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1 Introduction
Controllability is one of the fundamental concepts in mathematical control theory, and
it plays an important role in both deterministic and stochastic control systems. It is well
known that controllability of stochastic delay differential systems is widely used in many
fields of science and technology. The controllability of nonlinear deterministic systems
represented by evolution equations in abstract spaces has been extensively studied by sev-
eral authors (see [2, 3]). Stochastic delay differential system theory is a stochastic general-
ization of classical control theory.

In recent years, many mathematicians paid their attention to the existence of stochas-
tic delay differential systems (see [1, 4–6]). However, to the best of our knowledge, little
seems to be known about Schrödinger–Brownian motions for stochastic delay differential
systems.

In this paper, we consider the stochastic delay differential system with Schrödinger–
Brownian motion (SDDSs):

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Xs = x +
∫ s

0 b(s,Xs,Ys,Zs) ds +
∫ s

0 h(s,Xs,Ys,Zs) d〈B〉s

+
∫ s

0 δ(s,Xs,Ys,Zs) dBs;

Ys = �(XS) +
∫ S

s b(s,Xs,Ys,Zs) ds +
∫ S

s h(s,Xs,Ys,Zs) d〈B〉s –
∫ S

s Zs dBs

– (KS – Ks),

(1.1)

where 〈B〉 is the quadratic variation of the Schrödinger–Brownian motion B. Under
the Lipschitz assumptions on the coefficients b, h, and σ , Ren (see [7]) proved the well-
posedness of such equations with the fixed-point iteration. Moreover, Yan (see [5]) stud-
ied the case when coefficients are integral–Lipschitz; Yan et al. (see [6]) considered the
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reflected GSDEs with some good boundaries; Jiang and Usó (see [1]) studied stochastic
functional differential equation with infinite delay driven by Brownian motion.

It should be noticed that the coefficients of the equations are coupled with the solution
of SSDDs (1.1). The question is whether there is a unique global solution (X,Y,Z,K) for
SSDDs (1.1). However, the coefficients that appeared in their equations are special. Pre-
cisely, b, h, σ , f , g do not contain Z. Moreover, unfortunately, they proved that SSDDs in
their paper just have a unique local solution under Lipschitz condition. In this paper, we
use the method presented in [1] and prove that there exists a unique weak solution for
SSDDs (1.1) with some monotone coefficients.

The rest of this paper is organized as follows. In Sect. 2, we introduce some notions
and results on the Schrödinger delay which are necessary for what follows. In Sect. 3, the
existence theorem is provided.

2 Preliminaries
In this section, we introduce some notations and preliminary results on the Schrödinger
delay (see [8, 9] for more details).

Let �S = C0([0, S]; R), the space of real-valued continuous functions on [0, S] with w0 = 0,
be endowed with the distance

d
(
w1, w2) :=

∞∑

N=1

2–N
(

max
0≤s≤N

∣
∣w1

s – w2
s
∣
∣
)

∧ 1, (2.1)

and let Bs(w) = ws be the canonical process. Denote by F := {Fs}0≤s≤S the natural filtration
generated by Bs, L0(�S) the space of all F-measurable real functions. Let

Lip(�S) :=
{
φ(Bs1 , . . . ,Bsn ) : ∀n ≥ 1, s1, . . . , sn ∈ [0, S],∀φ ∈ Cb,Lip

(
Rn)},

where Cb,Lip (Rn) denotes the set of bounded Lipschitz functions on Rn.
A sublinear functional on Lip(�S) satisfies: for all X and Y ∈ Lip(�S),

(I) Monotonicity:

E[X] ≥ E[Y]

if X≤Y.
(II) Constant preserving:

E[C] = C

for C ∈ R.
(III) Sub-additivity:

E[X + Y] ≤ E[X] + E[Y].

(IV) Positive homogeneity:

E[λX] = λE[X]

for λ ≥ 0.
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The triple (�, Lip(�S),E) is called a sublinear expectation space and E is called a sublinear
expectation.

Definition 2.1 A random variable X ∈ Lip(�S) is Schrödinger normal distributed with
parameters (0, [σ 2,σ 2]), i.e., X∼ N(0, [σ 2,σ 2]) if, for each φ ∈ Cb,Lip (R),

u(s, x) := E
[
φ(x +

√
tX)

]

is a viscosity solution to the following PDE:

⎧
⎨

⎩

∂u
∂s + G ∂2u

∂x2 = 0,

us0 = φ(x)

on R+ × R, where

G(a) :=
1
2
(
a+σ 2 – a–σ 2)

and a ∈ R.

Definition 2.2 We call a sublinear expectation Ê : Lip(�S) → R a Schrödinger expectation
if the canonical process B is a Schrödinger–Brownian motion under Ê[·], that is, for each
0 ≤ s ≤ t ≤ S, the increment

Bs – Bs ∼ N
(
0,

[
σ 2(s – s),σ 2](s – s)

)
,

and for all n > 0, 0 ≤ s1 ≤ · · · ≤ sn ≤ S, and ϕ ∈ Lip(�S),

Ê
[
ϕ(Bs1 , . . . ,Bsn–1 ,Bsn – Bsn–1 )

]
= Ê

[
ψ(Bs1 , . . . ,Bsn–1 )

]
,

where

ψ(x1, . . . , xn–1) := Ê
[
ϕ(x1, . . . , xn–1,

√
sn – sn–1B1)

]
.

We can also define the conditional Schrödinger expectation Ês of ξ ∈ Lip(�S) knowing
Lip(�t) for t ∈ [0, S]. Without loss of generality, we can assume that ξ has the representa-
tion ξ = ϕ(B(s1),B(s2) – B(s1), . . . ,B(sn) – B(sn1 )) with t = si for some 1 ≤ i ≤ n, and we
put

Êsi

[
ϕ
(
B(s1),B(s2) – B(s1), . . . ,B(sn) – B(sn–1)

)]

= ϕ̃
(
B(s1),B(s2) – B(s1), . . . ,B(si) – B(si–1)

)
,

where

ϕ̃(x1, . . . , xi) = Ê
[
ϕ
(
x1, . . . , xi,B(si+1) – B(si), . . . ,B(sn) – B(sn–1)

)]
.
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For p ≥ 1, we denote by Lp
G(�S) the completion of Lip(�S) under the natural norm

‖X‖p,G := (Ê[|X|p])
1
p . Ê is a continuous mapping on Lip(�S) endowed with the norm ‖·‖1,G.

Therefore, it can be extended continuous to L1
G(�S) under the norm ‖X‖1,G.

Next, we introduce the Itô integral of Schrödinger–Brownian motion.
Let M0

G(0, S) be the collection of processes in the following form: for a given partition
πS = {s0, s1, . . . , sN } of [0, S], set

ηs(w) =
N–1∑

k=0

ξk(w)I[sk ,sk+1)(s),

where ξk ∈ Lip(�tk).
For p ≥ 1, we denote by Hp

G(0, S) and Mp
G(0, S) the completion of M0

G(0, S) under the
norms

‖η‖Hp
G(0,S) =

{

Ê

[(∫ S

0
|ηs|2 ds

) p
2
]} 1

p
,

and

‖η‖Mp
G(0,S) =

{

Ê

[(∫ S

0
|ηs|p ds

)]} 1
p

,

respectively. It is easy to see that H2
G(0, S) = M2

G(0, S). Following the method of Schrödin-
gerean Lyapunov functional developed in [4], for each η ∈ Hp

G(0, S) with p ≥ 1, we can
define the Itô integral

∫ S
0 ηs dBs. Moreover, the following B – D – G inequality holds.

Lemma 2.3 Let p ≥ 2 and η ∈ Mp
G(0, S). Then we have (see [4])

σ pcpÊ

[(∫

–0S|ηs|2 ds
) p

2
]

≤ Ê

[

sup
0≤s≤S

∣
∣
∣
∣

∫ s

0
ηs dBs

∣
∣
∣
∣

p]

≤ σ pCpÊ

[(∫ S

o
|ηs|2 ds

) p
2
]

,

where 0 < cp < Cp < ∞ are constants.

Let

S0
G(0, S) =

{
h(s,Bs1∧t , . . . ,Bsn∧t) : t, s1, . . . , sn ∈ [0, S], h ∈ Cb,lib

(
Rn+1)}.

For p ≥ 1 and η ∈ S0
G(0, S), set

‖η‖S0
G(0,S) =

(
Ê

[
sup

0≤t≤S
|ηs|p

]) 1
p .

Denote by Sp
G(0, S) the completion of S0

G(0, S) under the norm ‖ · ‖Sp
G(0,S).

Definition 2.4 Quadratic variation process of Schrödinger–Brownian motion defined by

〈B〉s := B
2
s – 2

∫ s

0
Bs dBs

is a continuous and nondecreasing process.
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For η ∈ M0
G(0, S), define

∫ S

0
ηs d〈B〉s =

N–1∑

j=0

ξj
(〈B〉sj+1 – 〈B〉sj

)
: M0

G(0, S) → L1
G(�S).

The mapping is continuous and can be extended to M1
G(0, S).

Lemma 2.5 Let p ≥ 1 and η ∈ Mp
G(0, S). Then we have (see [8])

σ 2
Ê

[(∫

–0S|ηs|ds
)]

≤ Ê

[

sup
0≤s≤S

∣
∣
∣
∣

∫ s

0
ηs d〈B〉s

∣
∣
∣
∣

]

≤ σ pCpÊ

[(∫ S

o
|ηs|ds

)]

and

Ê

[

sup
0≤s≤S

∣
∣
∣
∣

∫ s

0
ηs d〈B〉s

∣
∣
∣
∣

p]

≤ σ pC′
pÊ

[(∫ S

o
|ηs|p ds

)]

,

where C′
p > 0 are constants independent of η.

Lemma 2.6 Let ηs, ζs ∈ M1
G(0, S). If ηs ≤ ζs for t ∈ [0, S], then we have (see [8])

∫ S

0
ηs d〈B〉s ≤

∫ S

0
ζs d〈B〉s.

3 Main result and its proof
In this section, we consider the existence of the weak solution (X,Y,Z,K) for SSDDs (1.1).
To state it, we need the following definitions.

Definition 3.1 A quadruple process (X,Y,Z,K) satisfying the above equations (q.s.) is
called a weak solution of equation (1.1) if X,Y, Z ∈ M2

G(0, S), K is a decreasing process
with K0 = 0 and KS ∈ L2

G(�S).

Let u := (x, y, z), A(s, u) := (–g(s, u), h(s, u),σ (s, u)). [·, ·] denotes the usual inner product
in a real number space and | · | denotes the Euclidean norm.

In the sequel, we will work under the following assumptions.
(H1) For u ∈ R3, ε > 0, �(x) ∈ L2

G(�S), f (·, u), g(·, u), b(·, u), h(·, u), σ (·, u) ∈ M2
G(0, S);

(H2) For u1, u2 ∈ R3, there exists a positive constant C1 such that

∥
∥f

(
s, u1)– f

(
s, u2)∥∥∨∥

∥b
(
s, u1)– f

(
s, u2)∥∥∨∥

∥A
(
s, u1)–A

(
s, u2)∥∥ ≤ C1

∥
∥u1 –u2∥∥

and

∥
∥�

(
x1) – �

(
x2)∥∥ ≤ C1

∥
∥x1 – x2∥∥;

(H3) For u1, u2 ∈ R3, there exists a positive constant C such that

[
A

(
s, u1) – A

(
s, u2), u1 – u2] ≤ –C

∥
∥u1 – u2∥∥2,

(
–f

(
s, u1) – (–f )

(
s, u2))(x1 – x2) ≤ –C

∥
∥x1 – x2∥∥2,
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(
b
(
s, u1) – b

(
s, u2))(y1 – y2) ≤ –C

∥
∥y1 – y2∥∥2

and

(
�

(
x1) – �

(
x2))(x1 – x2) ≥ C

(
x1 – x2)2.

The following lemma plays a crucial role in establishing our main result.

Lemma 3.2 Suppose that β ,γ ,λ,ϕ ∈ M2
G(0, S), ξ ∈ L2

G(�S). Then the following linear SS-
DDs

⎧
⎪⎪⎨

⎪⎪⎩

dXs = (–Ys + βs) ds + (–Ys + γs) d〈B〉s + (–Zs + λs) dBs,

dYs = (–Xs + ϕs) ds + (–Xs + φs) d〈B〉s + Zs dBs + dKs,

X0 = x,YS = XS + ξ

(3.1)

has a solution (X,Y,Z,K). Moreover, X,Y, Z ∈ M2
G(0, S), K is a decreasing Schrödinger

martingale with K0 = 0 and KS ∈ L2
G(�S).

Proof We consider the following linear SSDDs:

Y s = Ês

[

ξ –
∫ S

s
(Y s + ϕs – βs) ds –

∫ S

s
(Y s + φs – γs) d〈B〉s

]

.

By Lemma 2.3, it has an explicit solution

Y s = Ês

[

XS(Xs)–1ξ +
∫ S

s
(βs – ϕs)Xs(Xs)–1 ds +

∫ S

s
(γs – ψs)Xs(Xs)–1 d〈B〉s

]

, (3.2)

where Xs = exp(–t – 〈B〉s).
Since {〈B〉s}t∈[0,S] is an increasing process, then Xs(Xs)–1 < 1 for s ≥ t.
If we take the norm of M2

G(0, S) on both sides of (3.2), then we have

∫ S

0
Ês|Y s|2 ≤

∫ S

0
Ê

[

|ξ | +
∫ S

s
|βs – ϕs|ds +

∫ S

s
|γs – ψs|d〈B〉s

]2

ds

≤ 3
∫ S

0

{

Ê
[
ξ 2] + Ê sup

t∈[0,S]

[∫ S

s
|βs – ϕs|ds

]2

+Ê sup
t∈[0,S]

[∫ S

s
|γs – ψs|d〈B〉s

]2}

ds

≤ 3S
{

Ê
[
ξ 2] + SÊ

∫ S

s
|βs – ϕs|2 ds + σ 2C′

2Ê

∫ S

s
|γs – ψs|2 ds

}

< ∞, (3.3)

where in the last inequality, we have used Hölder’s inequality and Lemma 2.5. Thus we get
Y s ∈ M2

G(0, S).
Since all Schrödinger martingales can be seen as conditional expectations, by the

Schrödinger martingale representation theorem introduced in [10], there exists
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{Zs}t∈[0,S] ∈ M2
G(0, S) and a decreasing Schrödinger martingale K with K0 = 0 and KS ∈

L2
G(�S) such that

Y s = ξ –
∫ S

s
(Y s + ϕs – βs) ds –

∫ S

s
(Y s + φs – γs) d〈B〉s

–
∫ S

s
(2Zs – λs) dBs – (KS – Ks). (3.4)

Thus the above equation has a solution (Y , Z,K). Moreover, Y , Z ∈ M2
G(0, S) and K is

a decreasing Schrödinger martingale with K0 = 0 and KS ∈ L2
G(�S). Then we consider the

following SSDDs:

Xs = x +
∫ S

s
(–Xs – Y s + βs) ds +

∫ S

s
(–Xs – Y s + γs) d〈B〉s +

∫ S

s
(–Zs + λs) dBs. (3.5)

Since all of the coefficients satisfy the Lipschitz condition, then by Theorem 1.2 in [11]
and Proposition 4.1 in [12], it has a unique weak solution X ∈ S2

G(0, S), which obviously
belongs to a larger space M2

G(0, S).
Let Y := X + Ȳ and Z = Z̄. Then we have

Xs = x +
∫ S

s
(–Ys + βs) ds +

∫ S

s
(–Ys + γs) d〈B〉s +

∫ S

s
(–Zs + λs) dBs (3.6)

from (3.2), (3.3), (3.4), and (3.5).
Moreover, Y ∈ M2

G(0, S). We rewrite (3.4) as

Y s = ȳ0 +
∫ s

0
(Y s + ϕs – βs) ds +

∫ s

0
(Y s + φs – γs) d〈B〉s +

∫ s

0
(2Zs – λs) dBs + Ks. (3.7)

Combining (3.6) and (3.7), we have

dYs = (–Xs + ϕs) ds + (–Xs + φs) d〈B〉s + Zs dBs + dKs. (3.8)

Thus (X,Y,Z,K) is a weak solution of (3.1) from (3.8). Moreover, X, Y, Z ∈ M2
G(0, S),

and K is a decreasing Schrödinger martingale with K0 = 0 and KS ∈ L2
G(�S). �

The following assertion is the main result of the present paper.

Theorem 3.3 Let assumptions (H1)–(H3) hold, and for given α0 ∈ [0, S),∀β ,γ ,λ,ϕ ∈
M2

G(0, S) and ξ ∈ L2
G(�S). Then

(I) the following SSDDs (1.1) has a weak solution (Xα0 ,Yα0 ,Zα0 ,Kα0 ), where
Xα0 ,Yα0 ,Zα0 ∈ M2

G(0, S), Kα0 is a decreasing Schrödinger martingale with K
α0
0 and

K
α0
S ∈ L2

G(�).
(II) There exists a constant δ0 ∈ (0, 1) such that, for all α ∈ [α0,α0 + δ0], equation (3.7)

has an adapted solution (Xα ,Yα ,Zα ,Kα).
(III) (Xα ,Yα ,Zα) ∈ M2

G(�). And Kα is a decreasing process with Kα
0 and Kα

S ∈ L2
G(�).

Proof We define, for any given α ∈ [0, 1],

bα(s, x, y, z) = αb(s, x, y, z) + (1 – α)(–y),
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σα(s, x, y, z) = ασ (s, x, y, z) + (1 – α)(–z),

hα(s, x, y, z) = αh(s, x, y, z) + (1 – α)(–y),

(–f )α(s, x, y, z) = –αf (s, x, y, z) + (1 – α)(–x),

(–g)α(s, x, y)z) = –αg(s, x, y)z) + (1 – α)(–x),

�α(x) = α�(x) + (1 – α)x.

We set u0 = (X0,Y0,Z0) = 0 and solve iteratively the following equations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Xi+1
s = x +

∫ t
0 [bα0 (s, us+1) + δ(ys + b(s, ui

s)) + βs] ds

+
∫ t

0 [hα0 (s, ui+1
s ) + δ(Yi

s + h(s, ui
s)) + γs] d{B}s

+
∫ t

0 [σα0 (s, ui+1
s ) + δ(Zi

s + σ (s, ui
s)) + γs] dBs;

Yi+1
s = [�α0 (Xi+1

S ) + δ(–Xi
S + �(Xi

S)) + ξ ]

–
∫ S

s [(–f )α0 (s, ui+1
s ) + δ(Xi

s – f (s, ui
s)) + ϕs] ds

–
∫ S

s [(–g)α0 (s, ui+1
s ) + δ(Xi

s – g(s, ui
s)) + ψs] d〈B〉s

–
∫ S

s Zi+1
s dBs – (Ki+1

S – Ki+1
s ),

(3.9)

where ui = (Xi,Yi,Zi), i = 0, 1, 2, . . . .
Actually, by iterating and the assumptions of the theorem, it is easy to see that this

equation has at least one solution (Xi,Yi,Zi,K),Xi,Yi,Zi ∈ M2
G(0, S), Ki is a decreasing

Schrödinger martingale with Ki
0 = 0 and Ki

S ∈ L2
G(�) for each i = 0, 1, 2, . . . .

We set

ûi+1 =
(
X̂

i+1, Ŷi+1, Ẑi+1) = ui+1 – ui,

f̂
(
s, ui

s
)

= f
(
s, ui

s
)

– f
(
s, ui–1

s
)
, b̂

(
s, ui

s
)

= b
(
s, ui

s
)

– b
(
s, ui–1

s
)
,

K̂
i+1
s = K

i+1
s – K

i
s and Aα =

(
(–g)α , hα ,σα

)
.

Using the convexity of the norm and (3.4), we deduce that

‖un+1 – û‖2 ≤ (1 – Xn)‖un – û‖2 + Xn‖vn – û‖2

≤ (1 – Xn)‖un – û‖2

+ Xn

∥
∥
∥
∥–Ynû + (1 – Yn)

[

un –
Zn

1 – Yn
f ∗fun –

(

û –
Zn

1 – Yn
f ∗f û

)]∥
∥
∥
∥

2

≤ (1 – Xn)‖un – û‖2 + XnYn‖–û‖2 + (1 – Yn)Xn

[

‖un – û‖2

+
Zn

1 – Yn

(
Zn

1 – Yn
–

2
ρ(f ∗f )

)
∥
∥f ∗fun – f ∗f û

∥
∥2

]

≤ ‖un – û‖2 + XnYn‖–û‖2

+ XnZn

(
Zn

1 – Yn
–

2
ρ(f ∗f )

)
∥
∥f ∗fun – f ∗f û

∥
∥2,
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which implies that

XnZn

(
2

ρ(f ∗f )
–

Zn

1 – Yn

)
∥
∥f ∗fun – f ∗f û

∥
∥2 ≤ ‖un – û‖2 – ‖un+1 – û‖2 + XnYn‖–û‖2

≤ ‖un+1 – un‖
(‖un – û‖

+ ‖un+1 – û‖) + XnYn‖–û‖2.

Since

lim
n→∞ infXnZn

(
2

ρ(f ∗f )
–

Zn

1 – Yn

)

> 0,

lim
n→∞Yn = 0

and

lim
n→∞‖un+1 – un‖ = 0,

we have

lim
n→∞

∥
∥f ∗fun – f ∗f û

∥
∥ = 0. (3.10)

Applying Lemma 2.6 and the property of the projection PSi , one can easily show that

‖vn – û‖2

=
∥
∥PSi

[
(1 – Yn)un – Znf ∗fun

]
– PSi [û – tG ∗ Gû

∥
∥2

≤ 〈
(1 – Yn)un – Znf ∗fun –

(
û – Znf ∗f û

)
, vn – û

〉

=
1
2
(∥
∥un – Znf ∗fun –

(
û – Znf ∗f û

)
– Ynun

∥
∥2 + ‖vn – û‖2

–
∥
∥(1 – Yn)un – Znf ∗fun –

(
û – Znf ∗f û

)
– vn + û

∥
∥2)

≤ 1
2
(‖un – û‖2 + 2Yn‖–un‖

∥
∥un – Znf ∗fun –

(
û – Znf ∗f û

)
– Ynun

∥
∥

+ ‖vn – û‖2 –
∥
∥un – vn – Znf ∗f (un – û) – Ynun

∥
∥2)

≤ 1
2
(‖un – û‖2 + YnM + ‖vn – û‖2 – ‖un – vn‖2

+ 2Zn
〈
un – vn, f ∗f (un – û)

〉

+ 2Yn〈un, un – vn〉 –
∥
∥Znf ∗f (un – û) + Ynun

∥
∥2)

≤ 1
2
(‖un – û‖2 + YnM + ‖vn – û‖2 – ‖un – vn‖2

+ 2Zn‖un – vn‖
∥
∥f ∗f (un – û)

∥
∥ + 2Yn‖un‖‖un – vn‖

)

≤ ‖un – û‖2 + YnM – ‖un – vn‖2

– ‖un – vn‖2 + 4Zn‖un – vn‖
∥
∥f ∗f (un – û)

∥
∥ + 4Yn‖un‖‖un – vn‖, (3.11)
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where M > 0 satisfying

M ≥ sup
k

{
2‖–un‖

∥
∥un – Znf ∗fun –

(
û – Znf ∗f û

)
– Ynun

∥
∥
}

.

From (3.10) and (3.11), we get that

‖un+1 – û‖2

≤ (1 – Xn)‖un – û‖2 + Xn‖vn – û‖2

≤ ‖un – û‖2 + YnM – Xn‖un – vn‖2

– ‖un – vn‖2 + 4Zn‖un – vn‖
∥
∥f ∗f (un – û)

∥
∥

+ 4Yn‖un‖‖un – vn‖,

which means that

Xn‖un – vn‖2 ≤ ‖un+1 – un‖
(‖un – û‖ + ‖un+1 – û‖)

+ YnM – Xn‖un – vn‖2

– ‖un – vn‖2 + 4Zn‖un – vn‖
∥
∥f ∗f (un – û)

∥
∥

+ 4Yn‖un‖‖un – vn‖.

Since limn→∞ Yn = 0, limn→∞ ‖un+1 – un‖ = 0, and limn→∞ ‖f ∗fun – f ∗f û‖ = 0, we infer
that

lim
n→∞‖un – vn‖ = 0.

Finally, we show that un → û. Using the property of the projection PSi , we derive that

‖vn – û‖2

=
∥
∥
∥
∥PSi

[

(1 – Yn)
(

un –
Zn

1 – Yn
f ∗fun

)]

– PSi [Ynû + (1 – Yn)
(

û –
Zn

1 – Yn
f ∗fun

)∥
∥
∥
∥

2

≤
〈

(1 – α)
(

I –
Zn

1 – Yn
(un – û)

)

– Ynû, vn – û
〉

≤ (1 – Yn)‖un – û‖‖vn – û‖ + Yn〈û, û – vn〉

≤ 1 – Yn

2
(‖un – û‖2 + ‖vn – û‖2) + Yn〈û, û – vn〉,

which is equivalent to

‖vn – û‖2 ≤ 1 – Yn

1 + Yn
‖un – û‖2 +

2Yn

1 – Yn
〈û, û – vn〉. (3.12)
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It follows from (3.4) and (3.12) that

‖un+1 – û‖ ≤ (1 – Xn)‖un – û‖ + Xn‖vn – û‖

≤ (1 – Xn)‖un – û‖ + Xn

(
1 – Yn

1 + Yn
‖un – û‖2 +

2Yn

1 – Yn
〈û, û – vn〉

)

≤
(

1 –
2YnZn

1 + Yn

)

‖un – û‖2 +
2YnZn

1 – Yn
〈û, û – vn〉. (3.13)

Since Zn
1–Yn

∈ (0, 2
ρ(G∗G) ), we observe that Yn ∈ (0, Znρ(G∗G)

2 ), then we have

2YnZn

1 – Yn
∈

(

0,
2Zn(2 – Znρ(G ∗ G))

Znρ(G ∗ G)

)

,

that is to say,

2YnZn

1 – Yn
〈û, û – vn〉 ≤ 2Zn(2 – Znρ(G ∗ G))

Znρ(G ∗ G)
〈û, û – vn〉.

By virtue of
∑∞

n=1
Xn
Zn

< ∞, Zn ∈ (0, 2
ρ(G∗G) ), and 〈û, û – vn〉 is bounded, we obtain that

∞∑

n=1

(
2Zn(2 – Znρ(G ∗ G))

Znρ(G ∗ G)
〈û, û – vn〉

)

〈û, û – vn〉 < ∞,

which implies that (see [13])

∞∑

n=1

2YnZn

1 – Yn
〈û, û – vn〉 ≤ ∞.

Moreover,

∞∑

n=1

2YnZn

1 – Yn
〈û, û – vn〉 =

∞∑

n=1

2YnZn

1 + Yn

1 + Yn

1 – Yn
〈û, û – vn〉. (3.14)

It follows that all the conditions of Lemma 2.5 are satisfied. Combining (3.13), (3.14),
and Lemma 3.2, we can show that un → û.

Applying the Schrödinger–Itô formula to X̂i+1Ŷi+1, we have

X̂
i+1
S Ŷ

i+1
S

=
∫ S

0

[
X̂

i+1
s

(
(–f )α0

(
s, ui+1

s
)

– (–f )α0
(
s, ui

s
))

+ Ŷ
i+1
s

(
bα0

(
s, ui+1

s
)

– bα0
(
s, ui

s
))]

ds

≤
∫ S

0

[
Aα0(s, ui+1

s
)

– Aα0(s, usi), ûi+1
s

]
d〈B〉s +

∫ S

0

[
ûi

s + A
(
s, ui

s
)

– Aα0(s, ui–1
s

)
, ûi+1

s
]

d〈B〉s

≤ δ

∫ S

0

[
X̂

i+1
s

(
X̂

i
s – f̂

(
s, ui

s
))

+ Ŷ
i+1
s

(
Ŷ

i
s + b̂

(
s, ui

s
))]

ds +
∫ S

0
X̂

i+1
s dK̂i+1

s

≤
∫ S

0

[
X̂

i+1
s Ẑ

i+1
s + Ŷ

i+1
s

(
σα0

(
s, ui+1

s
)

– σα0
(
s, ui

s
))

+ δŶi+1
s

(
Ẑ

i
s + σ

(
s, ui

s
))]

dBs.
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Since Ŷi+1
S = �α0 (Xi+1

S ) – �α0 (Xi
S) + δ(–X̂i

S + �(Xi
S) – �(Xi–1

S )), we have

X̂
i+1
S

[
�α0

(
X

i+1
S

)
– �α0

(
X

i
S
)]

= δ
[
X̂

i+1
S X̂

i
S – X̂

i+1
S

(
�

(
X

i
S
)

– �
(
X

i–1
S

))]

≤
∫ S[

X̂
i+1
s

(
(–f )α0

(
s, ui+1

s
)

– (–f )α0
(
s, ui

s
))

+ Yi+1
s

(
bα0

(
s, ui+1

s
)

– bα0
(
s, ui

s
))]

ds

≤ δ

∫ S[
X̂

i+1
s

(
X̂

i
s – f̂

(
s, ui

s
))

+ Ŷ
i+1
s

(
Ŷ

i
s + b̂

(
s, ui

s
))]

ds +
∫ S

0
X̂

i+1
s dK̂i+1

s

≤
∫ S

0

[
X̂

i+1
s Ẑ

i+1
s + Ŷ

i+1
s

(
σα0

(
s, ui+1

s
)

– σα0
(
s, ui

s
))

+ δŶi+1
s

(
Ẑ

i
s + σ

(
s, ui

s
))]

dBs.

By (H2), (H3), and Lemma 2.6, we have

[
(C – 1)α + 1

]∣
∣X̂i+1

S
∣
∣2

≤ δ(1 + C1)
∣
∣X̂i+1

S X̂
i
S
∣
∣ + (–Cα + α – 1)

∫ S

0

∣
∣
∣
∣X̂

i+1
s

∣
∣2+

∣
∣Yi+1

s

∣
∣
∣
∣

2

ds

+ δ

∫ S

0

[∣
∣X̂i+1

s X̂
i
s| + C1|X̂i+1

s ûi
s| + |Ŷi+1

s Ŷ
i
s
∣
∣ + C1

∣
∣Ŷi+1

s ûi
s
∣
∣
]

ds

+ (–Cα + α – 1)
∫ S

0

∣
∣ûi+1

s
∣
∣2 d〈B〉s

+ δ(C1 + 1)
∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣d〈B〉s +

∫ S

0
X̂

i+1
s dK̂i+1

s

+
∫ S

0

[
Ŷ

i+1
s

(
σα0

(
s, ui+1

s
)

– σα0
(
s, ui

s
))

+ δŶi+1
s

(
Ẑ

i
s + σ

(
s, ui

s
)

– σ
(
s, ui–1

s
))]

dBs

≤
∫ S[

X̂
i+1
s

(
(–f )α0

(
s, ui+1

s
)

– (–f )α0
(
s, ui

s
))

+ Yi+1
s

(
bα0

(
s, ui+1

s
)

– bα0
(
s, ui

s
))]

ds

≤ δ(1 + C1)
∣
∣X̂i+1

S X̂
i
S
∣
∣ + 2δ(C1 + 1)

∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣ds

+ (–Cα + α – 1)
∫ S

0

∣
∣ûi+1

s
∣
∣2 d{B}s + δ(C1 + 1)

∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣d{B}s +

∫ S

0
X̂

i+1
s dK̂i+1

s

+
∫ S

0

[
X̂

i+1
s Ẑ

i+1
s + Ŷ

i+1
s

(
σα0

(
s, ui+1

s
)

– σα0
(
s, ui

s
))

+ δŶi+1
s

(
Ẑ

i
s + σ

(
s, ui

s
))]

dBs,

where, in the second inequality, we have used the fact that –Cα + α – 1 ≤ 0.
Taking a Schrödinger expectation on both sides of (3.13) and noticing that the last two

terms are Schrödinger martingales (see [14]), we get

[
(C – 1)α + 1

]∣
∣X̂i+1

S
∣
∣2

≤ 2δ(1 + C1)Ê
∣
∣X̂i+1

S X̂
i
S
∣
∣

+ 4δ(C1 + 1)Ê
∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣ds + 2δ(C1 + 1)Ê

∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣d{B}s. (3.15)
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Moreover, by Lemma 2.5, we have

[
(C – 1)α + 1

]
[

Ê
∣
∣X̂i+1

S
∣
∣2 + σ 2Ê

∫ S

0

∣
∣ûi+1

s
∣
∣2 ds

]

≤ 2δ(1 + C1)Ê
∣
∣X̂i+1

S X̂
i
S
∣
∣

+ 2δ(C1 + 1)
(
2 + σ 2)Ê

∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣ds. (3.16)

Let

C2 := min
(
(C – 1)α + 1,σ 2[(C – 1)α + 1

])

and

C3 := 2(C1 + 1)
(
2 + σ 2).

We have

Ê
∣
∣X̂i+1

S
∣
∣2 + Ê

∫ S

0

∣
∣ûi+1

s
∣
∣2 ds ≤ C3δ

C2

[

Ê
∣
∣X̂i+1

S
∣
∣
∣
∣X̂i

S
∣
∣ + Ê

∫ S

0

∣
∣ûi+1

s
∣
∣
∣
∣ûi

s
∣
∣ds

]

.

By Young’s inequality, we get

Ê
∣
∣X̂i+1

S
∣
∣2 + Ê

∫ S

0

∣
∣ûi+1

s
∣
∣2 ds ≤

(
C3

C2

)2

δ2
[

Ê
∣
∣X̂i

S
∣
∣2 + Ê

∫ S

0

∣
∣ûi

s
∣
∣2 ds

]

.

Notice that

X̂
i
S =

∫ S

0

[
bα0

(
s, ui

s
)

– bα0
(
s, ui–1

s
)

+ δ
(
Ŷ

i
s + b

(
s, ui–1

s
)

– b
(
s, ui–2

s
))]

ds

+
∫ S

0

[
hα0

(
s, ui

s
)

– hα0
(
s, ui–1

s
)

+ δ
(
Ŷ

i
s + h

(
s, ui–1

s
)

– h
(
s, ui–2

s
))]

d〈B〉s

+
∫ t

0

[
σα0

(
s, ui

s
)

– σα0
(
s, ui–1

s
)

+ δ
(
Ŷ

i
s + σ

(
s, ui–1

s
)

– σ
(
s, ui–2

s
))]

dBs.

By (H1)–(H3), Lemmas 2.3 and 2.5, and a standard method of estimation, we can derive
easily that there exists a positive constant C4 which depends only on C, σ 2 such that

Ê
∣
∣X̂i

S
∣
∣2 ≤ C4

[

Ê
∫ S

0

∣
∣ûi

s
∣
∣2 ds + Ê

∫ S

0

∣
∣ûi–1

s
∣
∣2 ds

]

, ∀i ≥ 1.

So there exists a positive constant C5 which depends on C, C1, σ 2, and σ 2 such that

Ê
∫ S

0

∣
∣ûi+1

s
∣
∣2 ds ≤ C5δ

2
[

Ê
∫ S

0

∣
∣ûi

s
∣
∣2 ds + Ê

∫ S

0

∣
∣ûi–1

s
∣
∣2 ds

]

.

It follows that there exists δ0 ∈ (0, 1) which depends only on C, C1, σ 2, and σ 2 such that,
when 0 < δ ≤ δ0,

Ê
∫ S

0

∣
∣ûi+1

s
∣
∣2 ds ≤ 1

4
Ê

∫ S

0

∣
∣ûi

s
∣
∣2 ds +

1
8

Ê
∫ S

0

∣
∣ûi–1

s
∣
∣2 ds.
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By Lemma 2.5, it turns out that ui is a Cauchy sequence in M2
G(0, S). We denote its limit

by uα = (Xα ,Yα ,Zα).
Now, we deal with the sequence Ki, i = 0, 1, 2, . . . ,

K̂
i+1
s = �α0

(
X

i+1
s

)
– �α0

(
X

i
s
)

+ δ
(
–X̂i

s + �
(
X

i
s
)

– �
(
X

i–1
s

))
+ Ŷ

i+1
s

+
∫ t

0

[
(–f )α0

(
s, ui+1

s
)

– (–f )α0
(
s, ui

s
)

+ δ
(
X̂

i
s – f̂

(
s, ui

s
))]

ds

+
∫ s

0

[
(–g)α0

(
s, ui+1

s
)

– (–g)α0
(
s, ui

s
)

+ δ
(
X̂

i
s – ĝ

(
s, ui

s
))]

dXα
s

+
∫ s

0
Ẑ

i+1
s dBs.

By (H2) and ui is a Cauchy sequence in M2
G(0, S), it is easy to get that Ki is a Cauchy

sequence in L2
G(�s). We denote its limit by Kα , which is a decreasing process with Kα

0 = 0
and Kα

S ∈ L2
G(�S).

Taking limit in (3.10), we get that, when 0 < δ ≤ δ0, (uα ,Kα) = (Xα ,Yα ,Zα ,Kα) satisfies
(1.1) for α = α0 + δ. �

4 Conclusions
By using new Schrödinger type inequalities appearing in Jiang and Usó [1], we studied
the existence of weak solutions of stochastic delay differential systems with Schrödinger–
Brownian motions. By using the continuation theorem of coincidence degree theory and
the method of Schrödingerean Lyapunov functional, some sufficient conditions were ob-
tained.

Acknowledgements
The authors are thankful to the honorable reviewers for their valuable suggestions and comments, which improved the
paper.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 19 December 2017 Accepted: 12 April 2018

References
1. Jiang, Z., Usó, F.: Boundary behaviors for linear systems of subsolutions of the stationary Schrödinger equation.

J. Inequal. Appl. 2016, Article ID 233 (2016)
2. Nussbaum, R.: The fixed point index and asymptotic fixed point theorems for k-set contractions. Bull. Am. Math. Soc.

75, 490–495 (1969)
3. Sunahara, Y., Kabeuchi, T., Asada, S., Kishino, K.: On stochastic controllability for non-linear systems. IEEE Trans. Autom.

Control 19, 49–54 (1974)
4. Cyganowsky, S., Ombach, J., Kloeden, P.E.: From Elementary Probability to Stochastic Differential Equations with

MAPLE. Springer, Berlin (2001)

RETRACTED A
RTIC

LE



Sun et al. Journal of Inequalities and Applications  (2018) 2018:100 Page 15 of 15

5. Yan, Z.: Sufficient conditions for non-stability of stochastic differential systems. J. Inequal. Appl. 2015, Article ID 377
(2015)

6. Yan, Z., Yan, G., Miyamoto, I.: Fixed point theorems and explicit estimates for convergence rates of continuous time
Markov chains. Fixed Point Theory Appl. 2015, Article ID 197 (2015)

7. Ren, Y.: Solving integral representations problems for the stationary Schrödinger equation. Abstr. Appl. Anal. 2013,
Article ID 715252 (2013)

8. Friedman, A.: Stochastic Differential Equations and Applications, Volume I. Academic Press, San Diego (1975)
9. Klamka, J., Socha, L.: Some remarks about stochastic controllability. IEEE Trans. Autom. Control 22, 880–881 (1977)
10. Anderson, D.: Toxic algae blooms and red tides: a global perspective. In: Okaichi, T., Anderson, D., Nemoto, T. (eds.)

Red Tides: Biology, Environmental Science and Toxicology, pp. 11–21. Elsevier, New York (1989)
11. Dautray, R., Lions, J.L.: Mathematical Analysis and Numerical Methods for Science and Technology, Vol. I: Physical

Origins and Classical Methods. Springer, Berlin (1985)
12. Chepyzhov, V.V., Vishik, M.I.: Attractors for Equations of Mathematical Physics. American Mathematical Society

Colloquium Publications, vol. 49. Am. Math. Soc., Providence (2002)
13. Ahmed, N.U.: Stochastic control on Hilbert space for linear evolution equations with random operator-valued

coefficients. SIAM J. Control Optim. 19, 401–430 (1981)
14. Kawabata, S., Yamada, T.: On Newton’s method for stochastic differential equations. Séminaire de Probabilités de

Strasbourg XXV, 121–137 (1991)

RETRACTED A
RTIC

LE


	Existence of weak solutions of stochastic delay differential systems with Schrodinger-Brownian motions
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main result and its proof
	Conclusions
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References




