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Abstract

In this paper, we study the disjointness of topological transitivity on Orlicz spaces
endowed with the Orlicz norm. We first give the characterization for weighted
translations to be topologically transitive. Based on this, a sufficient condition and a
necessary condition for powers of weighted translations to be disjoint topologically
transitive are obtained as well.
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1 Introduction

In [1, 2], we gave sufficient and necessary conditions for weighted translations to be topo-
logically transitive and disjoint topologically transitive on the Lebesgue space of locally
compact groups, which generalizes some results about weighted shifts on the discrete
group Z in [3, 4], respectively. We note that the investigation of linear dynamics on lo-
cally compact groups has attracted a lot of attention. Indeed, let G be a locally compact
group. The disjoint hypercyclicity of weighted translations on L”(G) was studied in [5].
The existence of transitive weighted translations on L?(G) is obtained in [6]. Also, Abaku-
mov and Kuznetsova in [7] focused on the density of translates in the weighted Lebesgue
space L%,(G) where w is a weight on G. Recently, Azimi and Akbarbaglu in [8] extended the
work of [2] from the Lebesgue space L7(G) to the Orlicz space L®(G) endowed with the
Luxemburg norm, where ® is a Young function. It is well known that the Orlicz space is a
generalization of the usual Lebesgue space. Inspired by these, we initial the study of linear
dynamics in the setting of the Orlicz space L®(G), but with respect to the Orlicz norm. Al-
though the Orlicz norm and the Luxemburg norm are equivalent, they deduce the totally
different descriptions of topological transitivity in [8, Theorem 2.3] and Theorem 2.1 in
Sect. 2 by applying different approaches and methods. In fact, we also investigate deeper
dynamical notions, namely, disjoint topological transitivity and disjoint topological mix-
ing in Sect. 3, which were not studied in [8].

A bounded linear operator T on a separable Banach space X is said to be topologi-
cally transitive if, given two non-empty open sets U, V' C X, there exists n € N such that
T"(U)NV £P.If T"(U) NV # @ from some n onwards, then T is topologically mixing.
It should be noted [9] that topological transitivity and hypercyclicity are equivalent on
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separable Banach spaces. The latter notion arises from the invariant subset problem in
analysis. An operator T is called hypercyclic if there is x € X such that its orbit under T,
denoted by Orb(T,x) := {T"x : n € N}, is dense in X. Hypercyclicity and linear dynam-
ics have been studied intensely. We refer to these classic books [9-11] on this subject.
About one decade ago, Bernal-Gonzélez, Bés and Peris introduced new notions of lin-
ear dynamics, namely, disjoint topological transitivity and disjoint hypercyclicity in [12]
and [3], respectively. Since then, disjoint topological transitivity and disjoint hypercyclicity
were studied by many authors [11, 13—18]. These new notions, disjoint topological tran-
sitivity and disjoint hypercyclicity, are kinds of generalizations of topological transitivity
and hypercyclicity, respectively. We first recall some definitions of disjointness [3, 12] for
further discussion.

Definition 1.1 Given N > 2, the operators T1, T,..., Ty acting on a separable Banach
space X are disjoint hypercyclic, or diagonally hypercyclic (in short, d-hypercyclic) if there
is some vector (x,%,...,x) in the diagonal of X = X x X x --- x X such that

{(x,x, ey X), (T1x, Tox, ..., Tnx), (lex, Tzzx,..., Tf[x), .. }

is dense in X7 if this is the case, then we say x € X is a d-hypercyclic vector associated to
the operators 71, T5,..., Tx.

For topological dynamics, several new notions were given accordingly [3] as follows.

Definition 1.2 Given N > 2, the operators 71, T5,..., Ty on a separable Banach space
X are disjoint topologically transitive or diagonally topologically transitive (in short, d-
topologically transitive) if, given non-empty open sets U, V1,..., Vy C X, there is some
n € N such that

B#UNT(V)NT(Va) N - N T (V).

If the above condition is satisfied from some n onwards, then T1,T,,..., Ty are called
disjoint topologically mixing (in short, d-topologically mixing).

In this note, the characterizations for weighted translation operators on the Orlicz space
to be topologically transitive and disjoint topologically transitive will be demonstrated. We
introduce the Orlicz space briefly for further study. It should be noted the Orlicz space is
defined by a Young function which highly relies on the Young inequality. Indeed, a contin-
uous, even and convex function ® : R — R is called a Young function if it satisfies ®(0) = 0,
®(t) > 0fort >0, and lim;_, o, ®(£) = 0co. For a Young function ®, the complementary func-
tion W of  is given by

W(y) = sup{xlyl —O(x): x> 0} (y eR),

which is also a Young function. If ¥ is the complementary function ®, then ® is the com-
plementary function ¥, and they both satisfy the Young inequality,

xy <O+ ¥y (y=0).
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Let G be a locally compact group with identity e and a right Haar measure A. Then the
Orlicz space L?(G) is defined by

L%(G) = {f:G—> (C:/ @(a[ﬂ)d)» < oo for some o > O},
G

where f is a Borel measurable function. Moreover, the Orlicz space is a Banach space under
the Orlicz norm defined for f € L*(G) by

|lf||<1>=SUP{/GlfV|d)»:/G‘I/(IV|)dA§1}.

One can also define the Luxemburg norm on L*(G) by

o <o [ o D) =1}

It is well known that these two norms above are equivalent.

We note that the Lebesgue space is a special case of the Orlicz space. The interesting
properties and structures of Orlicz spaces have been investigated intensely over the last
several decades. For instance, the properties (7;¢) and (Fj«) for Orlicz spaces L® were
studied by Tanaka in [19] recently. In [20], Piaggio also considered Orlicz spaces and the
large scale geometry of Heintze groups. Hence it is significant to tackle hypercyclicity and
linear dynamics on Orlicz spaces. For more discussion and recent work as regards Orlicz
spaces, see [21-23].

We note that a Banach space admits a hypercyclic operator if, and only if, it is separable
and infinite-dimensional [24, 25]. Hence we assume that G is second countable and @ is
A,-regular in this paper. A Young function is said to be Aj-regular in [23] if there exist
a constant M > 0 and £, > 0 such that ®(2¢) < M®(¢) for t > £y when G is compact, and
D(2t) < MP(t) for all £ > 0 when G is noncompact. For example, the Young functions &
given by

d(t)=— (1<p<oo) and CI>(t)=|t|“(1+|log|t|’) (x>1)

are both A,-regular in [8, 23]. If ® is A,-regular, then the space C.(G) of all continuous
functions on G with compact support is dense in L*(G), and the dual space (L®(G), || - || o)
is (LY (G), Ny ().

A bounded continuous function w: G — (0, 00) is called a weight on G. Let a € G and

let §, be the unit point mass at a. A weighted translation on G is a weighted convolution
operator T, : L®(G) — L®(G) defined by

Tow() =wT(f) (f €L®(G)),

where w is a weight on G and T,(f) = f * 8, € L®(G) is the convolution:

(f % 8)(x) = / Flor)su0) =fxa™) (xeG).

yeG
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If w! € L®(G), then we can define a self-map S,,, on L*(G) by
Saw(h) = % x8,1 (heL®(Q))

so that
TowSawh)=h (heL®(G)).

In what follows, we assume w, w™! € L*(G).

In Sect. 2, we will characterize topological transitivity of weighted translations on L*(G)
in terms of the weight, the Haar measure and the group element. Applying similar ar-
guments, in Sect. 3, we will obtain a sufficient condition and a necessary condition
for powers of weighted translations to be disjoint topologically transitive. In particular,
the Minkowski inequality and some estimates with inequalities play important roles in
demonstrating the results in the two sections.

2 Topological transitivity
Now we are ready to give the result of topological transitivity. Applying the same argu-

ment, the characterization for topological mixing follows immediately.

Theorem 2.1 Let G be a locally compact group and let a € G. Let w be a weight on G, and
let ® be a Young function. Let T,,, be a weighted translation on L*(G). Then the following
conditions are equivalent.
() T, is topologically transitive on L*(G).
(i) For each compact subset K of G with L(K) > 0, there exist a sequence of Borel sets
(Ex) in K and a strictly increasing sequence (nx) C N such that

lim sup/ |v(x)| di(x) =0,
K\Ey

k=00 yeQ

and the two sequences

n n-1 -1
©n :=1_[w>k5;_1 and @y := (HW*(S@)
j=1 Jj=0
satisfy
lim sup/ gonk(x)|v(xa”k)|dk(x) =0
kﬁooVEQ Ey

and

— X yeQ

lim sup/ G )| v(xa™)| d(x) = 0,

where S is the set of all Borel functions v on G satisfying [ W(|v|)dr <1.
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Proof (ii) = (i). Suppose that I/ and V' are non-empty open subsets of L*(G). Since the
space C,(G) of all continuous functions on G with compact support is dense in L*(G),
there are f,g € C.(G) such that f € U and g € V. Let K be the union of supports of f and g.
Given ¢ > 0, by condition (ii), there exist (Ex) and (n) such that, for some k, we have

flloo - sup /K el are <

veQ2

veQ2

llgllos - sup / |[v(x)| di(x) < &,
K\Ex

Vs [ g @lv(sa) | dnto) <
k

veQ
and
lglloo - sup/ P &) [v(xa™) | dA(x) < e.
veQ JE;
Therefore
725070 = sup [ T2 ovo] dnte
veQ JG
= sup/ |w(x)w(xa’1) e w(xa‘"k”)f(xa_”k)xgk (xa‘"")v(x)‘ d\(x)
veQ JG
:sup/ |w(xa™ )w(xa™ ") - - wlxa)f (x) xg, (x)v(xa™)| di(x)
veQ JG
<l s0p [0 (9)v(sa™) datr) <
veQ JEg
Likewise,
|52, (g xE) | = sup / | St (g xE,) (X)v(x) | d(x)
veQ JG
= sup / L |g(xa”’<) X (xa”k)v(x)|dk(x)
vee Jg [wxa)w(xa?) - - - w(xa"x)| g
1 -n,
= ilelgL |w(xa*”’<+1)w(xa’”k+2)~~~W(x)| |g(x)XEk(x)V(xa k){d)‘(x)
< ”g”oo'SUP/ Py () |v(xa™) | dA(x) < €.
veQ JEg
Also,

e =sup [ 176) =176, 0[] dro)
veQ JG
=sup / [f(x)X1<\Ek(x)||V(x)| di(x)
veQ J G
= sup If ()| [v(x)| d(x)
veQ J K\Ey

< Wl /K ol <o
k
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Similarly,

g —gxello < llglle / [v(x)| dA(x) < &.

K\Ej
Now let
Vi = f XE, + Spk (g XE)-

Then, by the Minkowski inequality,

vk =fllo < If xg, —fllo + ||SZ,kW(gXEk)“cp <2

and

|72 v =gl < | T2 x2) | o + g xe, —gllo < 26,
which implies

TH (U NV #9

for some k. Therefore T, is topologically transitive.

(i) = (ii). Let ¢ € (0,1). Let K be a compact subset of G, and let xx be the characteristic
function of K. By the assumption of topological transitivity, there exist f € L?(G) and some
m € N such that

If - xxlo<&* and |T2f+ X1<||¢ <&

Without loss of generality, we may assume that f is real-valued by the continuity of the
mapping 4 € L*(G,C) — Rek € L?(G,R) and the fact that T, commutes with it. Also,
the mapping # € L®(G,R) — h* € L®(G,R) commutes with T,,, where k" = max{0, /}.
Therefore, for a Borel set F C G, we have

[(Taf Vel o = 1(T0S) o = 1(Taf = o) + )
= (T2 = 00) o+ 10"

= (Tanf = ) Nl < [ Taf + x| < 8
and
xelo = 1 o = 10 = xxc+ 207

=0 =x) [+ [xicllo

2
=|If - xxllo <&

where f~ = max{0, —f}.
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Let A={xeK:|f(x)—1] > ¢}. Then
fix)>1-e>0 (xeK\A) and sup/|v(x)|dk(x)<e
veQ JA
by

2
e > |If = xxlle

= sup [ 179~ o) [0 0

veQ

> sup/ f (x) = 1| |v(x)| dA (%)
veQ JA

>sup/ 8|v(x)’dk(x).
A

veQ

Let B, = {x € K:|T," f(x) + 1| > ¢}. Then

T, fx)<e-1<0 (x€K\B,) and sup |v(x)| di(x)<e
veQ J By,

by the following estimate:
&> | Tof + xxlo

= supf |Ta"fwf(x) + XK(x)||v(x)| dir(x)
veQ JG

> sup/ |T:fwf(x) + 1||v(x)|d)»(x)
veQ J By,

>sup/ 8|v(x)|dk(x).
B

veQ

LetE,, =K\ (AUB,,). Then

&> [ (T0f ") xemar | o

:sup/E m|T;’fwf*(x)||v(x)|d)L(x)

veQ2

:sup/l; m’w(x)w(xa_l)-~~w(xa"”*l)f*(xa_'”)Hv(x)’dk(x)

veQ

=sup | |w(xa™)w(xa™ ") - wxa)f*(x)||v(xa™)|dr(x)

veQ JE,
=sup/ (pm(x)]”(x)|v(xa’")‘dk(x)
veQ JE,,
>sup | (1- s)gom(x)|v(xam) | d\(x).
veQ JE,,
Hence
ilelg/Em Q) |v(xa™)| dA(x) < T
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Similarly,

2

sup/E P ()| v(xa™™) | d(x) <

&
veQ 1-¢

by
&> |f x|

“sup [ 152 (12 )0 o) )

veQ

veQ

:supL _m|w(xa)w(xa2)---w(xam)(T:fo)_(xam)i|V(x)|dk(x)

=sup [ |w(xa " )w(xa ™) wx)(TLf) &)||v(va™)| dAr(x)

veQ JE,

:supL (Zm(x)(T;”f)_(x)|v(xa_’”)|dk(x)

veQ

>sup [ (1-&)@u)|v(xa™)|dr(x).
veQ JE,,

Also, we have

sup /K\Em |v(x)| d\(x)

veQ

= sup /AuB ’V(x)|dk(x)

veQ

< sup/A|v(x)|d)»(x)+su£/B |v(x)| d(x)

veQ2
<g+e=2e.
Combining all these, condition (ii) follows. O

Replacing the subsequence (1) by the full sequence (#) in condition (ii) of Theorem 2.1,
the characterization for T,,, to be topologically mixing on L®(G) is obtained below.

Corollary 2.2 Let G be a locally compact group and let a € G. Let w be a weight on G, and
let ® be a Young function. Let T, ,, be a weighted translation on L*(G). Then the following
conditions are equivalent.
(i) Tow is topologically mixing on L*(G).
(ii) For each compact subset K of G with MK) > 0, there exists a sequence of Borel sets
(Ep) in K such that

lim sup/ }v(x)| d\(x) =0,
K\Ey,

n—00 veQ

and the two sequences

n n-1 -1
O ::Hw*éifl and @, = (Hw*%)
j=1

j=0
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satisfy

lim sup/ (p,,(x)’v(xa")‘d)»(x) =0
Ey

n— 00 veQ

and

lim sup/ g'b',,(x)!v(xa‘””dk(x) =0,
Ep

n=00 yeQ
where S is the set of all Borel functions v on G satisfying [ W¥(|v|)dr <1.

Proof (ii) = (i). As in the proof of Theorem 2.1, let
Vi = XEn + Sgw@XE)-

Then
lvi —flle — 0 and || T, ,Vn —g||<]> -0

as n — oo. Hence T, is topologically mixing.
(i) = (ii). Let € € (0,1). Let K be a compact subset of G, and let xx be the characteristic
function of K. By the assumption of topological mixing, there exists f € L?(G) such that

If - xxlle <&* and ||T;,wf+XK”q><82‘

Applying a similar argument as in the proof of Theorem 2.1, one can obtain condition
(ii). O

3 Disjoint topological transitivity

In this section, we turn our attention to give sufficient conditions and necessary conditions
for powers of weighted translations on L?(G) to be disjoint topologically transitive and
disjoint topologically mixing.

Theorem 3.1 Let G be a locally compact group, and let a € G. Let ® be a Young function.
Given some N > 2, let T; = T,,,, be a weighted translation on L*(G), generated by a weight
wion Gfor 1 <[ <N.LetrjeNfor1<[<N.Forl1<ri<ry<---<ry, (ii) implies (i).
(i) T, T,%,..., T\ are disjoint topologically transitive on L®(G).
(i) For each compact subset K of G with L(K) > 0, there exist a sequence of Borel sets
(Ex) in K and a strictly increasing sequence (nx) C N such that

lim sup /K\E ’V(x)!dk(x) =0,
k

k=00 yeQ

and the two sequences

rn rin—1 -1
o 4 A i
Plrn = w8, and Q= Wy * 8;
1 a I
j=1 j=0
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satisfy (for 1 <[ < N)

lim sup/ Purm (%) |[v(xa") | dA(x) = 0,
Ex

k=00 yeQ

lim sup/ al,rlnk(x)|v(xa_””k)|d)»(x) =0,
Ex

k=00 yeQ

and (for 1 <s<[<L)

lim sup/ M(xnv(xarsnk—er”d)"(x) =0,
k=00 yeQ Ej Ds,ryny

lim sup/ w(xﬂv(xa””k‘””kﬂd)»(x) =0,
k=00 yeQ Ex Dlrsny

where S is the set of all Borel functions v on G satisfying [ W¥(|v|)dr <1.

Proof We show that T}, TZVZ, e, T;,N are disjoint topologically transitive. For 1 </ <N,
let U and V; be non-empty open subsets of L(G). Since the space C.(G) of continuous
functions on G with compact support is dense in L®(G), we can pick f,g; € C.(G) with
felandg e V,forl=1,2,...,N. Let K be the union of the compact supports of f and
all g;. Let E; C K and the sequences (¢, ), (@1, ) satisfy condition (ii).

First, for 1 </ < N, we have

|7 ¢ xe |

= sup / 777 F ) v | d )
veQ J G

= sup/ |w1(x)w; (xa‘l) R (xa"l"k”)f(xa‘”"k)xgk (xa"’”k)v(x)| di(x)
veQ JG

= sug/G|w1(xa””")w[(xar’”k_l)"'wl(xa)f(x)xgk(x)v(xa””k)|dk(x)

< Ifllos - sup / O )|V (50) | dr(x) — 0
Eg

veQ

as k —> oco. Here we denote S, by S;. Applying similar arguments to the iterates S;"",
and using the sequence ((Z;,,l,,k), for 1 <[ <N, we have

”Slrlnk (@i xg) ” @

= sup / 1S (g, ) () ()| ()
veQ J G

1
- Tink Tink dr
igg /G IWz(xtl)Wz(mﬂ)---Wz(xa’l”k)l’gl(m ) (™) V()] ()
= sup / 1 | a(xX)xE (x)v(xm’l”k)|d)\(x)
ve Jg Iwi(xa= e ywy(xarm+2) - - wy(x)| g

< lgllo - sup / Purm, )| v(xa™) | di(x) — 0
Ex

veQ
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as k —> 00. Moreover, for 1 <s <[ <N, we have

|7 (S5 g i) [

veQ
/ |W1(X)Wl(xa—1) c.. Wl(xa_(’l”k‘l))|
=Ssu
veg G |Ws(xa "+ ) wo(xa"1mk+2) - w(xa=T1rsmi) |

X |ngEk (xa_””k sk )v(x) | dr(x)

=sup [ a0 a0 D)
b e Wl D () (ol

X | gs(x)v(xa””" TSk ) | dir(x)

ry—rs)ng X '~srn X
=sup/ Pu(ry s)Nk( )+ o rem )|gs(x)v(xar[nk*rsnk){d)"(x)
veQ JE; (Pl,rsnk(x)

< llgslloo - sup |v(xa’"75"%) | dA(x) —> O

/ Pl (r-rs)ng () - (?;s,rsnk (%)
veQ JEi

al,rsnk (x)

as k — oo. Similarly, we have

|75 (S™ i) o

veQ
- sup/ we(@)ws(xa™) - - - wy(xa V)|
ve JG [Wilxa™ i yw(xa™smi2) - - wy (a5 1k ) |

X ’glxgk (xa"s”k”’”k)v(x)‘ d(x)

= sup

/ |ws(wa= 1w (a1 -
veQ J Ey

lwi(wa= D) wy(xa0m=2)) - w(x)]
X ’gl(x)v(xa_(”"k’“"k)) ‘ dr(x)

/ (?;l,(rl—rs)nk (x) . al,rlnk (x)
Ex

= sup — 1(x)v(xa~ TS0 | da(x)
veQ Ds,ryny (x) |g ( ) |
Ds,(ry—ro)m (&) * @y, (%
< llglloo Sup/ Ps,(ry ra)ik( ) <Pl,r1nk( )|V(xd7(rl”k7rsnk))|dk(x) 50
veQ JEy ws,rlnk (x)

as k — o0. Also, as in the proof of Theorem 2.1, we have
lim || xg, —flle = lim llgixg, —gllo =0
k—o0 k— o0

by the condition

k=00 yeQ

lim sup/ ‘v(x)| dAr(x) = 0.
K\Eg

= sup/ ’w;(x)w;(xa‘l) e wl(xa_(”"k’l))’|S§S”kgsxgk (xa"l"k)v(x)‘ d(x)
G

= sup/ lws()ws (xa™) - - wy (xa’(’s"k_l))||Sl”"kglxgk (wa™ ") v(x)| da(x)
G

Page 11 of 15
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Now for each k € N, we let

vi=fxe + ST @xe) + Sy (@axe) + o+ Sy (g xE)-

Then, by using the Minkowski inequality, we arrive at

N
v =fllo < W xe, —fllo + YIS @ixed | o

=1

and

|7 v -l
=T xello + [ TS0 e g + -+ [ TS5 e

+lgxe —gllo + | T SET ™ (@axe) | + - + | TS0 ™ v xe) | -
Hence limg_, o0 Vi =f and limy_, oo T;lnk vk =g forl=1,2,...,N, which implies
PAUNT "™ (V)N T, (Vo) N0 TN ™ (V). O

As in Sect. 2, one can strengthen the weight condition to characterize disjoint topolog-

ical mixing.

Corollary 3.2 Let G be a locally compact group, and let a € G. Let ® be a Young function.
Given some N > 2, let T; = Ty, be a weighted translation on L*(G), generated by a weight
wionGforl <I<N.LetrjeNfor1 <I<N.Forl<rj<ry<---<ry,wehave (i) implies
(i).
(i) T, T,%,..., TN are disjoint topologically mixing on L*(G).
(i) For each compact subset K of G with M(K) > 0, there exists a sequence of Borel sets
(En) in K such that

lim sup/ |v(x)| dr(x) =0,
K\Ey,

n—00 veQ

and the two sequences

rn rin—1 -1
J ~ j
Plrn = 1_[ Wi * 84:*1 and Plrn = <1—[ Wik 8;)

Jj=1 J=0

satisfy (for 1 <l <N)

lim sup/ (p[,,ln(x)|v(xar’”)|dk(x) =0,
Ey

n—>00 ,cQ

n—00 veQ

lim sup / (Z;,,l,,(x)|v(xa_””)|dk(x) =0,
Ey
and (for 1 <s<[<L)

lim sup/ w(x)|v(xu“”‘”")|d)»(x) =0,

n=>00 yeQ Ps,rn
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lim sup/ M(xﬂv(xa”"‘“"”dl(x) =0,
Ey

~
n=>0 e Plrsn

where S is the set of all Borel functions v on G satisfying [, W¥(|v|)dr <1.

Apart from the above sufficient condition for disjoint topological transitivity, one can
deduce a necessary condition below.

Theorem 3.3 Let G be a locally compact group, and let a € G. Let ® be a Young function.
Given some N > 2, let T; = Ty, be a weighted translation on L*(G), generated by a weight
wionGforl1<I<N.LetrjeNfor1<I<N.Forl<ry<ry<---<ry,wehave (i) implies
(if).
(i) T, T,%,..., T\ are disjoint topologically transitive on L®(G).
(i) For each compact subset K of G with L(K) > 0, there exist a sequence of Borel sets
(Ex) in K and a strictly increasing sequence (nx) C N such that

k—00 e

lim sup/ |v(x)| di(x) =0,
K\Eg

and the two sequences
rin rin—1 -1
- Y 5 j
Pliyn = H wy * 5a-1 and Qi = (1_[ wy x 52)
j=1 j=0

satisfy (for 1 <l < N)

k=00 yeQ

lim sup/ Purm ()| v(xa’™) | d(x) = 0,
Ex

lim supf Grrm () [V (xa™7%) | dA(x) = 0,
Ex

— X0 yeQ

where S is the set of all Borel functions v on G satisfying [, W(|v|)dr <1.

Proof Let Tlr1 , T;z, ety T;,N be disjoint transitive. Let ¢ € (0,1), and let K C G be a compact
set with A(K) > 0. Then there exist f € L®(G) and some m € N such that

If - xxllo <&* and | T)""f + xk|, < &>
Let

A={xeK:|[f(x)-1|=¢e} and By, ={rxeK:|T)"f(x)+1]|>¢}.
Let

E =(K\A\ | Bym

1<I<N
Then as in the proof of Theorem 2.1, one can obtain

2
sup f Qurm ()| v(xa’™) | A (x) < 18_

veQ JEg
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and

2

Sup/ (Zz,rlm(x)|v(xa_”m)|dk(x) < 18
Ex

veQ2

Also, as in the proof of Theorem 2.1,

veQ veQ

supf ’V(x)‘ dM(x) <& and supf ’v(x)‘ dl(x) <e.
A Bim
Hence

sup /K\Em |V(x)| dr(x)

veQ

= sup / |v(x)| di(x)
veQ J AUBY 1, U--UBN 1y

N
< sup /A |v(x)| dAx) + Zsug /B Lm|v(x)|d)»(x)

=1 ve

<e+Ne=(N+1)e.

Combining all these, condition (ii) follows. (]
Similarly, a necessary condition for disjoint topological mixing follows.

Corollary 3.4 Let G be a locally compact group, and let a € G. Let O be a Young function.
Given some N > 2, let T) = Ty, be a weighted translation on L*(G), generated by a weight
wionGforl1<I<N.LetrjeNfor1<I<N.Forl<ry<ry<---<ry,wehave (i) implies
(ii).
(i) T7, T52%,..., T\ are disjoint topologically mixing on L*(G).
(i) For each compact subset K of G with M(K) > 0, there exists a sequence of Borel sets
(E,) in K such that

lim sup/ !V(x)| d\(x) =0,
K\Ey

n—00 e

and the two sequences
rn rin—1 -1
- Y 5 j
Ly = H wik8 . and Py = (1_[ wyp % 8;)

j=1 j=0

satisfy (for 1 <[ < N)

lim sup/ (pl,,l,,(x)|v(xa””)|dk(x) =0,
Ey

n—>00 ,cQ

lim sup / Grrn() [v(xa™")| dA(x) = 0,
Ey

n—00 veQ

where S is the set of all Borel functions v on G satisfying [ W(|v|)dr <1.
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