Tianchai Journal of Inequalities and Applications (2018) 2018:120 ® Journal of Inequalities and Applications
https://doi.org/10.1186/s13660-018-1712-0 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Gradient projection method with a new
step size for the split feasibility problem

Pattanapong Tianchai'”

“Correspondence:
pattana@mju.ac.th

'Faculty of Science, Maejo
University, Chiangmai, Thailand

@ Springer

Abstract

In this paper, we introduce an iterative scheme using the gradient projection method
with a new step size, which is not depend on the related matrix inverses and the
largest eigenvalue (or the spectral radius of the self-adjoint operator) of the related
matrix, based on Moudafi's viscosity approximation method for solving the split
feasibility problem (SFP), which is to find a point in a given closed convex subset of a
real Hilbert space such that its image under a bounded linear operator belongs to a
given closed convex subset of another real Hilbert space. We suggest and analyze this
iterative scheme under some appropriate conditions imposed on the parameters
such that another strong convergence theorems for the SFP are obtained. The results
presented in this paper improve and extend the main results of Tian and Zhang

(J. Inequal. Appl. 2017:Article ID 13,2017), and Tang et al. (Acta Math. Sci.
36B(2):602-613, 2016) (in a single-step regularized method) with a new step size, and
many others. The examples of the proposed SFP are also shown through numerical
results.
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1 Introduction

Throughout this paper, we always assume that C and Q be closed convex subsets of two
real Hilbert spaces H and K|, respectively with inner product and norm are denoted by (-, -)
and || - ||, respectively. Let A : H — K be a bounded linear operator. The split feasibility
problem (SFP) which was first introduced by Censor and Elfving [3] is to find

x* € C suchthat Ax*e€Q. (1.1)

Suppose that Pc and P are the orthogonal projections onto the sets C and Q, respectively.
Assume that SFP (1.1) is consistent. We observe that x* € C solves the SFP (1.1) if and only
if it solves the fixed point equation

x* = PC(I —-yA*(I - PQ)A)x*,

where y > 0 is any positive constant, [ is the identity operator on H or K, and A* denotes
the adjoint of A. To solve SFP (1.1) in the setting of a finite-dimensional real Hilbert space
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case, Byrne [4] proposed the so-called CQ algorithm based on the Picard iteration method

as follows:
xpi1 = Pc(l - yA' (I - Po)A)x,, VYn=0,1,2,..., (12)

where y € (0, %) such that L being the largest eigenvalue of the matrix A’A as A stands for
matrix transposition of A. He proved that the sequence {x,} generated by (1.2) converges
strongly to the SFP (1.1).

In [5], Yang presented a relaxed CQ algorithm for solving the SFP (1.1), where he used
two halfspaces C, and Q,, in place of C and Q, respectively, and at the nth iteration, the
orthogonal projections onto C, and Q, are easily executed.

Both the CQ algorithm and the relaxed CQ algorithm used a fixed step size related to
the largest eigenvalue of the matrix A*A or the spectral radius of the self-adjoint operator
A*A, which sometimes affects convergence of the algorithms. In [6], Qu and Xiu presented
a modification of the CQ algorithm and the relaxed CQ algorithm by adopting the Armijo-
like searches, which need not to compute the matrix inverses and the largest eigenvalue
of the matrix A*A. The CQ-like algorithms are also proposed subsequently [3, 7-10].

In all these CQ-like algorithms for the SFP (1.1), in order to get the step size, one has to
compute the largest eigenvalue of the related matrix or use some line search scheme which
usually requires many inner iterations to search for a suitable step size in every iteration.

We note that a point x solves the SFP (1.1) means that there is an element x € C such
that Ax — x* = 0 for some x* € Q. This motivates us to consider the distance function
d(Ax,x*) = ||Ax — x*|| for all x € C, and the constrained convex minimization problem:

min 1 ||Ax —x* ||2

xeCx*eQ 2

such that minimizing with respect to x* € Q. Let g: C — R be a continuous differentiable

function. First makes us consider the minimization:
. 1 2
ming(x) := = [|Ax — PoAx|| (1.3)
xeC 2
isill-posed. Therefore, Xu [11] considered the following Tikhonov regularization problem:
ming. () i= g(x) + < 4l12 = | Ax — PoAx? + <
rec S =8 T I =5 2 2
where € > 0 is the regularization parameter. We know that the gradient Vg, of g as
Vge(x) = Vgx) + el =A*(I - Pg)A + €I, VxeC,
such that Vg.(x) is (¢ + |lA[?)-Lipschitzian continuous (that is, |Vg.(x) — Vg.(y)|| <
(e + A" lx—y| forallx,y € C)and e-strongly monotone (that is, (Vge (x) — Ve (), x—y) >
€llx —y|? for all x,y € C).

Assume that the constrained convex minimization problem (1.3) is consistent. In [11],

Xu suggested a single-step regularized method based on the Picard iteration method in
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the setting of an infinite-dimensional real Hilbert space as follows:

Xn+l = PC(I - ynvgen)xn
=Pc(I = yu(A*(I - PQ)A + €,))x,, Vn=0,1,2,.... (1.4)

He proved that the sequence {x,} generated by (1.4) converges in norm to the minimum-
norm solution (1.3) of the SFP (1.1), provided the parameters {¢,}, {y,} C (0, 1) satisfy the
following conditions:
(i) lim, o€, =0and0<y, < HA||€++E,,’
.. o0
(ii) D20 €nVn =00,
: [Yne1=Vul+ynl€ns1—€nl _
(111) hmn—)OO (€n+11’n+1)2 =0.

In [1], Tian and Zhang suggested a single-step regularized method based on the Picard
iteration method in the setting of an infinite-dimensional real Hilbert space as follows:

Xn+l = PC(I - )vaen)xn

=Pc(I-A(A*(I = PQ)A + €,1))x,, Vn=0,1,2,.... (15)

They proved that the sequence {x, } generated by (1.5) converges in norm to the minimum-
norm solution (1.3) of the SFP (1.1), provided the parameters {€,} C (0, 1) and A satisfy the
following conditions:

() 0<h< g

(ii) lim,—oo€, =0and Y - €, = 00,

(iiD) 520 lem — €l < 00.

We observe that in the proof of their proposed results, Y .- [€,41 — €,| < 00 of the control
condition (iii) can be removed using the NST-condition (II) [12] (see also [13, 14]).

The SFP (1.1) is an important and has been widely studied because it plays a prominent
role in the signal processing and image reconstruction problem. Initiated by the SFP, sev-
eral split type problems have been investigated and studied, for examples, the split vari-
ational inequality problem (SVIP) (see [15]) and the split common null point problem
(SCNP). We will consolidate these problems. Let S: H — H and T : K — K be two oper-
ators with nonempty fixed point sets Fix(S) := {x € H : x = S(x)} and Fix(T), respectively.
If S be a nonexpansive mapping (that is, ||Sx — Sy|| < |lx —y|| for all x,y € H), then Fix(S) is
closed and convex (see [16]). The split common fixed point problem (SCFP) is to find

x* € Fix(S) suchthat Ax* € Fix(T). (1.6)

If S = Pc and T = P, then Fix(S) = C and Fix(T) = Q, and hence the SCFP (1.6) immedi-
ately reduces to the SFP (1.1).

Assume that the SCFP (1.6) is consistent. In [17], Censor and Segal proposed and proved
a strong convergence theorem for the SCFP (1.6) based on the Picard iteration method,
in the case that the directed operators S (that is, {(x — Sx, Sx — y) > 0 for all y € Fix(S) and
x € H, for instance S = P¢) and T, still in a finite-dimensional real Hilbert space to extend
the iteration method (1.2) of Byrne as follows:

xps1=S(I - yA' (I - T)A)x,, Yn=0,1,2,...,

where y € (0, %).
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In [18], Kraikaew and Saejung proposed and proved a strong convergence theorem
for the SCFP (1.6) based on the Halpern iteration method, in the case that the quasi-
nonexpansive mappings S (that is, |Sx — p| < ||x — p|| for all x € H and p € Fix(S)) and
T such that both I — S and I — T are demiclosed at zero on an infinite-dimensional real

Hilbert space as follows:
Xpi1 = o + (L—a)S(I - yA* (I - T)A)x,, V¥n=0,1,2,...,

where y € (0,% ,{an} € (0,1), limy, oo, =0and Y o7y = 00.

In [2], Tang et al. proposed and proved a strong convergence theorem for the SCFP (1.6)
based on the viscosity approximation method, in the case that the firmly nonexpansive
mappings S (that s, ||Sx—Sy||? < lx—y||® = ||(I - S)x— (I - S)y|? forall x,y € H) and T such
thatboth 7 — S and / — T are demiclosed at zero, and an «-contraction mapping #: H — H
with @ € (0,1) (that s, ||(x) — h(y)|| < a|lx —y|| for all x,y € H) on an infinite-dimensional

real Hilbert space in a single-step regularized method as follows:
KXyl = Ay + Buh(x,) + ynS(I —§,AI - T)A)xy,, Yn=0,1,2,...,

where @, + B, + ¥ = 1, & = FAHE (p) € (0,4), (), (B, 1) € (0,1) satisfy the
following conditions:
(i) limy—oo By =0and Y .2y By = 00,

(i) liminf,_ o o,y > 0.

We observe that in the proof of their proposed results, the sequence {£,} may not con-
verges to the zero, for instance if A = and p, =2 for all # = 0,1,2,... then the sequence
{&,} converges to the integer 1. The relaxed CQ-like algorithms are also proposed subse-
quently [19-21].

In this paper, we modify in all these algorithms to solve the SCFP (1.6) and also solve
the SFP (1.1) based on Moudafi’s viscosity approximation method [22], in the case that the
firmly nonexpansive mappings S and T such that both I — S and I — T are demiclosed at
zero, and an «-contraction mapping / : H — H with « € (0, 1) on an infinite-dimensional
real Hilbert space in a single-step regularized method with the regularization parameter
as follows:

Xpi1 = Uy + Buhi(n) + YuS(I = A (A T = T)A + €,0) )%, Y1 =0,1,2,.... (1.7)

We suggest and analyze this iterative scheme (1.7) under some appropriate conditions
imposed on the parameters with a new step size, which is not depend on the related matrix
inverses and the largest eigenvalue (or the spectral radius of the self-adjoint operator) of
the related matrix such that another strong convergence theorems for the SCFP (1.6) and
the SFP (1.1) are obtained.

2 Preliminaries
Let H and K be two real Hilbert spaces, A : H — K be a bounded linear operator, A*
denotes the adjoint of A and let I be the identity operator on H or K. If f : H - R is a

differentiable function, then we denote Vf the gradient of the function /. We will also use
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the notation: — to denote the strong convergency, — to denote the weak convergency,
wy(%n) = {x: 3w, } C (x4} such that x,, — x}

to denote the weak limit set of {x,} and Fix(7T) = {x : x = Tx} to denote the fixed point set
of the mapping 7.

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that the
metric projection Pc : H — C is defined as follows: for each x € H, Pcx is the unique

point in C satisfying
llx = Pexl| = inf{|lx - y]l :y € C}.
Let f : H — R be a function. Recall that a function f is called convex if
FOx+ (@ =0)y) <Af(x) + (1 -2)f(), Vrel0,1],Vx,yeH.
A differentiable function f is convex if and only if for each x € H, we have the inequality:

f@) =f®) +(Vf(x),z-x), VzeH.

An element g € H is said to be a subgradient of f at x € H if we have the subdifferentiable
inequality

fl2)>f(x)+(g,z—x), VzeH.

A function f is said to be subdifferentiable at x € H, if it has at least one subgradient at x.
The set of subgradients of f at x € H is called the subdifferentiable of f at x, and it is de-
noted by 9f(x). A function f is called subdifferentiable, if it is subdifferentiable at all x € H.
If a function f is differentiable and convex, then its gradient and subgradient coincide.
A function f is called lower semi-continuous (Isc) for all x € H if for each a € R, the set
{x € H:f(x) <a}is aclosed set, and a function f is called weakly lower semi-continuous
(w-Isc) at x € H if f is Isc at x for a sequence {x,} C H such that x,, — x.

We collect some known lemmas and definitions which are our main tools in proving the
our results.

Lemma 2.1 Let H be a real Hilbert space. Then, for all x,y € H,
@) lloc+y01* = llell® + 2%, ) + 9117,
(i) floc+ylI* < el + 20y, + ).

Lemma 2.2 ([23]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Then:
(i) z=Pcx < (x—2,z-y)>0,Vxe H,y e C,
(i) z=Pcx & llx—z|> < lx-yl> = ly-zll>, Vx e H,y € C,
(iii) [|Pcx —Pcyll* < (x -y, Pcx — Pcy), Vx,y € H.

Definition 2.3 Let H be a real Hilbert space. The operator T': H — H is called:
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(i) monotone if

(x-y,Tx-Ty) >0, Vx,y€H,
(i) L-Lipschitzian with L > 0 if

ITx-Tyll < Lllx-yl, VxyeH,

(iii) o«-contraction if it is «-Lipschitzian with @ € (0, 1),
(iv) nonexpansive if it is 1-Lipschitzian,

(v) firmly nonexpansive if

2

I1Tx - Ty)? < = yI> - [ (I - T)x— U= Tyy|’, VayeH.

Lemma 2.4 ([24]) Let H and K be two real Hilbert spaces and let T : K — K be a firmly

nonexpansive mapping such that ||(I - T)x|| is a convex function from K to R = [-00, +00].

Let A : H — K be a bounded linear operator and f (x) = %II(I— T)Ax|? for all x € H. Then:
(i) Vf(x)=A*(I-T)Ax,Vx€H,

(i) Vf is |A|%-Lipschitzian.

Lemma 2.5 ([24]) Let H be a real Hilbert space and T : H — H be an operator. The fol-
lowing statements are equivalent:
(i) T isfirmly nonexpansive,
(i) 1 Tx—Ty)? < (x—y, Tx — Ty), Vx,y € H,
(iti) - T is firmly nonexpansive.

Lemma 2.6 ([25]) Let H be a real Hilbert space and let {x,} be a sequence in H. Then, for
any given sequence {r,}52; C (0,1) with Y .2, A, = 1 and for any positive integer i, j with
i<j,

2 [o¢]
2 2
< hallwall> = 2kl — x>,
i=1

o0
E Ann
i=1

Lemma 2.7 ([26]) Let {a,} be a sequence of nonnegative real numbers such that
ani1 < (1= yYu)an + Yuon, V¥n=0,1,2,...,

where {y,} is a sequence in (0,1) and {0,} is a sequence in R such that
(1) Z;.IO:O Vn =00,
(ii) limsup,_, o 0,4 <007 Y oo |Yu0nu| < 00.

Then lim,,_, o a,, = 0.

Lemma 2.8 ([27]) Let {t,} be a sequence of real numbers such that there exists a subse-
quence {n;} of {n} such that t,, < t,;.1 for all i € N. Then there exists a nondecreasing se-
quence {t(n)} C N such that t(n) — oo, and the following properties are satisfied by all
(sufficiently large) numbers n € N:

tr(n) = tr(n)+17 ty, < tr(n)+1-
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In fact,
t(n) = max{k < nm:ty <tpo1).

Lemma 2.9 ([28] (Demiclosedness principle)) Let C be a nonempty closed convex subset
of a real Hilbert space H and let S : C — C be a nonexpansive mapping with Fix(S) # 0. If
the sequence {x,} C C converges weakly to x and the sequence {(I — S)x,} converges strongly
toy. Then (I — S)x = y; in particular, if y = 0 then x € Fix(S).

Lemma 2.10 ([16]) Let C be a nonempty closed convex subset of a Hilbert space H and
let f be a proper convex lower semi-continuous function of C into (—oo,00]. If {x,} be a
bounded sequence of C such that x, — xo. Then f(xo) < liminf,_, » f(x,).

3 Main result
Throughout this paper, we let Q2 := {x € Fix(S) : Ax € Fix(T)}. It is clear that 2 is closed

and convex.

Theorem 3.1 Let H and K be two real Hilbert spaces and let S: H — H and T : K — K
be two firmly nonexpansive mappings such that both I — S and I — T are demiclosed at
zero. Let ||(I — T)x|| be a convex function from K to R and A : H — K be a bounded linear
operator, and let h : H — H be an a-contraction mapping. Assume that the SCFP (1.6) has
a nonempty solution set Q and let {x,} C H be a sequence generated by

X0 EH,

Kpsl = Uy + Buh (%) + YuS(xy — A, Vge, (%)), Yn=0,1,2,...,
where y, + By + Yo = 1 and ge, (%) = 1L = T)Ax,||* + L|x,||? such that

Pn8e (%)

Vg, (xn) = A - T)Ax, + €,%, 70, A =
B " 1V, G 12+ 11V, )| + P, (i)

foralln=0,1,2,.... If the sequences {p,} C |a,b] for somea, b € (0,2), {o,} C [c,d] for some
¢,d €(0,1) and {B,}, {ya} C (0,1) satisfy the following conditions:

(i) 0<e, <B> suchthatm>1foralln=0,1,2,...,

(ii) limy—oo By =0and y o2y Bu =00,
then the sequence {x,} converges strongly to x* € Q where x* = Poh(x*).

Proof Fix n € NU {0}. Note that g, (x) = 3 |(/ — T)Ax||> + £ ||x[|* is G4teaux differentiable
by the convexity of ||(I — T)Ax|| for all x € H. First, we show that {x,} is bounded. Pick
p € Q2. We have p € Fix(S) and Ap € Fix(T). Observing that I — T is firmly nonexpansive,
by Lemma 2.5 we have

(%0 = 2, Vg, (%)) = (% — P, A*(I = T) A%y, + €%
= (wn — p, A*(I = T)A%p) + €4 (% — P, %)

= (Ax,, —-Ap,(I-T)Ax,— (I - T)Ap)
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€
+ En(”xn =plI> + %l = lIp11%)

> [t = T)Ax, — (I - T)Ap|| + %”(nxnuz —lpll?)

1
>~ |t - T)Ax, | + %"(uxnnz ~lpl?)

2
ﬂnm

2 ge,,(xn) - T ||P||2

Therefore, by the nonexpansiveness of S we have

1S (s = 1 Vg, (5)) — 2|
= [ = 20 Ve, (5)) = Sp
< [0 = 2 Ve, ()~ |
= o = p11% + 22| Vige, ()| = 20n{ — 2 Ve, (5))
< 1% = plI* + 22| Ve, @) | = 226, () + 2u B2 112

”2 + ”Vgen(xn)” + pngen(xn))

I 2 /O;%gszn Cen) (Il Ve, (%)

=< ”xn —-p 2 2
(”vgen (xn)” + ”Vge,7 (xn)” + One, (%))
- 2, () B2l
”Vgsn(xn)llz + ”Vgen(xn)” + pngen(xn) "
gfn (%)

+ B, Ipl?

= ”xn - ”2 - pn(2 - pn)
P Vg0, Gon) 2 + Ve )| + P ()

2, 2 2
=< lxn —pl” + B, Il

2

< (Ilew = pll + B2l
This implies that
1S (@ = 21 Vge, @) = p|| < 1w = pll + B 1P
Hence,

1%ns1 = Il = || etnn + Buht(en) + YuS (% — 2n Ve, (%)) —
< @yl = pll + Bul hea) = p|| + vul| S (20 = 21 Ve, (%)) - |
< aullxn = pll + Bul 1) = BD)|| + B | 1) - p|
+ Vu(lln = pll + B Il
< oulln = pll + Buct 1% = pll + Bul 1) = p|| + Vullu =PIl + Bullpl
Ih(p) - pl + lIpl

= (1- (1 -a)Bn)llxn —pll + 1 - @)Bs T
() —pll + Pl }

smax{uxn—pn, —

Page 8 of 22

(3.1)

(3.2)

(3.3)
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By induction, we have

l-«

k() pll + Ip|
%, — pll imaX{on—PH,M .

This implies that {x,} is bounded, and so are {/(x,)} and {g.,(x,)}. Using Lemma 2.6 and
(3.2), we have
%41 —P||2 = ”anxn + Buh(x,) + Vns(xn —*uVge, (xn)) —P”2
= ||05n(xn —P) + Bn (h(xn) —P) + Vn (S(xn - )Lanen (xn)) —P) ”2
= an”xn —19||2 + ,Bn ”h(xn) —P”2 T Vn ”S(xn - )\nvgen(xn)) —PH2

—WnVn ”S(xn — Ve, (xn)) —Xn ”2

< &l = plI? + Bu|| hxn) - p | + yn(nxn -pl?

2
ge (x”) 2 2)
— pul(2= pu) " + B2 pl
Ve, Gon)I2 + Ve, )| + P, () P
—WnVn ”S(xn = AnVge, (xn)) —Xn ”2
< %0 = pII* + Bu|[ () - |
2

gz, (xn)

- Vnpn(z_pn) +ﬂn”p”2

Ve, (e l? + IVge, ()l + Pnle, (%)

—UnVn ”S(xn = AnVge, (xn)) —%n ”2
Therefore,

82 (%)
Vge, )12 + 1 Vge, )| + Puge, (%)

YnPn(2 = pp)

+ UnYn Hs(xn = A Vge, (xn)) —Xn HZ

2
< %n =PI = [%ns1 =PI + Bul|(x) = p||” + Ballpll™. (3.4)

Since Pgh is a contraction on H, by the Banach contraction principle there exists a unique
element x* € H such that x* = Poh(x*). That is x* € Q. Now, we show that x, — x* as
n — 00. We consider into two cases.

Case 1. Assume that {||x, — p||} is a monotone sequence. In other words, for n, large
enough, {|x, —p|l},>n, is either nondecreasing or nonincreasing. As {||x, —p||} is bounded,

so {|lx, — pl|} is convergent. Therefore, by (3.4) we have

2
. Ze (%)
lim npn(z - :On) - =0 (3-5)
g V0, Gon) 2 + Ve, )| + Pner ()

and

lim oy, HS(x,, - Vg, (xy,)) —x, H2 =0. (3.6)
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By Lemma 2.4, we have

Ve, ®n)|| < || Ve, %) = Vee, @) | + | Ve, @)
< |A*(I - T)Ax, - A*(I - T)Ap|| + €xllx, - pll + | Ve, ()
< (A1 + €)%, = pll + | Ve, @)

< (1A% + 1) 1, = pll + | Ve, () |-

This implies that {|| Vg, (x,)||} is bounded, and so is {|| Vg, (x,) 1> + | Ve, (%) || + 0nge,, (%)}
Hence, || Vge, ()% + I Vge, %) || + puge, (x,) < 8 for some § > 0. Since

g2 (xn)

ﬂ—d—ﬁﬁd2—@—7r—

g2 (%)
”Vgen(xn)”2 + ”Vgen(xn)” + pngen(xn)’

< ¥YuPn(2 = Pn)
by (3.5) we have

lim g, (x,)=0. (3.7)
n—oQ

Since

c(1-d- B ”S(xn — Ve, (xn)) —Xn ”2 = OpYn ”S(xn —AnVge, (xn)) —Xn ?

’

by (3.6) we have
im (o6 — 2 Vge, (60)) = % | = 0. (3.8)
Here we have lim,,_, » €, = 0 by the condition (ii). Therefore, in the same way, we have
lim [[(7 - T)Ax, | = 0.

Consider a subsequence {x,, } of {x,,}. As {x,} is bounded, so {x,, } is bounded, there exists
a subsequence {x,,kl} of {x,, } which converges weakly to w € H. Without loss of generality,
we can assume that x,, — w as k — oo. Therefore, Ax,, — Aw as k — oo and

JE&WI—TVMW“=0

By the demiclosedness at zero, we have Aw € Fix(T). Next, we show that w € Fix(S). By
Lemma 2.1(2), the firmly nonexpansiveness of S and (3.3), we have
”S(xn — Ve, (xn)) —}9”2
= || (S(x,, - Vg, (x,,)) - Sx,,) + (Sx,, — Sp)”2
< 18x, - SPHZ + 2<S(xn -V, (xn)) = Sxp, S(xn —AnVee, (xn)) _P)

< o, = pl*> = | (I = S)xn — (T - S)p|”
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+ 2||S(xn - Vg, (x,q)) —Sx, H ||S(x,, - Vg, (xn)) —p||

< [t = pI? = | = ) |* + 20 | Ve, @) || (112 — 2l + B2 1)
Therefore,

[ =Sy
< ot = 21 = S (6 = 20 Ve, () = 2||” + 2 | Vige, @) | (I — 21l + B 1211
< 1% = P1% = (| S = 2n Ve, (5)) = | = 120 = 1)
+ 2| Ve, @) | (12 = 21l + Bullpll)
< 2|8 (2 = 11 Ve, (%)) = % | 10 = Pl + 20| Ve, () | (Il =PIl + Bullpl)
= 2| S (o0 — 10 Vge, (%n)) — % 1% —

ange (xn)”vge (xn)”
Z Z 6, — pll + Bullpl
V2 G2+ 1Vg o)l + ooy (I =21+ BullPl)

=< 2”5(96,, — A Ve, (xn)) —Xn ” %, = pll +4ge, (xn)(”xn -pll+ ﬂn”p”)

It follows by (3.7) and (3.8) that
lim || (7 - S)x, | =0.
n—oQ

Hence, limg_ o |( — S)xy, || = 0. Therefore, by the demiclosedness at zero, we have w €
Fix(S). That is w € Q. Applying the characteristic of Pg in Lemma 2.2(i) and x* = Poh(x™),

we have

lim sup(h(x*) A —x*) = max <h(x*) x5 w —x*) <O0.
=500 weww(xy)

Finally, we show that x, — x™* as # — oo. By Lemma 2.1(ii) and (3.3), we have

%1 = 2] = [t + Buht(®) + VS (% = 2n Ve, () — 27
= Jotn (o = 27) + B (o) = %) + v (S (0 = 2r Ve, () = 57) |
< ot = %) + 72 (S (6 = 21 Vit () =)
+ 2Bu(h(%,) — %%, %1 — %)
< (ot n =2 + 7| S (60 = 2n Vige, () — )
& 28, ((50) = B(x), B — 5 + 2, (x") = 2 5001 — )
< (enfln =2+ vu(n =2 + 87 [2°]))°
+ 2800 — 2 [oner = | + 2B (") = " e — )
< (=Bl =] + B2 )” + Buee([ =5 + [0 =5°[)

+ 2,3,,<h(x*) — X, X1 —x*).



Tianchai Journal of Inequalities and Applications (2018) 2018:120 Page 12 of 22

This implies that
Q=B + Puct
1 - Buo 1- /3
4 B2 + 2B, (x7) = 5", 51 —57))
2(1 - a)B, o (1-a)B,( Bu .
= (1A 1 (125 b1

+

=[P + —— @01 - g7 | ]

-

1- 8« 1-80 \1-«
2[3m—1 I82m—1 2
L R R R —x*))
(1-a)B, w112 (1-a)B, Bn 2
§<1' 1—ﬂna)”x”'x e ( —a
287

* IBV%m_l * 2 * * *
Dl B | )~ =)

l-«

= (1 - 7771) ”xn —x" ”2 + 77n8nr

where M = sup,,.q [l%, — x*|| < 00, 1, = (1_‘; ":” (0,1) and

~ ﬂn ) 2ﬂm—1 ﬂ2m—1 9 2
8, = EM + ﬁM”x* H + ln——a”x* ” + m(h(x*) A —x*).

It is easy to see that ) .- 1, = o0 and limsup,_, ., 8, < 0. Hence, by Lemma 2.7, the se-
quence {x,} converges strongly to x* = Poh(x*).

Case 2. Assume that {||x, — p||} is not a monotone sequence. Then we can define an
integer sequence {t(n)} for all n > ny (for some ry large enough) by

7(n) = max{k € N,k < |~ p| < lees = pll}-

Clearly, {r(n)} is a nondecreasing sequence such that t(n) — oo as n — o0, and for all
n > ng we have

%26 = || < |21 =27
From (3.4), we obtain

& oy @en)
”Vgsr(,,l) (xr(n))”2 + ”Vge,(,,) (x‘[(}’l))” * Pr(m8er () (xr(n))

Yt(n) Pt (n) (2- pr(n))

+ X (n)Vr(n) ||S(xt(n) - )\t(n}vger(n) (xr(n))) — Xz (n) || g

< [|%em - x* H2 — [|®eer —&* H2 + Bew | 1)) — &* ”2 + B || ”2

< B | ) = 7| + B[]

As limy,_, o Br(n) = 0 and {A(x(,))} is bounded, we get

I (2~ pem) Lo 0]
1M Y (n) Pr(m)\ 4 = Pr( =
n—o0 ! T T ”vge,(n) (xr(n))”2 + ”Vgef(n) (xt(n))” + Pr(m) ey () (xr(n))
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and

nlingo Az (n) Yt (n) “S(xr(n) - )\r(n) Vger(n) (xr(n))) —Xz(n) HZ =0.

Following similar arguments to that in Case 1, we have w,,(¥;(,)) C Q2. Applying the char-
acteristic of Pg in Lemma 2.2(i) and x* = Poh(x*), we have

limsup(h(x*) — &*, %441 —2") = max  (h(x*) —x*,w-x*) <0,

n—>00 weww (X7 ()

and by similar arguments, we have
%2 %112
||x1:(r1)+1 —-X || = (1 - nr(n))”xr(n) —-X || + nr(n)ér(n)j
where 1:¢, € (0,1), Zf?n) Nz = 00 and limsup,_, . 8-(y < 0. Hence, by Lemma 2.7, we
have lim,,_, o [|%z(n) —#*|| = 0, and then lim,,_, o [|[%7(s)+1 —**|| = 0. Thus, by Lemma 2.8, we

have

0< ||x,, —x* || < max{ “xr(n) —x*

Ju =" [} = e =

’

Therefore, the sequence {x,} converges strongly to x* = Poh(x*). This completes the
proof. O

Corollary 3.2 Let H and K be two real Hilbert spaces and let S: H — H and T : K — K
be two firmly nonexpansive mappings such that both I — S and I — T are demiclosed at
zero. Let ||(I — T)x|| be a convex function from K to R and A : H — K be a bounded linear
operator, and let h: H — H be an a-contraction mapping. Assume that the SCFP (1.6) has
a nonempty solution set Q2 and let {x,} C H be a sequence generated by

X0 e H,

Kyl = Uy + Buh(xy) + YuSxy — 1, Vg(xy,)), VYn=0,1,2,...,
where oy, + B, + vy = 1 and g(x,) = %H(I — T)Ax,||? such that

png(xn)
Vg2 + Vg ll + pug(xn)

Vg(x,) =A*(I - T)Ax, #0, Ay =

forall n=0,1,2,.... If the sequences {p,} C [a,b] for some a,b € (0,2), {«,} C [c,d] for
some c¢,d € (0,1) and {B,}, {yn} C (0,1) satisfy the following conditions: lim,_, «, B, = 0 and

*  Bn = 00, then the sequence {x,} converges strongly to x* € Q where x* = Poh(x*).
n=0 g gLy

LetI':={x € C:Ax € Q}. Itis clear that I is closed and convex. Take S = Pc and T = Py
into Theorem 3.1. We have the following consequences.

Corollary 3.3 Let C and Q be two nonempty closed convex subsets of real Hilbert spaces
H and K, respectively. Let A : H — K be a bounded linear operator and h : H — H be an
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a-contraction mapping. Assume that the SFP (1.1) has a nonempty solution set I" and let
{x,} C H be a sequence generated by

X0 e H,

Xpel = OpXy + ﬁnh(xn) + ynPC(xn - )‘-nvgen (xn))’ Vn = 0; 1; 2: ooy
where a,, + By + Yn = 1 and ge, (%) = 5| (I = Po)Ax,||* + L |14 |1 such that

% Pn8e, (%)
Vg, x,) = A1 = Po)Ax, + €,%, # 0, Ay =
& @ 7 Vg, ()l + IVge, el + Pn8ey, (%)

foralln=0,1,2,....If the sequences {p,} C [a, b] for some a,b € (0,2), {o,} C [c,d] for some
¢,d € (0,1) and {B,}, {yn} C (0,1) satisfy the following conditions:

(i) 0<e€, < B> suchthatm>1foralln=0,1,2,...,

(ii) limy—oo By =0andy o2 Bu =00,
then the sequence {x,} converges strongly to x* € I' where x* = Prh(x*).

Corollary 3.4 Let C and Q be two nonempty closed convex subsets of real Hilbert spaces
H and K, respectively. Let A : H — K be a bounded linear operator and h: H — H be an
a-contraction mapping. Assume that the SFP (1.1) has a nonempty solution set I and let
{x,} C H be a sequence generated by

X0 e H,

Xpl = QpXy + ﬂnh(xn) + J/nPC(xn - )»an(xn)), Yn=0,12,...,

where oy, + By + vy = 1 and g(x,) = %II(I — Pg)Ax,||? such that

i Png(xn)
Va(x,) = A*(I - Po)Ax, 70, Ay =
g(xn) ( QA% 7 Vg2 + I Vgx) I + pug(x,)

forall n=0,1,2,.... If the sequences {p,} C [a,b] for some a,b € (0,2), {a,} C [c,d] for

some ¢,d € (0,1) and {B,}, {v,} C (0,1) satisfy the following conditions: lim,_, o, B, = 0 and
> 20 Bu = 00, then the sequence {x,} converges strongly to x* € T where x* = Prh(x*).

4 Applications
In this section, assuming that the projections Pc and P are not easily calculated. We

present a perturbation technique. Carefully speaking, the convex sets C and Q satisfy the
following assumptions:

(H1) The sets C and Q are given by

{er:c(x)SO}#@,

C=
Q={yeK:q(y) <0} #0,

where ¢c: H — R and g : K — R are two convex (not necessarily differentiable)
functions.
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(H2) For any x € H, at least one subgradient & € dc(x) can be calculated, and for any
y € K, at least one subgradient n € dg(y) can be calculated, where dc(x) and 9g(y)
are a generalized gradient of c(x) at x and a generalized gradient of g(y) at y,

respectively, which are defined as follows:

de(x) = {€ € H:clz) > c(x) + (§,z—x),Vz € H},

3q(y) = {n € K : q(u) = q() + (n,u - y),Yu e K}.

We note that in (H1), the differentiability of ¢ and g are not assumed. The representations
of C and Qin (H1) are therefore general enough, because any system of inequalities c;(x) <
0,i € I and any system of inequalities g;(y) < 0,/ € /, where c;, g; are convex (not necessarily
differentiable) functions, and I, J are two arbitrary index sets, can be reformulated as the
single inequality c(x) < 0 and the single inequality g(y) < 0 with c(x) = sup{c;(x) : i € I}
and ¢(y) = sup{g;(y) : j € J}, respectively. Moreover, every convex functions defined on a
finite-dimensional Hilbert space is subdifferentiable and its subdifferential operator is a

bounded operator on any bounded subset in Hilbert space (see [29]).

Theorem 4.1 Let C and Q be two nonempty closed convex subsets of real Hilbert spaces
H and K, respectively, satisfy the conditions (H1) and (H2). Let A : H — K be a bounded
linear operator and h : H — H be an a-contraction mapping. Assume that the SFP (1.1)

has a nonempty solution set I and let {x,} C H be a sequence generated by

x0 € H,

Cn={x e H:clxy) + (§n,x —x,) <0},

Qu=1{y € K:q(Ax,) + (N y — Ax,) <0},

Xns1 = Uy + Buh(xn) + YuPc, (%0 — An Ve, (x4)), Vn=0,1,2,...,

where &, € dc(xy,), N, € 0q(Ax,), oy + By + vy =1 and

1 €,
8euon) = 5 | (1= P ) A |” + Sl

Pn8e, (%)
”vgen (xn)”2 + ||Vgen el + Pn8ey, (%)

Vg, (x,) = A*(I - Pg,)Ax, + €,%, 70, Ay =

foralln=0,1,2,....If the sequences {p,} C [a,b] for some a,b € (0,2), {o,} C [c,d] for some
¢,d €(0,1) and {B,}, {yn} C (0,1) satisfy the following conditions:

(i) 0<e, <B> suchthatm>1foralln=0,1,2,...,

(i) lim,— o0 Bn=0andy .2, Bn =00,
then the sequence {x,} converges strongly to x* € I" where x* = Prh(x*).

Proof Fix n € NU {0}. Observe that the halfspaces C, and Q,, are closed and convex sets,
and contain C and Q, respectively. Pick p € I'. We have p € C C C, and Ap € Q C Q,,.
Taking Pc, and Pg, in place of S and T, respectively, in similar arguments to that of the
proof in Theorem 3.1, we have {x,} is bounded, and by similar arguments, there exists a

unique element x* € H such that * = Prh(x*). That is x* € I'. We consider into two cases.
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Case 1. Assume that {||x, — p||} is a monotone sequence. By similar arguments, there
exists a subsequence {x,, } of {x,} which converges weakly to w € H, and we have

klirrolo”(l -Pq,, VAX,, || =0, k]irgo‘}(l - Pc,, Y, || =0.
By the definitions of C,, and Q,, we have
C(xnk) = <€nk:xnk - Panxnk> = S || (1 - Pan )xnk ||

and

’

q(Ax) < (M A%y = Po, (Ax)) < 1[I = P, JA%y,

where ||&,]| <& <ooand ||n,]| <np<ooforalln=0,1,2,.... Hence,
lim c(x,,) <0, lim g(Ax,,) <O0.
k— o0 k— o0

Therefore, by the w-Isc of c and g at w and Aw, respectively, applying Lemma 2.10, we have
c(w) < liminfc(x,,) <0, q(Aw) < liminfg(Ax,,) <O0.
k— 00 k—00

It follows that w € C and Aw € Q. That is, w € I. By similar arguments, we have the se-
quence {x,} converges strongly to x* = Prh(x*).

Case 2. Assume that {||x,, —p||} is not a monotone sequence. Following similar arguments
to those in Case 1 and Case 2 of the proofin Theorem 3.1, we have w,,(x;(,)) C I'. By similar
arguments, we have the sequence {x,,} converging strongly to x* = Pr/(x*). This completes
the proof. O

Corollary 4.2 Let C and Q be two nonempty closed convex subsets of real Hilbert spaces
H and K, respectively, satisfy the conditions (H1) and (H2). Let A : H — K be a bounded
linear operator and h : H — H be an a-contraction mapping. Assume that the SFP (1.1)

has a nonempty solution set I and let {x,} C H be a sequence generated by

xo € H,

Cn={x € H:clxy) + (§n,x —xn) <0},

Qu=1{y € K:q(Ax,) + (nn,y — Ax,) <0},

Xne1 = Ay + Buh(xn) + VuPc, (X — 1, Vg(xy)), Vn=0,1,2,...,

where &, € 3c(xy,), Ny € 0q(A%xy), oty + By + yu = 1 and g(x,) = %||(I —Pg,)Ax,|1%,

g (%)
IVe@a)lI? + IVgx)ll + png(xn)

Vg(x,) = A*(I - Pg,)Ax, #0, Ay =

forall n=0,1,2,.... If the sequences {p,} C [a,b] for some a,b € (0,2), {«,} C [c,d] for
some ¢,d € (0,1) and {B,}, {vn} C (0,1) satisfy the following conditions: lim,_, o, B, = 0 and
> 20 Bu = 00, then the sequence {x,} converges strongly to x* € T where x* = Prh(x*).
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5 Numerical results

In this section, we give some insight into the behavior of the algorithms presented in
Corollary 3.4 and Corollary 4.2. We implemented them in Mathematica to solve and run
on a computer Pentium(R) mobile processor 1.50 GHz. We use |x,,1 — x,||2 < € as the
stopping criterion.

Throughout the computational experiments, the parameters used in those algorithms

1
n+3

were setsas € = 107%, p, = 1, o, = %, B = andy,=1-qa,-8,foralln=0,1,2,....In
the results report below, all CPU times reported are in seconds. The approximate solution
is referred to the last iteration.

In the computation, the projection Pc where C is a closed ball in RV, and in the projec-
tions Pc, and Pg, where C, and Q,, are the halfspaces in RN and R, respectively, we use

the formulation as follows.

Proposition 5.1 For p >0 and C = {x e RN : ||x||, < p}, we have

x - x¢C;

llll2”

X, xeC.

ch =

Proposition 5.2 ([30, 31]) Let H = (RN, || - ||l2) and K = (RM, || - ||2). Assume that C and Q
satisfy the conditions (H1) and (H2), and define the halfspaces C, and Q,, as algorithm in
Corollary 4.2. For any z € RN and for each n =0,1,2,... we have

_ cxn)+(Enz—an)
Pe@)=1" ez o
2, c(xn) + (§nsz—xu) <0,

c(xy) + (2 — %4) > 0;

and

Po (4e) < | A7~ T @A) + (0 Az = Ai) > 0
Qu =

Az, q(Ax,) + Ny, Az — Ax,) <0.

Example 5.3 (A projection point problem) Let C = {a € R*: ||a||, < 3} and u € R* chosen
arbitrarily. Find a unique solution x* € C which is nearest the point u and satisfies the

following system of linear equations:

x+2y+3z+w=1,
xX—-y+z-2w=2,

x+y—-2z+w=3,

where x,y,z,w € R.
Let H = (R, || - |l2) and K = (R3, || - ||5). Take

A=|1 -1 1 =2|, Q={b:b=(1,2,3"}
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Table 1 Results for Example 5.3 using the algorithm in Corollary 3.4
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Choicenessu  Starting Numberof ~ CPU(s)  Approximate solution x* (approximates of Ax* and ||x*||2)
points xo iterations

(0,0,0,0" (0,0,0,0) 9500 5317 (1.974662,0.512779,-0.498849,-0.508389)"

(0,0,0,0" a,1,1,n0 9501 5.187 (1.974695,0.512718,-0.498837,-0.508336)"

(0,0,0,0)" (1,2,3,497 9505 5217 (1.974803,0.512523,-0.498798,-0.508168)"

Ax* =(0.99528,1.97981,2.97675)", ||Ix*|l> = 2.16091
a,1,1,107" 0,0,0,0)7 9406 5488 (2.130245,0.226710,-0.439453,-0.255758)"
a,1,1,10" a,1,1,m7" 9406 5888 (2.130278,0.226649,-0.439440,-0.255705)"
a,1,1,10" (1,2,3,4)7 9409 5.568 (2.130386,0.226451,-0.439402,-0.255534)"

Ax* = (1.00955, 1.97560,2.98010)", ||x* || = 2.20179
(1,2,3,4)7 ,0,0,007 12,180 4977 (2.641308,-0.734424,-0.244857,0.583179)"
(1,2,3,47 1,1,1,07 12179 5127 (2.641332,-0.734471,-0.244847,0.583221)"
(1,2,3,4)7 (1,234 12178 5387 (2.641411,-0.734620,-0.244817,0.583350)"

Ax* =(1.02107,1.96452,2.97978)", ||Ix*|l> = 2.81353
and

h(x)=u

for all x € R* into Corollary 3.4, we have

X0 €R4

chosen arbitrarily,

Xpal = Uy + Puth + YuPc(x, — Ay(A*Ax, — A*D)), VYn=0,1,2,...,

where b = (1,2,3)7, A,

A%, b2

= DA Ay —A*bI2 20| A% Axy—A* b + | Axn—

e ifAx, #band 1, =0if Ax, =b

forallm=0,1,2,.... Asn — oo, we have x,, — x* such that x* is the our solution, which de-

pends on the point # and x. The numerical results are listed in Table 1 using the different

points u and the different starting points xy.

Example 5.4 (A split feasibility problem) Let

and

-1 3
2
0 2

C={wy2) eR®:x+y*+22<0}

Q= {(x,y,z)eR3:x2+y—z§O}.

Find some point x* € C with Ax* € Q.
Let H=(R3,| -|l2) and K = (R3, || - ||2). Take c(x,,2) = x + y* + 22, q(x,9,2) =x> + y — 2
and /s(x,y,z) = 0 for all x,y,z € R into Corollary 4.2, we have

X0 €R3

chosen arbitrarily,

Xn+l = OpXy + )/nPCn (xn — An(A*Ax, _A*PQ,, (Ax,)), Vn=0,1,2,...,

A%, =Pq,, (Axn)|2

where A, =

T 20|A* Axy—A*PQ, (Axy) 242 A* Axy—A* Pg,, (Axn) |+ |Axn—Pq, (Axy

T if Ax, ¢ Q, and A, = 0 if

Ax, € Q,forallm=0,1,2,.... As 1 — 00, we have x,, — x* such that x* is the our solution,
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Table 2 Results for Example 5.4 using Qu and Xiu method in [7]
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Starting points xo Number of CPU (s) Approximate solution x* Approximate Approximate
iterations of c(x*) of g(Ax*)
(1,2,3,0,0,0) 1890 2.7740 (-0.1203,0.0285,0.0582)" -0.00308775 -0.0152279
1,1,1,1,1,1)" 2978 4.2860 (0.8603,-0.1658,-0.5073)" -0.12681 1.08162
(1,2,3,4,5,6) 3317 48570 (3.6522,-0.1526,-2.3719)7 -1.06831 15.5579

Table 3 Results for Example 5.4 using Qu and Xiu method in [6]

Starting points xo Number of CPU (s) Approximate solution x* Approximate Approximate
iterations of c(x*) of q(Ax*)
(1,2,3)7 64 0.1570 (-0.4019,0.0674,0.1967)" -0.00395724 0.0322236
a1, 81 00940  (0.3568,0.0343,-0.2652)"  -0.172424 0426806
rand(3,1) x 10 105 0.0940 (0.8747,0.0795,-0.6876)" -049418 1.5322

Table 4 Results for Example 5.4 using Li method in Algorithm 1 [8]

Starting points Xo Number of CPU (s) Approximate solution x* Approximate Approximate
iterations of c(x*) of g(Ax*)
(1,2,3)" 4 0.1410 (-0.4024,0.0658,0.1958)" -0.00647036 0.0319258
a1, 5 0.0940 (0.3532,0.0392,-0.2707)7 —-0.186663 0.43465
rand(3,1) % 10 8 0.0940 (0.8768,0.0604,-0.6844)" —0.488352 151358

Table 5 Results for Example 5.4 using Algorithm in Corollary 4.2

Starting points Xo Number of CPU (s) Approximate solution x* Approximate Approximate
iterations of c(x*) of g(Ax*)
(1,2,3)" 1220 1492 (-0.0009,0.0007,0.0002)" -0.00049951 0.00050081
a1, 1062 1.342 (0.0004,0.0007,-0.0006)" —0.00079951 0.00130016
4,5,6) 1225 1.642 (0.0006,0.0007,-0.0007)" —0.00079951 0.00140036
rand(3,1) * 10 1197 1.832 (0.0008,0.0004,-0.0007)" -0.00059984 0.00110064
©,54) 2569 4.346 (0.0020,0.0004,-0.0015)" —0.00099984 0.00190400
2,2,2)7 1365 2.083 (0.0007,0.0006,-0.0008)" -0.00089964 0.00140049
3,217 2093 3.525 (0.0015,0.0005,-0.0013)7 —0.00109975 0.00180225

which depends on the zero point and xy. The numerical results are listed in Table 5 using

the different starting points xo, and we compare the results of Qu and Xiu [6, 7], and Li
[8], which are listed in Table 2, Table 3 and Table 4, respectively. We found that in the
calculation approximate value of g(Ax*) using the our algorithm method was fit to the

solution than the algorithms method of Qu and Xiu, and Li.

Example 5.5 (A convex feasibility problem) Let C = {a € R3: 2 < |la|, < 3}. Find some

point x* € C which satisfies the following system of nonlinear inequalities:

Y2 +22-4<0,

—x?+z-1<0,

where x,y,z € R.

Let H = (R3, || - ||l2), K = (R3, || - |l2) and # € C. Take A = I, h(x,y,2) = u and

= {(x,y,z) eR?:c(x,9,2) = sup{cl(x,y,z),cz(x,y,z)} < 0},

C
Q= {(x,y,z) eR3 1q(x,y,2) = sup{ql(x,y,z),qg(x,y,z)} < 0},
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Table 6 Results for Example 5.5 using Algorithm in Corollary 4.2

Choiceness u Starting  Number of CPU (s) Approximate solution x* Approximate Approximate Approximate
points xo  iterations of g1 (x*) of g(x*) of |IX*]I,
(2,0,00" (1,1, 0" 1901 3295 (1.999999,0.001343,0.001343)" -4.00000 -4.99865 2.00000
(2,0,00" 2,227 2336 4486  (1.999998,0.001651,0.001651)" -3.99999 -4.99834 2.00000
(2,0,0) (1,23 2716 4576 (1.999998,0.001506,0.002259)" -3.99999 -4.99773 2.00000
(3,0,0) a1,1,m" 2209 3.935  (2.998244,0.000948,0.000948)" -4.00000 -9.98852 299824
(3,0,0) 2,227 2417 3.505  (2.999133,0.001595,0.001595) -3.99999 -9.99320 299913
(3,0,0) (1,237 2821 3.955  (2.998563,0.001346,0.002019) -3.99999 -9.98936 2.99856
(1,2,07 11,0 1667 3375  (1.000131,1.998964,0.001299) -0.00414 -1.99896 2.23520
(1,2,00" (2,2,2)" 2068 3745 (1.000919,1.999901,0.001849)" -0.00039 -1.99999 2.23639
(1,2,07 (1,237 2363 4566  (0.999977,1.999833,0.002357)" -0.00066 -1.99760 2.23591

such that ¢;(x,9,2) =2 + > + 22 =9, &2 (%, 9, 2) = —x> = y* =22 + 4, q1(x, y,2) = y* + 2% —4 and
q2(x,9,2) = —x* + z— 1 for all x, ¥,z € R into Corollary 4.2, we have

x9 € R®  chosen arbitrarily,

Xl = Oy + Butd + VnPCn (e — Auly — Pann))r Vn=0,12,...,

_P, .
where A, = nPounl g ol = 0,1,2,.... As n — 0o, we have x,, — x* such that x* is
3Hxn—Pan [1+2

the our solution, which depends on the point # and x. The numerical results are listed in
Table 6 using the different points # € C and the different starting points x,.

Example 5.6 (A convex minimization problem) Find minimize of f(x,y,2) = (x — 2)* +
(y = 2)? + (z - 3)? subject to the constraint g(x, y,z) = x% + y* + z2 — 4 = 0 where x, 7,z € R.
Define the Lagrange function L(x,y,z, 1) as follows:
L(x,y,z,A) =f(x,9,2) + Ag(x, 9, 2)
=@=2+ -2+ (-3 +A(x* +y* +2> - 4),

where x,7,z, A € R. Hence, the our solution set is equivalent to the solution set of the
following system of nonlinear equations:

26 —2)+2 =L, =0,
20y-2)+2iy=1L,=0,
2(z-3)+2\z=L, =0,
+y2+22-4=1, =0.

Let H = (R%, || - ||l2) and K = (R%, || - ||2). Take A = I, h(x,7,2,1) = 0 and

C= {(x,y,z,)\) eR*: c(x,y,2z,A) = sup —q;(x, 9,2, 1) < 0},

1<i<4

Q= {(x,y,z,k) € R4:q(x,y,z,k) = sup gi(x,y,2,1) < 0},

l1<i<d
such that

q1(%, 9,2, 1) = 2(x — 2) + 2Ax, q2(%, 9,2, 1) = 2(y — 2) + 21y,

a3, 9,2,1) = 2(z - 3) + 24z, Gy, z,0) = x> +y* + 2° — 4,
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Table 7 Results for Example 5.6 using Algorithm in Corollary 4.2

Starting Number of CPU (s) Approximate solution Lagrange
points xo iterations multiplier
1,2,1,07 15,562 17.745 (0.969812,0.969905, 1.455039)" 1.061319
2,2,2,00 15,566 14511 (0.969905,0.969812,1.455039)" 1.061319
(1,2,3,07 15,567 11.666 (0.969812,0.969905, 1.455039)" 1.061319
4,5,6,0) 15,566 17.495 (0.969812,0.969905, 1.455039)" 1.061319

for all %, y,2, A € R into Corollary 4.2, we have

%o € R* chosen arbitrarily,
Xp+l = OpXy + )/nPCy, (% — A (n _Pann))x vn=0,12,...,

— lxn=Pq,xnll
where A, = Men—Pg 572

our solution is \/%(2, 2,3)T with some Lagrange multiplier A, which depends on the zero

foralln=0,1,2,.... As n — 00, we have x,, — x* such that the

point and xy. The numerical results are listed in Table 7 using the different starting points
%0, and we switch the stopping criterion € to 10~ for the verification to the our solution.

6 Conclusion

In this paper, we obtain an iterative scheme using the gradient projection method with a
new step size, which is not depend on the related matrix inverses and the largest eigen-
value (or the spectral radius of the self-adjoint operator) of the related matrix, based on
Moudafi’s viscosity approximation method for solving the split common fixed point prob-
lem (SCFP) for two firmly nonexpansive mappings and also solving the split feasibility
problem (SFP) such that other strong convergence theorems for the SCFP and the SFP are
obtained.

Acknowledgements
The author would like to thank the Faculty of Science, Maejo University for its financial support.

Competing interests
The author declares that he has no competing interests.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 12 December 2017 Accepted: 10 May 2018 Published online: 18 May 2018

References

1. Tian, M., Zhang, H.F: Regularized gradient-projection methods for finding the minimum-norm solution of the
constrained convex minimization problem. J. Inequal. Appl. 2017, Article ID 13 (2017)

2. Tang, JF, Chang, S.S,, Liu, M.: General split feasibility problems for families of nonexpansive mappings in Hilbert
spaces. Acta Math. Sci. 36B(2), 602-613 (2016)

3. Censor, Y, Elfving, T A multiprojection algorithm using Bregman projections in a product space. Numer. Algorithms
8,221-239(1994)

4. Byrne, C.: Iterative oblique projection onto convex sets and the split feasibility problem. Inverse Probl. 18, 441-453
(2002)

5. Yang, Q.Z: The relaxed CQ algorithm solving the split feasibility problem. Inverse Probl. 20, 1261-1266 (2004)

6. Qu, B, Xiu, N.H.: A note on the CQ algorithm for the split feasibility problem. Inverse Probl. 21, 1655-1665 (2005)

7. Qu, B, Xiu, N.H.: A new halfspace-relaxation projection method for the split feasibility problem. Linear Algebra Appl.
428,1218-1229 (2008)

8. Li, M.: Improved relaxed CQ methods for solving the split feasibility problem. Adv. Model. Optim. 13(2), 305-317
(2011)



Tianchai Journal of Inequalities and Applications (2018) 2018:120 Page 22 of 22

16.
17.
18.
. Wang, F, Xu, HK.: Cyclic algorithms for split feasibility problems in Hilbert spaces. Nonlinear Anal. 74(12), 4105-4111
20.
21,

22.
23.

24.
25.

26.
27.

28.
29.

30.
31

. Byrne, C.L, Moudafi, A.: Extensions of the CQ algorithm for the split feasibility and split equality problems. Report

NEP-ALL-2013-01-26 (2013)

. Masad, E, Reich, S A note on the multiple-set split convex feasibility problem in Hilbert space. J. Nonlinear Convex

Anal. 8,367-371 (2007)

. Xu, HK: Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces. Inverse Probl. 26(10),

Article ID 105018 (2010)

. Nakajo, K., Shimoji, K, Takahashi, W.: Strong convergence to common fixed points of families of nonexpansive

mappings in Banach spaces. J. Nonlinear Convex Anal. 8, 11-34 (2007)

. Takahashi, W, Takeuchi, Y, Kubota, R.: Strong convergence theorems by hybrid methods for families of nonexpansive

mappings in Hilbert spaces. J. Math. Anal. Appl. 341, 276-286 (2008)

. Nguyen, T.TV, Strodiot, J.J, Nguyen, V.H.: Hybrid methods for solving simultaneously an equilibrium problem and

countably many fixed point problems in a Hilbert space. J. Optim. Theory Appl. (2013).
https://doi.org/10.1007/510957-013-0400-y

. Censor, Y, Gibali, A, Reich, S.: Algorithms for the split variational inequality problem. Numer. Algorithms 59, 301-323

(2012)

Takahashi, W.: Introduction to Nonlinear and Convex Analysis. Yokohama Publishers, Yokohama (2009)

Censor, Y, Segal, A:: The split common fixed point problem for directed operators. J. Convex Anal. 16, 587-600 (2009)
Kraikaew, R, Saejung, S.: On split common fixed point problems. J. Math. Anal. Appl. 415, 513-524 (2014)

(2011)

Eslamian, M, Latif, A.: General split feasibility problems in Hilbert spaces. Abstr. Appl. Anal. 2013, Article ID 805104
(2013)

He, S., Zhao, Z.: Strong convergence of a relaxed CQ algorithm for the split feasibility problem. J. Inequal. Appl. 2013,
Article ID 197 (2013)

Moudafi, A.: Viscosity approximation methods for fixed-points problems. J. Math. Anal. Appl. 241, 46-55 (2000)
Goebel, K, Reich, S.: Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings. Marcel Dekker, New
York (1984)

Tang, J.F, Chang, S.S., Yuan, F: A strong convergence theorem for equilibrium problems and split feasibility problems
in Hilbert spaces. Fixed Point Theory Appl. 2014, Article ID 36 (2014)

Chang, S.S., Kim, JK,, Wang, X.R.: Modified block iterative algorithm for solving convex feasibility problems in Banach
spaces. J. Inequal. Appl. 2010, Article ID 869684 (2010)

Xu, HK: Iterative algorithms for nonlinear operators. J. Lond. Math. Soc. 66, 240-256 (2002)

Maingé, PE.: Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex
minimization. Set-Valued Anal. 16, 899-912 (2008)

Geobel, K, Kirk, W.A.: Topic in Metric Fixed Point Theory. Cambridge Studies in Advanced Mathematics, vol. 28.
Cambridge University Press, Cambridge (1990)

Rockafellar, R.T.: Convex Analysis. Princeton University Press, Princeton (1970)

Fukushima, M.: A relaxed projection method for variational inequalities. Math. Program. 35, 58-70 (1986)

Polyak, B.T.: Minimization of unsmooth functionals. USSR Comput. Math. Math. Phys. 9, 14-29 (1969)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1007/s10957-013-0400-y

	Gradient projection method with a new step size for the split feasibility problem
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main result
	Applications
	Numerical results
	Conclusion
	Acknowledgements
	Competing interests
	Authors' contributions
	Publisher's Note
	References


