k-function is defined by

(a)n,k x_n
(B)ux 1!’

¢i(a,b,x) =)

n=0
where

(@i =ala+k)(a+2k)--- [a +(n— l)k]
for n > 1 and k > 0 with (a)ox = 1 is the Pochhammer k-symbol, which can also be rewrit-

ten as

T'x(a + nk)

(a)n,k = Fk (z,l)
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and the gamma k-function I'x(a) is defined [6] by

° k
Ti(a) = / ek dt.
0
In 2012, Mubeen [15] introduced the k-analogue of Kummer’s transformation as
oi(a, b,x) = Epr(a, b — a,—x). (1.2)
In Sect. 2, we prepare two lemmas. In Sect. 3, we discuss applications of some integral
inequalities such as Chebychev’s integral inequality. In Sect. 4, we prove the logarithmic

convexity of the extended gamma function. In the last section, we introduce a mean in-

equality of Turdn type for the Kummer confluent hypergeometric k-function.

2 Lemmas
In order to obtain our main results, we need the following lemmas.

Lemma 2.1 (Chebychev’s integral inequality 7, 8, 12, 23]) Letf,g,h:I C R — R be map-

pings such that h(x) > 0, h(x)f (x)g(x), h(x)f (x), and h(x)g(x) are integrable on 1. If f (x) and
g(x) are synchronous (or asynchronous, respectively) on I, that is,

@ -f»][e -e»] Z 0
forall x,y €I, then
>
/1 h(x) dx /1 h(x)f (x)g(x) dx = /1 h(x)f (x) dx /1 h(x)g(x) dx.

Lemma 2.2 (Holder’s inequality [29, 30]) Let p and q be positive real numbers such that
1, }1 =1landf,g:[c,d] — R be integrable functions. Then

p
d 1/p d 1/q
< [[ V(x) |p dx] [/ |g(z)’qu:| .

3 Inequalities involving the extended gamma function via Chebychev’s
integral inequality

d
f Fx)gx) dx

In this section, we prove some inequalities involving the extended gamma function via

Chebychev’s integral inequality in Lemma 2.1.

Theorem 3.1 Let m, p and r be positive real numbers such thatp >r > -m. Ifr(p—m—r) z
0, then

Ty(m)Ts(p) Z Tolp ~r)Tp(m + 7). (3.1)
Proof Let us define the mappings f,g, % : [0,00) — [0, c0) given by

fey=7",  gt)=r, and h(t)=""e
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Ifrp—-m-r) E 0, then we can claim that the mappings f and g are synchronous (asyn-
chronous) on (0, 00). Thus, by applying Chebychev’s inequality on I = (0, 00) to the func-
tions f, g and / defined above, we can write

o0 L 00 1
/ tm—l e—t—bt’ de / prm trtm—le—t—bt’ de
0 0

00 00
> / tp—r—mtm—le—t—bt_l dt/ trtm—le—t—bt_l de.
0 0

<

This implies that

o -1 © -1
/ tm—le—t—bt dl’/ tp—le—t—bt de
0 0

) 00
> / tp—r—le—t—bt_l dt/ tm+r—le—t—bt_1 de.
0 0

<
By (1.1), we acquire the required inequality (3.1). O

Corollary 3.1 Ifp >0 and q € R with |q| < p, then

Ty(p) < [Top - DT + )] .

Proof By setting m = p and r = q in Theorem 3.1, we obtain r(p — m — r) = —q> < 0 and
then the inequality (3.1) provides the desired Corollary 3.1. O

Theorem 3.2 Ifm, n > 0 are similarly (oppositely) unitary, then

Cym+b+1)Tp(n+b+1)
Ty(b+2)

Cyp(m+n+b) z
Proof Consider the mappings f,g, % : [0,00) — [0, 00) defined by
flo =", gty=¢"", and h(t)= fhigt-btt

Now if the condition (m—1)(n—1) z 0 holds, then Chebychev’s integral inequality applied
to the functions f, g, and # means

o0 -1 o -1
/ tb+le—t—bt dt / tm—l tn—l tb+le—t—bt dt
0 0

<

° -1 *° -1
> / g1 tb+le—t—bt dtf tn—ltb+le—t—bt de.
0 0

This implies that
oo oo
/ tb+1e—t—ht*1 dt/ prntb=1-t=bt™ gy
0 0

*° -1 o -1
E / tm+be—t7bt dt/ tn+beft—bt de.
0 0
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By the definition of the extended gamma function, we have

Ty(b+2)Ty(m+n+ b) E Fyim+b+1D)Ip(n+b+1),

or
Cym+b+1)Tp(n+b+1)
r b) =
pm+n+b)= D)
The required proof is complete. O

Corollary 3.2 Ifb =0, then
I'(m+n) z mnIl (m)T (n).

Theorem 3.3 If m and n are positive real numbers such that m and n are similarly (oppo-
sitely) unitary, then

Ty(b+ DTpm+n+b+1) ZTp(m+b+ DTp(n+b+1), b=0.
Proof Consider the mappings f, g, % : [0, 00) — [0, 00) defined by
f(t) =", g(t) =t", and h(t) = tbe—t—bt’l‘

If the conditions of Theorem 3.1 hold, then the mappings f and g are synchronous (asyn-
chronous) on [0, 00). Thus, by applying Chebychev’s integral inequality in Lemma 2.1 to
the functions f, g and % defined above, we have

o -1 o -1
/ the b gt / et g
0

0

o0 -1 o0 -1
= / Frle b gy / et g
0 0

<

This implies that

o0 1 o0 1
/ tbe—t—bt dt / tm+n+be—t—bt dt
0 0

00 00
> / tm+be—t—bt’1 dt/ tn+be—t—bt’1 de.
0 0

<
Thus by the definition of extended gamma function, we have
Tp(b+ D)Tp(m+n+b+1)ZTyp(m+b+ )Iy(n+b+1).
The required proof is complete. d

Corollary 3.3 Ifb =0, then

m+ n) ; 77’1”1;5}:‘;15(”).

I'(
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4 Log-convexity of the extended gamma function

It is well known that, if f > 0 and Inf is convex, then f is said to be a logarithmically convex
function. Every logarithmically convex must be convex. See [16] and [19, Remark 1.9]. In
this section, we verify the log-convexity of extended gamma function.

Theorem 4.1 The extended gamma function Ty, : (0,00) — R is logarithmically convex.

Proof Let p and q be positive numbers such that }7 + % = 1. Since

52 <t

see [5], letting A = }7 and (1-1) = é leads to

Fp[ax+ (1= )] < [Fo)] [To00] ™.
As a result, the function Iy, is logarithmically convex. 0
5 A mean inequality of the Turan type for the Kummer confluent
hypergeometric k-function

In this section, we present a mean inequality involving the confluent hypergeometric k-
function. For this purpose, we consider the relation

or(a+k,b,x) — ¢pr(a,b,x) = k—;g{)k(a +k,b+k,x), k>O0. (5.1)
Theorem 5.1 Fora,b,k>0andveNwitha,b>v -k, the inequality

[¢k(a, a+b, x)]2 > ¢rla+v,a+ b,x)pr(a—v,a + b,x) (5.2)
is valid for all nonzero x € R.
First proof Assume that x > 0. For ¢ #0,-1,-2,..., define

foxx) = [qbk(a, ¢ x)]2 —¢rla+v,c,x)pr(a—v,a+b,x)
and

Sork (%) = di(a, ax)t—grla+v+kc,x)pela—v—ka+b,x).
From (5.1), it follows that

Jorick (%) = fox (%) = @rla + v, ¢, x)pi(a — v, ¢, )
—drla+v+kcx)pla-v—-kcx)
=¢rla-v, c,x)[¢>k(a +v,6%) —grla+v+k, c,x)]

+orla+v+k, c,x)[¢k(a -v,6%)—drla—v -k, c,x)]
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= ¢ila— V,c,x)(_Tkx)@(a +v+k,c+k,x)

+ Pila + v+k,c,x)<%)¢k(a —-v,c+k,x)

kx

— gk (%),
C

where

Goix) = prla+v+k c,x)pp(a—v,c+kx)

—drla-v,e,x)pr(a+v+k,c+k,x).

Accordingly, by the Cauchy product, we have

(a+v+ k)s,k(a - V)sfr,k

&) = Z ri(s—r)!

y |: 1 B 1 :|xs
(C)s,k(c + k)s—r,k (C)s—r,k (c+ k)s,k

B P (a+v+ K)six(a =)o [ (c+mk) — (c+ nk —mk)|
- Z ri(s—r)! |: clc+k)si(c+ k)s—rk ]

o0
== Z Ty k(2r — s)x°,
C

where

T _ (‘Z +V+ k)s,k(d - V)s—r,k
ST s — e + K)sp(c + K)srge

If s is even, then

s/2-1 s

s
Z Ty k(2r—s) = Z Ts,r,k(zr -5+ Z Ts,r,k(zr -s)
r=0 r=0 r=s/2+1

s/2-1 s/2-1

= Z Ts,r,k(zr - S) + Z Ts,s—r,k (2(5 - I”) - S)
r=0 r=0

[(s-1)/2]
= Z (Ts,s—r,k - Ts,r,k)(S - 2r),

r=0

where [x] denotes the ceiling function whose value is the greatest integer not more than x.

Similarly, if s is odd,

[(s-1)/2]

S
Z Ts,r,k(zr -s)= Z (Ts,s—r,k - Ts,r,k)(S —2r).

r=0 r=0
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Accordingly,
kx
Josrk (%) = fou(x) = —gv,k(x)
k2 oo [(s=1)/2]
= Z (Tss rk — s,r,k)(s - zr)xs’ (53)
s=1 r=0

Carefully simplifying gives

(@+v+ksila—-v)sx—(@a+v+1)p(a—v)si
ri(s = r)c + k)s_ri(c + K)s i
_ (a+v+k)si(a—v)sk |:(a +V+K)srx  (a-— v)s_,,ki|
ri(s —=r)c+ K)sori(c+ K)si | (@+v+k)gx (@—v)sk
(@+v+k)sila—v)si

B ri(s=r)(c+ k;s,,,k(c +,k)s,k [hk(d tva k) - hla- V)]’ (5.4)

Ts,s—r,k - Ts,r,k =

where /i (x) = (’8:)—”,(’( Forx >0and s—r > r, that s, [%] > r, the logarithmic derivatives of

hk is

(%)
hi(x)

= Yi(x + (s — r)k) — Yu(x + nk) > 0,

where ¥y = E—ﬁ is the digamma k-function (see [6, 11, 16]). Hence, the function /4 is in-
creasing under the condition stated. This fact together with the aid of (5.3) and (5.4) yields

k:
Footk ) — for) = —xgv,koc)

oo [(s-1)/2]
Z Z (Tss rk — srk)(s_zr)x >0, (5.5)
s=1  r=0

wherea>v>0,x>0, c+k>0, and ¢ #0. Consequently, from (5.5), it follows that

Sorkk®) = [frekk @) = frx @] + [frk ) = ik @)] + - - + [fra®) — fox )]

is positive fora >v>v -k >v-2k>-.- >0 and fy(x) = 0. Now replacing v by v — k
shows that

fox(x)>0, x>0,veN,a>v-k. (5.6)
Therefore, the function f, x is absolutely monotonic on (0, 00), that is, fv(i) (x) >0 for £ =
0,1,2,.... This proves Theorem 5.1 for the case x > 0.

Now suppose thatx < 0, 4,b > 0,and v € Nwith a,b > v—k. Since ¢ (a, ¢, x) is symmetric

in a and b, by interchanging a and b in Theorem 5.1, we obtain

dc(b,a+b,—x)? = (b +v,a + b, —x)pp(b - v,a + b,—x) > 0
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By using Kummer’s transformation (1.2), we have
e For(a,a+b,x)? - e’zxqbk(a —v,a+b,x)¢(a+v,a+b,x)>0.
Thus, Theorem 5.1 also holds for x < 0. O

Second proof Since

(@i =ala+k)(a+2k)---(a+(n-1)k)

2 (a a a

=k %<E+1>(%+2>(E+(l’l—l)>
nf @

:k(z>n,

it follows that
o0 oo
(@)nk 5" k"(alk)n %" ab
’b; = —— = - = ] .
Pl i) XO: B ! XO: i, i~ kK
Replacing a and b by % and %, respectively, gives Theorem 5.1. g

Corollary 5.1 Ifa>0and c+ k>0 with ¢ #0, then the inequality
[#r(a ¢, 0)]" = ¢la - v, c,0)¢x(a + v,c,x)
holds for any v e Nwitha > v —k.

Proof This follows directly from the proof of Theorem 5.1 and the fact that Eq. (5.6) holds
under the conditions ¢ + k > 0 and ¢ #0. |

Corollary 5.2 Ifve Nand a,b > v, then

A(pr(a+v,a+b,x),¢r(a—v,a+b,x)) > ¢ila,a+ b,x)

> G(pr(a+v,a+b,x),pr(a—v,a+b,x)) (57)

for all nonzero x € R, where A and G are, respectively, the arithmetic and geometric means.

Proof First assume x > 0 and a,b > v for v € N. Then the left hand side inequality in (5.7)

is a direct consequence of the facts that
A(((l + V)s,k) (ﬂ - V)s,k) = (a)s,k
fors=0,1 and

A((“ + V)S,k! (ﬂ - V)s,k) > (a)s,k
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for s > 2. Hence, by induction, we have

_ - Al(a +V)si (a- V)s,k)xs
A(dr(a+v,a+b,x),drla—v,a+b,x)) = ngo @+ B!
- (a)s,kxs _
> ngo m = ¢k(ﬂ,ﬂ + b,x).

For x > 0, the right hand side inequality in (5.7) follows from taking square root of (5.2).
The proof of Corollary 5.2 for x > 0 is thus complete.
Now assume x < 0 with a,b > v. Interchanging a and b in (5.7) one arrives at

A(pr(b+v,a+b,—x), (b —v,a + b,—x)) > ¢(b,a + b, —x)
> G(¢k(b +v,a+b,—x),pr(b—v,a+b, —x)).

Making use of the k-analogue of Kummer’s transformation and the homogeneity of A and

G acquires

e A(pr(a—-v,a+b,x),¢r(a+v,a+b,x))>e ¢la,a+b,x)

> e”‘G(dn((a —v,a+b,x),prla+v,a+ b,x)).

Consequently, Theorem (5.7) also follows for x < 0. O

Remark 5.1 In Sect. 5, we have established a Turdn type and mean inequality for k-
analogue of the Kummer confluent hypergeometric function. If we let kK — 1, then we

can conclude to the corresponding inequalities of the confluent hypergeometric function.

Remark 5.2 In [2], some inequalities of the Turan type for confluent hypergeometric func-

tions of the second kind were also discovered.

Remark 5.3 By the way, we note that Refs. [9, 10, 13, 14, 26, 32, 33] belong to the same
series in which inequalities and complete monotonicity for functions involving the gamma

function I'(x) and the logarithmic function In(1 + x) were discussed.

Remark 5.4 This paper is a slightly revised version of the preprint [17].

6 Conclusions

In this paper, we present some inequalities involving the extended gamma function I';(z)
via some classical inequalities such as Chebychev’s inequality for synchronous (or asyn-
chronous, respectively) mappings, give a new proof of the log-convexity of the extended
gamma function I',(z) by using the Holder inequality, and introduce a Turdn type mean
inequality for the Kummer confluent k-hypergeometric function ¢(z).
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