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Abstract

In this paper, we consider the variable selection problem of the generalized random
coefficient autoregressive model (GRCA). Instead of parametric likelihood, we use
non-parametric empirical likelihood in the information theoretic approach. We
propose an empirical likelihood-based Akaike information criterion (AIC) and a
Bayesian information criterion (BIC).
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1 Introduction

Consider the following p-order generalized random coefficient autoregressive model:
V=0l Y(t-1)+e, (1)

where 7 denotes the transpose of a matrix or vector, ®; = (®y, ..., Py)" isarandom coef-
ficient vector, Y(t — 1) = (Y;_1,..., Y;—,)", and {(ft‘), t=0,%£1,+£2,...} is a sequence of i.i.d.

random vectors with E(®;) = ¢ = (¢1,...,¢,), E(e;) =0, and Var (f:) = ( ‘e %8).

ol o2
Pe
As a generalization of the usual autoregressive model, the random coefficient autore-

gressive (RCAR) model (cf. [1, 2]), the Markovian bilinear model and its generalization,
and the random coefficient exponential autoregressive model (¢f. [3—5]), model (1) was
first introduced by Hwang and Basawa [6]. GRCA has become one of the important mod-
els in the nonlinear time series context. In recent years, GRCA has been studied by many
authors. For instance, Hwang and Basawa [7] established the local asymptotic normality
of a class of generalized random coefficient autoregressive processes. Carrasco and Chen
[8] provided the tractable sufficient conditions that simultaneously imply strict stationar-
ity, finiteness of higher-order moments, and B-mixing with geometric decay rates. Zhao
and Wang [9] constructed confidence regions for the parameters of model (1) by using an
empirical likelihood method. Furthermore, Zhao et al. [10] also considered the problem of
testing the constancy of the coefficients in the stationary one-order generalized random
coefficient autoregressive model. In this paper, we consider the variable selection problem
of the GRCA based on the empirical likelihood method.
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Many model selection procedures have been proposed in the statistical literature, in-
cluding the adjusted R? (see Theil [11]), the AIC (see Akaike [12]), BIC (see Schwarz
[13]), Mallow’S C, (see Mallows [14]). Other criteria in the literature include Hannan and
Quinn’s criterion [15], Geweke and Meese’s criterion [16], Cavanaugh’s Kullback informa-
tion criterion [17], and the deviance information criterion of Spiegelhalter et al. [18]. Also,
Tsay [19], Hurvich and Tsai [20] and P6tscher [21] have studied model selection methods
in time series models. Recently, the model selection problem has been extended to mo-
ment selection as in Andrews [22], Andrews and Lu [23] and Hong et al. [24]. These model
selection methods are concerned with parsimony, as was stressed in Zellner et al. [25], as
well as accuracy or power in choosing models.

In this paper, we develop an information theoretic approach to variable selection prob-
lem of GRCA. Specifically, instead of parametric likelihood, we use non-parametric em-
pirical likelihood (see Owen [26, 27]) in the information theoretic approach. We propose
an empirical likelihood-based Akaike information criterion (EAIC) and a Bayesian infor-
mation criterion (EBIC).

The paper proceeds as follows. The next section is concerned with the methodology and
the main results. Section 3 is devoted to the proofs of the main results.

Throughout the paper, we use the symbols “—d> ”and “ 2y to denote convergence in dis-
tribution and convergence in probability, respectively. We abbreviate “almost surely” and
“independent identical distributed” to “a.s” and “i.i.d’; respectively. 0,(1) means a term
which converges to zero in probability. O,(1) means a term which is bounded in proba-
bility. Furthermore, the Kronecker product of the matrices A and B is denoted by A ® B,
and ||M]|| denotes the L, norm for vector or matrix M.

2 Methods and main results

In this section, we will first propose the empirical likelihood-based information criteria
for choice of a GRCA, then we investigate the asymptotic properties of the new variable
selection method.

2.1 Empirical likelihood-based information criteria
Hwang and Basawa [6] derived the conditional least-squares estimator é of ¢, which is
given by

n -1 n
é:(E:YQ—ln"u—D) <§:KYU—IO~
t=1

t=1

By using the estimating equation of the conditional least-squares estimator, we can obtain
the following score function:

n

Y (Y- -YE-1)Y(t-1)¢) = Y Gi9),
t=1

t=1

where G(¢) =YY (¢t —1) - Y(t - 1)Y" (¢ - 1)¢. Following Owen [26], the empirical likeli-
hood statistic for ¢ is defined as

I¢)=-2_ max % log(np),

S pGH$)=0 4
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where p,...,p, are all sets of nonnegative numbers summing to 1. By using the Lagrange

multiplier method, let

G=) loglnp) =" ) _piGi(¢) +v (Zpt - 1>~
t=1 t=1 t=1

After simple algebraic calculation, we have

G 1
— =— —nuAGip)+y, t=1,...,n
opr  pr
Note that >}, p, =1and >}, p:G,(¢) = 0. So we have y = —n and p, = TG)’ which
implies that
5 n
Ip)=2) log(1+17Gi(9)), (2)
t=1
where A is the solution of the equation
G
Z @) o

1+A7 Gt(¢)

The definition of l(¢) relies on finding a positive p;’s such that Y ), p;Gi(¢) = 0 for
each ¢. The solution exists if and only if the convex hull of the G,(¢), t = 1,2,...,n con-
tains zero as an inner point. When the model is correct, the solution exists with probability
tending to 1 as the sample size n — 0o for ¢ in a neighborhood of ¢y. However, for finite
n and at some ¢ value, the equation often does not have a solution in p;. To avoid this
problem, we introduce the adjusted empirical likelihood.

Further let G, = n! Z:’zl p:Gi(¢) and define G,;,; = -a,G, for some positive constant
ay. We adjust the profile empirical log-likelihood ratio function to

n+l

l(¢)=-2  max log((n + 1)p;
Z;‘:llszt(tﬁ):O ; ( )

n+l

:ZZlog{l +)~LTGt(¢)} (4)

t=1

with A = A(¢) being the solution of

1 & Gl
nel 21: 115G - (5)

Since 0 always lies on the line connecting G, and G, the adjusted empirical log-
likelihood ratio function is well defined after adding a pseudo-value G, to the data set.
The adjustment is particularly useful so that a numerical program does not crash simply

because some undesirable ¢ is assessed.
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A full GRCA assumes that y; relates to @} Y (¢ — 1) with E(®;) = ¢ being unknown pa-
rameter of size p. Let s be a subset of {1,2,...,p}, and Y¥/(z — 1) and ¢/ be subvec-
tors of Y(t — 1) and ¢ containing entries in positions specified by s. Consider the pth-
order GRCA specified by E(G,(¢)) = 0 and a submodel specified by E(GES] (")) = 0, where
Gl (gl = Y, Yl(¢ — 1) — YII (£ - 1)(YT)(¢ — 1))"¢). For a given s, let G = Y, Y1I(£ - 1) -
Y - 1)(YE (£ - 1)79!, G = n2 3", G and G| = —4,,G¥! for some positive con-
stant a,. The adjusted empirical log-likelihood ratio becomes

n+l

0 =-2_pox, S+ 1)

Sl pGil=0
n+l

:2Zlog{1+)~L’G£S]} (6)

t=1

with & = A(¢) being the solution of

n+l

1 G
1 Z : =0 (7)
n+14=14 076G,

We define the adjusted profile empirical log-likelihood ratio as
I(s) = inf{1(¢") : g1} (8)
The empirical likelihood versions of AIC and BIC are then defined as

EAIC = [(s) + 2k, 9)

EBIC = I(s) + klog(n), (10)

where k is the cardinality of s.
After [(s) is evaluated for all s, we select the model with the minimum EAIC or EBIC

value.

2.2 Asymptotic properties
It is well known that under some mild conditions the parametric BIC is consistent for
variable selection while the parametric AIC is not. Similarly, we can prove that, when p is
constant, EBIC is consistent but EAIC is not.

For purposes of illustration, in what follows, we rewrite the model in the following
matrix form (see Hwang and Basawa [6]): let U; = (&,0,0,...,0)" are p x 1 vectors,

cbtj:q)tj_¢j’j: 1,..‘,p,

¢1 ¢2 e ¢p—l ¢p &Dtl (bt2 e &Dtp

1 0 0 0 0 0 0
B=1]0 1 0 0 , C=]0 0 0

0 0 1 0 0 0 0

pxp pxp
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Then model (1) can be written as
Y&)=B+C)Y(-1)+U,. (11)

In order to obtain our theorems, we need the following regularity conditions:
(A1) Allthe eigenvalues of the matrix E(C; ® C;) + (B® B) are less than unity in modulus.
(Az) EYP < 0.

Remark 1 As for the condition (A;) and the sufficient condition for E|y;|*" < co (m =

1,2,...), we refer to Hwang and Basawa [6].

Theorem 2.1 Let A = E(G(¢0)Gj (¢o)) and B = E((0G(¢)/3P)|p=g,)- If (A1) and (Az) hold,

then there exists a sequence of adjusted empirical likelihood estimates ¢ of ¢ such that
V(@ -¢)—> N(0,(B°A7'B) ") (12)
and
Vn(k-2) — N(,U), (13)
where U = A~ — A"\B(B"A~'B)1BTA-L.

Note that when a submodel s is a true model, it implies qﬁ([f] = 0. That is, components
of ¢ not in s are zero. Therefore, Y; only relates to the variables in positions specified
by s. The following theorem shows that when qﬁ([f] = 0 is true, then adjusted empirical log-
likelihood ratio statistic has a chi-squared limiting distribution with k fewer degrees of

freedom.

Theorem 2.2 Assume that (A1) and (Az) hold and ¢>([)§] = 0 for a submodel s of size k. Then

1 e
when a,, = 0,(n2), we have I(s) — X;—k in distribution as n — Q.

When the null hypothesis of ¢([)§] =0 is not true, the likelihood ratio go to oo as n — oo.
We state the following theorem in terms of the adjusted empirical likelihood which also

applies to the usual empirical likelihood.

Theorem 2.3 Assume that (A1) and (Ay) hold and a,, = op(n% ). Then for any ¢ # ¢o such
that E(G(¢)) #0, l(s) — oo in probability as n — oo.

The following theorem indicates that, when p is constant, EBIC is consistent but EAIC

is not.

Theorem 2.4 Assume that (A;) and (Az) hold and if there exists a subset sy of 1,2,...,p
such that, for any other subset s, E(Gﬁsl (¢) = 0 for some ¢ ifand only if s contains sy. Then,
EBIC is consistent and EAIC is not consistent.
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3 Proofs of the main results
In order to prove Theorem 2.1, we first present several lemmas.

Lemma 3.1 Assume that (A1) and (Asz) hold. Then A is positive definite and B has rank p.

Proof After simple algebra calculation, we have, for any nonzero vector ¢ = (cy,...,¢) €
R?,

¢ Ac = E(¢TG/($)G (@)c) = E((c" Y (¢ - 1)) Var(Y,| Y (£ - 1))).

Note that the conditional distribution of Y3, given Y (¢ — 1), is not a degenerate distribution,
which implies that Var(Y;|Y (¢ — 1)) > 0 a.s. It follows that (c* Y(t — 1))? Var(Y;|Y (¢ — 1)) > 0
a.s. Therefore, c"Ac = 0 if and only if " Y (£ — 1) = 0 a.s. Without loss of generality, suppose
that the first component ¢; of cis 1,50 Yy = =2 Yo — - - - — ¢, ¥, which is contradictory
with the fact that the conditional distribution of Y;_;, given (Y;_,...,Y;_,), is not degen-
erate. Hence ¢ Ac > 0. That is, A is positive definite.

Similarly, we can also prove that B has rank p. The proof of Lemma 3.1 is thus com-
plete. d

Lemma 3.2 Assume that (A,) and (Ay) hold. Then when a,, = o(n% ), we have

n+l

1 . ~
T L GG H =0(1) (as), 14

sup
®

uniformly about ¢ € {¢]|¢ — poll < n73).

Proof Note that

n+l
1
— E G,(¢)G?
sgp el () t(¢>)H
1 < 1 1< 2
T 2| =
< st;p 1 ;:1 Gi(@)G[ (@) + sgp 1%, ;:1 G(¢)
< sup| - 3 GG D) - —— Y Gulo) G )
S —
_l;,pn+1[:1 g t n+l 4= B0/ 150
1 < 1 1< 2
T 2
i ;:1 Gi(0)G; (¢o) || + sgp 1% ; Gi(¢)
£ Lnl +Ln2 +Ln3' (15)

First, note that

L, =sup
¢

1 n
—= > (YE-DY" - DY (-1 - 90))) H

t=1

n+1
=1

<3| ve- | sup o - gl
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By the ergodic theorem, we have

p 1 1 Yolve-n’=00) (as). (16)
t=1

Further, note that

sup I — ¢oll = O(1). (17)
This, together with (16), proves that

L= O(n_%) (a.s.). (18)
Again by the ergodic theorem, we can prove that

L,=0(1) (as.). (19)

Finally, we prove that

Lig=0(m3) (as). (20)
Note that
n 1 n
sup| D Gil9)| <sup Z G(#) = G (#0) | + | = D Gilgo)|.
t=1 -1 t=1
Similar to the proof of (18), we can show that
1 n
sup| — Y (G(@) - G} (¢0)) H =0(n3) (as). @D
=1

In what follows, we consider [+ 37| Gy(¢o)].

Denote the ith component of G;(¢o) by G (¢o). Then {Gi(¢o), 1 <i < p} is a stationary
ergodic martingale difference sequence with E(G(¢o)) = 0 and E((G:(¢o))?) < oo. By the
law of the iterated logarithm of martingale difference sequence, we have, for 1 <i <p,

—ZG (¢0) = O(n 2 (log)?)  (as).
It follows that
%iG:(¢o):O(n*%(log§)%) (as). @2)
-
Then, by (21) and (22), we have

sup

ZG‘(¢ H n_%) (a.s.). (23)
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Therefore
Lus = O(n™)o(n?)o(n?)0(n3)0(n3) (as.)
=o(n73) (as.). (24)
This, together with (18) and (19), proves Lemma 3.2. O

Lemma 3.3 Assume that (A1) and (Ay) hold. Then when a,, = o(n% ), we have

max sup||Gt(¢)||:o(n%) (a.s.), (25)

1<t<n+1 ¢

uniformly about ¢ € (|| — goll < n73).

Proof Note that

max_sup| G, (@) < max sup| G.(¢)| + sup
<t<nm @ P

1<t<n+1 )

1 n
ai— Y Gi(9) H
e
£ K + K.
From (23), together with a, = o(n% ), it follows immediately that
Ko = o(n%) (a.s.). (26)
The next step in the proof is to show that
K = o(n%) (a.s.). (27)

By the Fubini theorem, we have, for any positive integer &,

00 > E(sgp“ Gi(®) ||)3

[ o((swloiol) -s)as
[ (i) > )
= il /(:)ks P((Sgplth(wH)g > nk®) ds
Y r((slol) )

Thus, using the ergodic theorem,

ZP(Sl;p [Ga(®)] > n%k) < 00. (28)
n=1
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By the Borel-Cantelli lemma, we know that

P(sup” G.(9)] > n3k i.o.) =0, (29)
[
so that
sng Gu(®)| <n3k (as.). 30)

Take k = %, then there exists Q,, with P(Q,,) = 0, such that, for any w € Q,,

Gy 1
Supg ” i ((»b)” <= (31)
n3 m
Further, let Q = |;,_; Q. Then
S G,
m SR IG@ o)
which, together with the fact that P(Q) = 0, implies that
1rEtaX sup” G:(9) ” = 0( %) (a.s.). (33)
The proof is complete. O
Lemma 3.4 Assume that (Ay) and (Ay) hold. Then when a, = o(n% ), we have
sgp”k(d))” = O(n‘%) (a.s.), (34)
uniformly about ¢ € {p||p - doll < n”3).
Proof Write ||A(¢)|| = p(¢)0(¢), where p(¢) >0 and ||0(¢)|| = 1. Further let
n+l
1 Gi()
n 1)" = . 35
Quusi(2) n+1§1+m(¢)@(¢) (35)

Then

0= Quus1(e, )|

n+l

1 0" (#)G(9)
g

T n+ 15 1+27(9)G()
n+1 n+1
07 ()G (¢) G (9)6(
L+ ()0 (#)Ge(@) ) ‘n L0 06 ’
- n+1 T ntl
_ PO @)1 Y Gi9)GE (@) —‘ 1 L6 '

maxi<i<n{l + p(¢)9’(¢)G;(¢)}
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which implies that

PO (B Y GU)GI@NOe) | 1 & .
i1 5 PO OGN = |1 2 DGO
n+l
<l ;Gt(cp)H. (36)
Further, by the ergodic theorem, we have
1 n+l
—— 2 GG (g0) - A| =0()) (as), (37)
t=1

where A = E(G¢(¢0)G; (¢0))-

Since
1 n+1
0ssup| = Zl G($)G; (#) -4
1 n+1 1 n+l
<sup) oo 21 G(A)G; ()~ — Zl Ge(¢0)G; (¢o)
n+l
.

’

l T
— ; Gi(0) G} (¢o) — A

we have from (18) and (37)

n+l

Y GG (@) =A+o(l) (as), (38)
t=1

n+1

which implies that

n+l
0" (9) (n—il Y G$)G; (¢)>e(¢>> > Omin +0(1)  (a.5.), (39)
t=1

where oy, is the smallest eigenvalue and the largest eigenvalue of A. This, together with
Lemma 3.1 and (36), proves that

n+l
1
— E G
Szp it - t({b)H

1 n+l
mrgoel))

Combined with (23) and Lemma 3.3, this establish (34) and completes the proof. O

> sup p(¢) (%m +0o(1) - (1?1ax 1 sup|[Gi(¢) ”) (Sup
p <t<n+l ¢

Lemma 3.5 Assume that (A1) and (Ay) hold, and a, = o(n%). Then, as n — 00, with

probability 1, [(¢) attains its minimum value at some point ¢ in the interior of the ball



Zhao et al. Journal of Inequalities and Applications (2018) 2018:82 Page 11 of 14

¢ — doll < }’Z_% and qg and A= )‘(43) Sﬂtisfy Ql,n+l((l§!i) =0 and QZ,n+1(§5x)~L) =0, where
Q1,141(¢, 1) is defined in (35) and

BRIE - 3G(@) '
Q2”(¢’)‘)_n+1;1+xfc;t(¢)( I )’\' (40)

The proof is similar to the proof of Lemma 1 of Qin and Lawless [28], so we omit the
details.

Proof of Theorem 2.1 In what follows, we omit (¢, 1) in the notation if a function is eval-
uated at (¢, 0). Expanding Q1 +1(¢, 1), Qa,u1(, 1) at (o, 0) leads to

~ ~ 0 M+ n+
0=Q1,n+1<¢,x):ol,m+{ Ql{p 1}(¢ o) + { Q. I}A +0,(8,) (41)
and
~ o~ 0 M+ a n+
0=Q2,n+1(¢»)\):Q2,n+1+{ Q;¢ 1}(¢ o) + { 2, l}k +0,(8,), (42)

where 8, = [|¢ — ¢ol|> + |12 = O (n 5).
Note that

n+l
d Ql,n+1 1 Z 8 Gt

= ——-B 1), 43
06+l g +0op(1) (43)
n+1
an,n+1 1
T Ra— Z G/G! = -A +0,(1), (44)
9
Q2,n+1 _ O, (45)
d¢

and

n+l
Qi1 1 <0G,
—— = - =-RB° 1). 46
n n+1; ap ~ 2 ol (46)

These, combined with (41) and (42), give

h=—{A" - A'B(B AT B) B AT} Qo + 0p(n72) (47)
and

$— o= (BTAB) " BTAQyr + 0p(n72). (48)

Further, applying the central limit theorem to Qy 5,1 and using Slustzky’s theorem, we can

prove Theorem 2.1. d
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Proofof Theorem 2.2 Let ) be the Lagrange multiplier corresponding to ¢, the maximum
point of /(¢"!). With this notation, we may write

n+1

I(s) = ZZlog{l + A7 Gl (d;[s])}. (49)
t=1
Note that
N N N - (oGl T .
G (@) =G + it { Wf]} (8" = o) + 0,(1). (50)

This, together with (49), yields

n+1 n+1 [s] n+1

~ - G ~ - -

Hs) =24 G+ 2#{ Dvic }(W ~¢0") =27 ) G(G) + 0, (DR
t=1 t=1 t=1

= QL {AT - AT B(BTATB) T BTAT Qi + 0p(1).

Further note that Qj,,; is asymptotic normal with covariance matrix A and {A™! —
A'B(BTAT'B)'BTAT1JA{A™! — A"'B(B"A"'B)"1B"A"'} = {A"! - A"'B(B*A~'B)'BTA"!}.

Therefore, we have 1(s) — x2(p — k) in distribution as # — oo. The proof is complete. [

Proof of Theorem 2.3 Since E(G,(¢)) # 0, it follows that there exists § > 0, such that
I, 1S )
=D GI(9)- ) Gi®) 5" = 0,(1). (51)
t=1 t=1

Furthermore, note that E(G} (¢))* < cc. Thus, by a similar method to the proof of (27), we

can prove that

max |G} (¢)| = op(n%). (52)

1<t<n+1
Leth=n3 (2201 Gi(¢))logn. Then

max |)vfGt(q’>)| =0,(1). (53)

1<t<n+1

Thus, with probability going to 1, 1+ A7G,(¢) > 0 for i = 1,..., 1 + 1. Using the duality of
the maximization problem and (51)—(53), we have

n+l n+l
I(¢p) = sup (2 Zlog{l + ATGt(¢)}> >2 Zlog{l + )V»TGt(¢)}
» t=1 t=1

=2 Zlog{l + )VLTGt((b)} +0,(1) = 2m3 82 log(n) + 0,(1),

t=1

which implies that /(s) — oo in probability as n — oco. The proof is complete. g
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Proof of Theorem 2.4. First, we consider EAIC. Consider the situation when s, is empty.
Let s = {1} which contains a single covariant. Based on expansion in the proof of Theo-
rem 2.2, we can prove that [(sp) —[(s) — x?Z, which implies that lim,,_. o P({(sp) - () > 2) > 0.
Therefore, EAIC is not consistent.

Next, we consider EBIC. Suppose s is a model which does not contain sy. Then,
E(GES] (¢"))) #0 for any ¢!, Therefore, we have [(s) > 2m3 82 log(n) + op(1). This order im-
plies that

P(EBIC(s) < EBIC(so)) < P(I(s) — l(so) + plogn) — 0.

That is, EBIC will not select any model s that does not contain so.
Furthermore, if s contains sy, and k > 0 additional insignificant variables, by Theo-

rem 2.2, we have
Is0) = 1(s) = xi
which implies that
P(EBIC(s) < EBIC(so)) = P(I(s) - I(so) > klogn) — 0,

as n — 0o. Thus, the model s will not be selected by EBIC as n — oo. Because p is finite,
there are only finite number of scompeting against sy, and each of them has o(1) probability

being selection. So EBIC is consistent. The proof is complete. d

4 Conclusions

It should be pointed out that variable selection has always been an important problem for
our statistician. Many variable selection methods have been proposed in the statistical lit-
erature. But for the variable selection method of GRCA, so far it has not been provided by
statistician. In this paper, instead of parametric likelihood, we further propose an Akaike
information criterion (EAIC) and a Bayesian information criterion (EBIC) for the vari-
able selection problem of GRCA based on the empirical likelihood method. Moreover, we
also prove that under some mild conditions the parametric EBIC is consistent, while the

parametric EAIC is not when p is constant.
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