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1 Introduction
Assuming that p > 1, 1

p + 1
q = 1, am, bn ≥ 0, 0 <

∑∞
m=1 ap

m < ∞, and 0 <
∑∞

n=1 bq
n < ∞, the

Hardy–Hilbert inequality is provided as follows (see [1]):

∞∑

n=1

∞∑

m=1

ambn

m + n
<

π

sin(π/p)

( ∞∑

m=1

ap
m

) 1
p
( ∞∑

n=1

bq
n

) 1
q

, (1)

where π
sin(π/p) is the best possible constant factor. By Theorem 343 in [1] (replacing am

m and
bn
n by am and bn, respectively), it yields the following Mulholland inequality with the same

best value:

∞∑

n=2

∞∑

m=2

ambn

ln mn
<

π

sin(π/p)

( ∞∑

m=2

ap
m

m

) 1
p
( ∞∑

n=2

bq
n

n

) 1
q

. (2)

Inequalities (1) and (2) play an important role in analysis and its applications (see [1, 2]).
In 2007, Yang [3] published a Hilbert-type integral inequality in the whole plane. Various

extensions of (1)–(2) and Yang’s work have been presented since then [4–12]. Recently,
Yang and Chen [13] presented the following extension of (1) in the whole plane:

∞∑

|n|=1

∞∑

|m|=1

ambn

(|m – ξ | + |n – η|)λ

< 2B(λ1,λ2)

[ ∞∑

|m|=1

|m – ξ |p(1–λ1)–1ap
m

] 1
p
[ ∞∑

|n|=1

|n – η|q(1–λ2)–1bq
n

] 1
q

, (3)
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where the constant factor 2B(λ1,λ2) (0 < λ1,λ2 ≤ 1,λ1 + λ2 = λ, ξ ,η ∈ [0, 1
2 ]) is the best

possible. In addition, Xin et al. [14] also carried out a similar result, and Zhong et al. [15]
gave the reverse Mulholland’s inequality in the whole plane.

In this paper, we present a new reverse Mulholland-type inequality in the whole plane
with a best possible constant factor, which is similar to the results of [13], via introduc-
ing multiparameters, applying weight coefficients, and using the Hermite–Hadamard in-
equality. Moreover, we consider equivalent forms and some particular cases.

2 An example and two lemmas
We further assume that λ1,λ2 > 0,λ1 + λ2 = λ ≤ 1, ξ ,η ∈ [0, 1

2 ],α,β ∈ [arccos 1
3 , π

2 ], and

kγ (λ1) :=
2π2 csc2 γ

λ2 sin2( πλ1
λ

)
(γ = α,β). (4)

Remark 1 Since α,β ∈ [arccos 1
3 , π

2 ], ξ ,η ∈ [0, 1
2 ], it follows that

(
3
2

± η

)

(1 ∓ cosβ) ≥ 1 and
(

3
2

± ξ

)

(1 ∓ cosα) ≥ 1.

Example 1 We set g(u) := ln u
u–1 (u > 0), g(1) := limu→1 g(u) = 1. Then we have g(u) > 0, g ′(u) <

0, g ′′(u) > 0 (u > 0). By Tailor’s formula we find

g(u) =
ln[1 + (u – 1)]

u – 1
=

∞∑

k=0

(–1)k (u – 1)k

k + 1
=

∞∑

k=0

(–1)kk!
k + 1

(u – 1)k

k!
(–1 < u – 1 ≤ 1),

and then g(k)(1) = (–1)kk!
k+1 (k = 0, 1, 2, . . .). Hence, g(0)(1) = g(1) = 1, g ′(1) = – 1

2 , g ′′(1) = 2
3 . It is

evident that g(u) > 0. We obtain g ′(u) = h(u)
u(u–1)2 , h(u) := u – 1 – u ln u. Since

h′(u) = – ln u > 0 (0 < u < 1); h′(u) = – ln u < 0 (u > 1),

it follows that hmax = h(1) = 0 and h(u) < 0 (u 	= 1). Then we have g ′(u) < 0 (u 	= 1). Since
g ′(1) = – 1

2 < 0, it follows that g ′(u) < 0 (u > 0). We find

g ′′(u) =
J(u)

u2(u – 1)3 , J(u) := –(u – 1)2 – 2u(u – 1) + 2u2 ln u,

J ′(u) = –4(u – 1) + 4u ln u, and

J ′′(u) = 4 ln u < 0 (0 < u < 1); J ′′(u) = 4 ln u > 0 (u > 1).

It follows that J ′
min = J ′(1) = 0, J ′(u) > 0 (u 	= 1), and J(u) is strictly increasing. Since J(1) =

0, we have

J(u) < 0 (0 < u < 1); J(u) > 0 (u > 1),

and g ′′(u) > 0 (u 	= 1). Since g ′′(1) = 2
3 > 0, we find g ′′(u) > 0 (u > 0).
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For 0 < λ ≤ 1, 0 < λ2 < 1, setting G(u) := g(uλ)uλ2–1 (u > 0), we have G(u) > 0,

G′(u) = λg ′(uλ
)
uλ+λ2–2 + (λ2 – 1)g

(
uλ

)
uλ2–2 < 0, and

G′′(u) = λ2g ′′(uλ
)
u2λ+λ2–3 + λ(λ + λ2 – 2)g ′(uλ

)
uλ+λ2–3

+ λ(λ2 – 1)g ′(uλ
)
uλ+λ2–3 + (λ2 – 1)(λ2 – 2)g

(
uλ

)
uλ2–3 > 0.

We set F(x, y) := ln(x/y)
xλ–yλ ( y

x )λ2–1(x, y > 0). Since F(x, y) = 1
xλ G( y

x ), we have

F(x, y) > 0,
∂

∂y
F(x, y) < 0,

∂2

∂y2 F(x, y) > 0.

Hence, for x, y > 1, we have

1
y

F(ln x, ln y) > 0,
∂

∂y

(
1
y

F(ln x, ln y)
)

< 0,
∂2

∂y2

(
1
y

F(ln x, ln y)
)

> 0.

Lemma 1 If f (u) > 0, f ′(u) < 0, f ′′(u) > 0 (u > 3
2 ) and

∫ ∞
3
2

f (u) du < ∞, then we have the
following Hermite–Hadamard inequality (see [16]):

∫ k+1

k
f (u) du < f (k) <

∫ k+ 1
2

k– 1
2

f (u) du
(
k ∈ N\{1}),

and then

∫ ∞

2
f (u) du <

∞∑

k=2

f (k) <
∫ ∞

3
2

f (u) du. (5)

For |x|, |y| ≥ 3
2 , define

Aξ ,α(x) := |x – ξ | + (x – ξ ) cosα,

Aη,β (y) = |y – η| + (y – η) cosβ , and

k(x, y) :=
ln(ln Aξ ,α(x)/ ln Aη,β (y))
lnλ Aξ ,α(x) – lnλ Aη,β (y)

. (6)

We define two weight coefficients as follows:

ω(λ2, m) :=
∞∑

|n|=2

k(m, n)
Aη,β (n)

· lnλ1 Aξ ,α(m)
ln1–λ2 Aη,β (n)

, |m| ∈ N\{1}, (7)

� (λ1, n) :=
∞∑

|m|=2

k(m, n)
Aξ ,α(m)

· lnλ2 Aη,β (n)
ln1–λ1 Aξ ,α(m)

, |n| ∈ N\{1}, (8)

where
∑∞

|j|=2 · · · =
∑–∞

j=–2 · · · +
∑∞

j=2 · · · (j = m, n).
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Lemma 2 We have the inequalities

kβ (λ1)
(
1 – θ (λ2, m)

)
< ω(λ2, m) < kβ (λ1), |m| ∈ N\{1}, (9)

where

θ (λ2, m) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln[(2+η)(1+cosβ)]
ln Aξ ,α (m)

0

ln u
uλ – 1

uλ2–1 du

= O
(

1
lnλ2/2 Aξ ,α(m)

)

∈ (0, 1). (10)

Proof For |m| ∈ N\{1}, let

k(1)(m, y) :=
ln ln Aξ (m) – ln ln[(y – η)(cosβ – 1)]
lnλ Aξ (m) – lnλ[(y – η)(cosβ – 1)]

, y < –
3
2

,

k(2)(m, y) :=
ln ln Aξ (m) – ln ln[(y – η)(cosβ + 1)]
lnλ Aξ (m) – lnλ[(y – η)(cosβ + 1)]

, y >
3
2

.

Then the equality

k(1)(m, –y) =
ln ln Aξ (m) – ln ln[(y + η)(1 – cosβ)]
lnλ Aξ (m) – lnλ[(y + η)(1 – cosβ)]

, y >
3
2

,

yields

ω(λ2, m) =
–∞∑

n=–2

k(1)(m, n) lnλ1 Aξ ,α(m)
(n – η)(cosβ – 1) ln1–λ2 [(n – η)(cosβ – 1)]

+
∞∑

n=2

k(2)(m, n) lnλ1 Aξ ,α(m)
(n – η)(1 + cosβ) ln1–λ2 [(n – η)(1 + cosβ)]

=
lnλ1 Aξ ,α(m)

1 – cosβ

∞∑

n=2

k(1)(m, –n)
(n + η) ln1–λ2 [(n + η)(1 – cosβ)]

+
lnλ1 Aξ ,α(m)

1 + cosβ

∞∑

n=2

k(2)(m, n)
(n – η) ln1–λ2 [(n – η)(1 + cosβ)]

. (11)

Since 0 < λ ≤ 1, 0 < λ2 < 1, by Example 1 we find that, for y > 3
2 ,

k(i)(m, (–1)iy)
(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]

> 0,

d
dy

k(i)(m, (–1)iy)
(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]

< 0,

d2

dy2
k(i)(m, (–1)iy)

(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]
> 0 (i = 1, 2),

from which it follows that

k(i)(m, (–1)iy)
(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]

(i = 1, 2)
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are strictly decreasing and convex in ( 3
2 ,∞). Then (5) and (11) yield that

ω(λ2, m) <
lnλ1 Aξ ,α(m)

1 – cosβ

∫ ∞

3
2

k(1)(m, –y)
(y + η) ln1–λ2 [(y + η)(1 – cosβ)]

dy

+
lnλ1 Aξ ,α(m)

1 + cosβ

∫ ∞

3
2

k(2)(m, y)
(y – η) ln1–λ2 [(y – η)(1 + cosβ)]

dy.

Setting u = ln[(y+η)(1–cosβ)]
ln Aξ ,α (m) (u = ln[(y–η)(1+cosβ)]

ln Aξ ,α (m) ) in the first (second) integral, from Remark 1
we obtain

ω(λ2, m) <
(

1
1 – cosβ

+
1

1 + cosβ

)∫ ∞

0

ln u
uλ – 1

uλ2–1 du

=
2 csc2 β

λ2

∫ ∞

0

ln v
v – 1

v(λ2/λ)–1 dv =
2π2 csc2 β

λ2 sin2( πλ1
λ

)
= kβ (λ1),

by simplifications. Similarly, (5) and (11) also yield that

ω(λ2, m) >
lnλ1 Aξ ,α(m)

1 – cosβ

∫ ∞

2

k(1)(m, –y)
(y + η) ln1–λ2 [(y + η)(1 – cosβ)]

dy

+
lnλ1 Aξ ,α(m)

1 + cosβ

∫ ∞

2

k(2)(m, y)
(y – η) ln1–λ2 [(y – η)(1 + cosβ)]

dy

≥
(

1
1 – cosβ

+
1

1 + cosβ

)∫ ∞

ln[(2+η)(1+cosβ)]
ln Aξ ,α (m)

ln u
uλ – 1

uλ2–1 du

= kβ (λ1) – 2 csc2 β

∫ ln[(2+η)(1+cosβ)]
ln Aξ ,α (m)

0

ln u
uλ – 1

uλ2–1 du

= kβ (λ1)
(
1 – θ (λ2, m)

)
> 0,

where θ (λ2, m)(< 1) is defined in (10). Since

ln u
uλ – 1

uλ2/2 → 0
(
u → 0+)

;
ln u

uλ – 1
uλ2/2 → 1

λ
(u → 1),

there exists a positive constant C such that ln u
uλ–1 uλ2/2 ≤ C (0 < u ≤ 1). Then for Aξ ,α(m) ≥

(2 + η)(1 + cosβ), we have

0 < θ (λ2, m) ≤ C
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln[(2+η)(1+cosβ)]
ln Aξ ,α (m)

0
u

λ2
2 –1 du

=
2C
λ2

[
λ

π
sin

(
πλ1

λ

)]2{ ln[(2 + η)(1 + cosβ)]
ln Aξ ,α(m)

} λ
2

. (12)

Hence, (9) and (10) are valid. �

Similarly, we have the following:

Lemma 3 For 0 < λ ≤ 1, 0 < λ1 < 1, we have the inequalities

kα(λ1)
(
1 – θ̃ (λ1, n)

)
< � (λ1, n) < kα(λ1), |n| ∈ N\{1}, (13)
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where

θ̃ (λ1, n) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln[(2+ξ )(1+cosα)]
ln Aη,β (n)

0

ln u
uλ – 1

uλ1–1 du

= O
(

1
lnλ1/2 Aη,β (n)

)

∈ (0, 1). (14)

Lemma 4 If (ς ,γ ) = (ξ ,α) (or (η,β)), ρ > 0, then we have

Hρ(ς ,γ ) :=
∞∑

|k|=2

ln–1–ρ Aς ,γ (k)
Aς ,γ (k)

=
1
ρ

(
2 csc2 γ + o(1)

) (
ρ → 0+)

. (15)

Proof By (5) we obtain

Hρ(ς ,γ ) =
–∞∑

k=–2

ln–1–ρ[(k – ς )(cosγ – 1)]
(k – ς )(cosγ – 1)

+
∞∑

k=2

ln–1–ρ[(k – ς )(cosγ + 1)]
(k – ς )(cosγ + 1)

=
∞∑

k=2

{
ln–1–ρ[(k + ς )(1 – cosγ )]

(k – ς )(1 – cosγ )
+

ln–1–ρ[(k – ς )(cosγ + 1)]
(k – ς )(cosγ + 1)

}

<
∫ ∞

3
2

{
ln–1–ρ[(y + ς )(1 – cosγ )]

(y – ς )(1 – cosγ )
+

ln–1–ρ[(y – ς )(cosγ + 1)]
(y – ς )(cosγ + 1)

}

dy

=
1
ρ

{
ln–ρ[( 3

2 + ς )(1 – cosγ )]
1 – cosγ

+
ln–ρ[( 3

2 – ς )(1 + cosγ )]
1 + cosγ

}

=
1
ρ

(
1

1 – cosγ
+

1
1 + cosγ

+ o1(1)
)

=
1
ρ

(
2 csc2 γ + o1(1)

) (
ρ → 0+)

and

Hρ(ς ,γ ) =
∞∑

k=2

{
ln–1–ρ[(k + ς )(1 – cosγ )]

(k – ς )(1 – cosγ )
+

ln–1–ρ[(k – ς )(cosγ + 1)]
(k – ς )(cosγ + 1)

}

>
∫ ∞

2

{
ln–1–ρ[(y + ς )(1 – cosγ )]

(y – ς )(1 – cosγ )
+

ln–1–ρ[(y – ς )(cosγ + 1)]
(y – ς )(cosγ + 1)

}

dy

=
1
ρ

{
ln–ρ[(2 + ς )(1 – cosγ )]

1 – cosγ
+

ln–ρ[(2 – ς )(1 + cosγ )]
1 + cosγ

}

=
1
ρ

(
1

1 – cosγ
+

1
1 + cosγ

+ o2(1)
)

=
1
ρ

(
2 csc2 γ + o2(1)

) (
ρ → 0+)

.

Therefore, (15) is valid. �

3 Main results and a few particular cases
Theorem 1 Suppose that 0 < p < 1, 1

p + 1
q = 1,

k(λ1) := k1/p
β (λ1)k1/q

α (λ1) =
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2
. (16)
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If am, bn ≥ 0 (|m|, |n| ∈ N\{1}), satisfy

0 <
∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m < ∞, 0 <
∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n < ∞,

then for

θ (λ2, m) =
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln[(2+η)(1+cosβ)]
ln Aξ ,α (m)

0

ln u
uλ – 1

uλ2–1 du

= O
(

1
lnλ2/2 Aξ ,α(m)

)

∈ (0, 1),

we obtain the following equivalent reverse Mulholland-type inequalities:

I :=
∞∑

|n|=2

∞∑

|m|=2

ln(ln Aξ ,α(m)/ ln Aη,β (n))
lnλ Aξ ,α(m) – lnλ Aη,β (n)

ambn

>
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

×
[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

×
[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
q

, (17)

J1 :=

{ ∞∑

|n|=2

lnpλ2–1 Aη,β (n)
Aη,β (n)

[ ∞∑

|m|=2

ln(ln Aξ ,α(m)/ ln Aη,β (n))
lnλ Aξ ,α(m) – lnλ Aη,β (n)

am

]p} 1
p

>
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

, (18)

J2 :=

[ ∞∑

|m|=2

lnqλ1–1 Aξ ,α(m)
(1 – θ (λ2, m))q–1Aξ ,α(m)

( ∞∑

|n|=2

ln(ln Aξ ,α(m)/ ln Aη,β (n))
lnλ Aξ ,α(m) – lnλ Aη,β (n)

bn

)q] 1
q

>
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
q

. (19)

Particularly, (i) for α = β = π
2 , ξ ,η ∈ [0, 1

2 ], setting

θ1(λ2, m) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln(2+η)
ln |m–ξ |

0

ln u
uλ – 1

uλ2–1 du

= O
(

1
lnλ2/2 |m – ξ |

)

∈ (0, 1),
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we have the following equivalent reverse Mulholland-type inequalities:

∞∑

|n|=2

∞∑

|m|=2

ln(|m – ξ |/|n – η|)
lnλ |m – ξ | – lnλ |n – η|ambn

>
2π2

[λ sin( πλ1
λ

)]2

×
[ ∞∑

|m|=2

(
1 – θ1(λ2, m)

) lnp(1–λ1)–1 |m – ξ |
|m – ξ |1–p ap

m

] 1
p

×
[ ∞∑

|n|=2

lnq(1–λ2)–1 |n – η|
|n – η|1–q bq

n

] 1
q

, (20)

[ ∞∑

|n|=2

lnpλ2–1 |n – η|
|n – η|

( ∞∑

|m|=2

ln(|m – ξ |/|n – η|)
lnλ |m – ξ | – lnλ |n – η|am

)p] 1
p

>
2π2

[λ sin( πλ1
λ

)]2

[ ∞∑

|m|=2

(
1 – θ1(λ2, m)

) lnp(1–λ1)–1 |m – ξ |
|m – ξ |1–p ap

m

] 1
p

, (21)

[ ∞∑

|m|=2

lnqλ1–1 |m – ξ |
(1 – θ1(λ2, m))q–1|m – ξ |

( ∞∑

|n|=2

ln(|m – ξ |/|n – η|)am

lnλ |m – ξ | – lnλ |n – η|bn

)q] 1
q

>
2π2

[λ sin( πλ1
λ

)]2

[ ∞∑

|n|=2

lnq(1–λ2)–1 |n – η|
|n – η|1–q bq

n

] 1
q

. (22)

(ii) For ξ = η = 0,α,β ∈ [arccos 1
3 , π

2 ], setting

θ2(λ2, m) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln 2(1+cosβ)
ln(|m|+m cosα)

0

ln u
uλ – 1

uλ2–1 du

= O
(

1
lnλ2/2 Aξ ,α(m)

)

∈ (0, 1),

we have the following equivalent reverse Mulholland-type inequalities:

∞∑

|n|=2

∞∑

|m|=2

ln[ln(|m| + m cosα)/ ln(|n| + n cosβ)]
lnλ(|m| + m cosα) – lnλ(|n| + n cosβ)

ambn

>
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

×
[ ∞∑

|m|=2

(
1 – θ2(λ2, m)

) lnp(1–λ1)–1(|m| + m cosα)
(|m| + m cosα)1–p ap

m

] 1
p

×
[ ∞∑

|n|=2

lnq(1–λ2)–1(|n| + n cosβ)
(|n| + n cosβ)1–q bq

n

] 1
q

, (23)
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{ ∞∑

|n|=2

lnpλ2–1(|n| + n cosβ)
|n| + n cosβ

[ ∞∑

|m|=2

ln[ln(|m| + m cosα)/ ln(|n| + n cosβ)]
lnλ(|m| + m cosα) – lnλ(|n| + n cosβ)

am

]p} 1
p

>
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

[ ∞∑

|m|=2

(
1 – θ2(λ2, m)

) lnp(1–λ1)–1(|m| + m cosα)
(|m| + m cosα)1–p ap

m

] 1
p

, (24)

[ ∞∑

|m|=2

lnqλ1–1(|m| + m cosα)
(1 – θ2(λ2, m))q–1(|m| + m cosα)

×
( ∞∑

|n|=2

ln[ln(|m| + m cosα)/ ln(|n| + n cosβ)]
lnλ(|m| + m cosα) – lnλ(|n| + n cosβ)

bn

)q] 1
q

>
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

[ ∞∑

|n|=2

lnq(1–λ2)–1(|n| + n cosβ)
(|n| + n cosβ)1–q bq

n

] 1
q

. (25)

Proof Applying the reverse Hölder inequality with weight (see [17]) and (8), we find

( ∞∑

|m|=2

k(m, n)am

)p

=

{ ∞∑

|m|=2

k(m, n)
[

(Aξ ,α(m))
1
q ln

1–λ1
q Aξ ,α(m)

ln
1–λ2

p Aη,β (n)
am

][
ln

1–λ2
p Aη,β (n)

(Aξ ,α(m))
1
q ln

1–λ1
q Aξ ,α(m)

]}p

≥
∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

ln1–λ2 Aη,β (n)
ap

m

×
[ ∞∑

|m|=2

k(m, n)
ln

(1–λ2)q
p Aη,β (n)

Aξ ,α(m) ln1–λ1 Aξ ,α(m)

]p–1

=
(� (λ1, n))p–1Aη,β (n)

lnpλ2–1 Aη,β (n)

∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Aη,β (n) ln1–λ2 Aη,β (n)
ap

m.

Then since 0 < p < 1, by (13) this yields

J > k1/q
α (λ1)

[ ∞∑

|n|=2

∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Aη,β (n) ln1–λ2 Aη,β (n)
ap

m

] 1
p

= k1/q
α (λ1)

[ ∞∑

|m|=2

∞∑

|n|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Aη,β (n) ln1–λ2 Aη,β (n)
ap

m

] 1
p

= k1/q
α (λ1)

[ ∞∑

|m|=2

ω(λ2, m)
np(1–λ1)–1Aξ ,α(m)

(Aξ ,α(m))1–p ap
m

] 1
p

. (26)

Combining (9) and (16), we obtain (18).
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Using the reverse Hölders inequality again, we obtain

I =
∞∑

|n|=2

[
(Aη,β (n))

–1
p

ln
1
p –λ2 Aη,β (n)

∞∑

|m|=2

k(m, n)am

][
ln

1
p –λ2 Aη,β (n)

(Aη,β (n))
–1
p

bn

]

≥ J1

[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
q

. (27)

Then by (18) we obtain (17).
On the other-hand, assuming that (17) is valid, letting

bn :=
lnpλ2–1 Aη,β (n)

Aη,β (n)

( ∞∑

|m|=2

k(m, n)am

)p–1

, |n| ∈ N\{1},

we find

J1 =

[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
p

.

By (26) it follows that J1 > 0. If J1 = ∞, then (19) is trivially valid; if J1 < ∞, then by (17)
we have

∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

= Jp
1 = I

> k(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
q

,

J1 =

[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
p

> k(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

.

Thus (18) is valid, which is equivalent to (17).
We further prove that (19) is equivalent to (17). Using the reverse Hölders inequality, we

have

I =
∞∑

|m|=2

[
(
1 – θ (λ2, m)

) 1
p ln

1
q –λ1 Aξ ,α(m)

(Aξ ,α(m))
–1
q

am

]

×
[

n
–1
q +λ1 Aξ ,α(m)

(1 – θ (λ2, m))
1
p (Aξ ,α(m))

1
q

∞∑

|n|=2

k(m, n)bn

]

≥
[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

J2, (28)

and then (19) is valid by (17).
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On the other-hand, assuming that (17) is valid, we set

am :=
lnqλ1–1 Aξ ,α(m)

(1 – θ (λ2, m))q–1Aξ ,α(m)

( ∞∑

|n|=2

ln(ln Aξ ,α(m)/ ln Aη,β (n))
lnλ Aξ ,α(m) – lnλ Aη,β (n)

bn

)q–1

, m ∈ N\{1},

and find

J2 =

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
q

.

If J2 = 0, then (19) is impossible, so that J2 > 0. If J2 = ∞, then (19) is trivially valid; if
J2 < ∞, then by (17) we have

∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

= Jq
2 = I

> k(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
q

,

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
q

= J2

> k(λ1)

[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q bq

n

] 1
q

.

Thus (19) is valid, which is equivalent to (17).
Hence, inequalities (17), (18), and (19) are equivalent. �

Theorem 2 Under the assumptions in Theorem 1,

k(λ1) =
2π2 csc2/p β csc2/q α

[λ sin( πλ1
λ

)]2

is the best possible constant factor in (17), (18), and (19).

Proof For 0 < ε < min{pλ1, p(1 – λ2)}, we set λ̃1 = λ1 – ε
p (∈ (0, 1)), λ̃2 = λ2 + ε

p (∈ (0, 1)), and

ãm :=
lnλ1– ε

p –1 Aξ ,α(m)
Aξ ,α(m)

=
lnλ̃1–1 Aξ ,α(m)

Aξ ,α(m)
(|m| ∈ N\{1}),

b̃n :=
lnλ2– ε

q –1 Aη,β (n)
Aη,β (n)

=
lnλ̃2–ε–1 Aη,β (n)

Aη,β (n)
(|n| ∈ N\{1}).
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By (15) and (13) we find

Ĩ2 :=

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ãp

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Aη,β (n)
(Aη,β (n))1–q b̃q

n

] 1
q

=

[ ∞∑

|m|=2

ln–1–ε Aξ ,α(m)
Aξ ,α(m)

–
∞∑

|m|=2

O(ln–1–( λ2
2 +ε) Aξ ,α(m))

Aξ ,α(m)

] 1
p
[ ∞∑

|n|=2

ln–1–ε Aη,β (n)
Aη,β (n)

] 1
q

=
1
ε

(
2 csc2 α + o(1) – εO(1)

) 1
p
(
2 csc2 β + õ(1)

) 1
q

(
ε → 0+)

,

Ĩ =
∞∑

|n|=2

∞∑

|m|=2

k(m, n)ãmb̃n =
∞∑

|m|=2

∞∑

|n|=2

k(m, n)
lnλ̃1–1 Aξ ,α(m)

Aξ ,α(m)
lnλ̃2–ε–1 Aη,β (n)

Aη,β (n)

=
∞∑

|n|=2

� (λ̃1, n)
ln–1–ε Aη,β (n)

Aη,β (n)
< kα(λ̃1)

∞∑

|n|=2

ln–1–ε Aη,β (n)
Aη,β (n)

=
1
ε

kα(λ̃1)
(
2 csc2 β + o(1)

)
.

If there exists a positive number k ≥ k(λ1) such that (17) is still valid when replacing
k(λ1) by k, then, in particular, we have

εĨ = ε

∞∑

|m|=2

∞∑

|n|=2

k(m, n)ãmb̃n > εkĨ2.

We obtain from the previous results that

kβ

(

λ1 +
ε

q

)
(
2 csc2 α + o(1)

)

> k
(
2 csc2 α + o(1) – εO(1)

) 1
p
(
2 csc2 β + õ(1)

) 1
q ,

and then

4π2

λ2 sin2( πλ1
λ

)
csc2 β csc2 α ≥ 2k csc

2
p α csc

2
q β

(
ε → 0+)

,

namely, k(λ1) = 2π2

λ2 sin2( πλ1
λ

)
csc

2
p β csc

2
q α ≥ k. Hence, k = k(λ1) is the best possible constant

factor of (17).
The constant factor k(λ1) in (18) and (19) is still the best possible. Otherwise, we would

reach a contradiction by (27) and (28) that the constant factor in (17) is not the best pos-
sible. �

Remark 2 (i) For ξ = η = 0 in (20), setting

θ̃1(λ2, m) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln 2
ln |m|

0

ln u
uλ – 1

uλ2–1 du = O
(

1
lnλ2/2 |m|

)

∈ (0, 1),
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we have the following new inequality:

∞∑

|n|=2

∞∑

|m|=2

ln(ln |m|/ ln |n|)
lnλ |m| – lnλ |n| ambn

>
2π2

[λ sin( πλ1
λ

)]2

×
[ ∞∑

|m|=2

(
1 – θ̃1(λ2, m)

) lnp(1–λ1)–1 |m|
|m|1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 |n|
|n|1–q bq

n

] 1
q

. (29)

It follows that (20) is an extension of (29). In particular, for λ = 1,λ1 = λ2 = 1
2 , setting

θ̃1(m) :=
1
π2

∫ ln 2
ln |m|

0

ln u
u – 1

u
–1
2 du = O

(
1

ln1/4 |m|
)

∈ (0, 1),

we have the following simple reverse Mulholland-type inequality in the whole plane:

∞∑

|n|=2

∞∑

|m|=2

ln(ln |m|/ ln |n|)
ln(|m|/|n|) ambn

> 2π2

[ ∞∑

|m|=2

(
1 – θ̃1(m)

) ln
p
2 –1 |m|

|m|1–p ap
m

] 1
p
( ∞∑

|n|=2

ln
q
2 –1 |n|

|n|1–q bq
n

) 1
q

. (30)

(ii) If a–m = am, b–n = bn (m, n ∈ N\{1}), for m ∈ N\{1}, setting

�

θ 1 (λ2, m) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln(2+η)
ln(m–ξ )

0

ln u
uλ – 1

uλ2–1 du = O
(

1
lnλ2/2(m – ξ )

)

∈ (0, 1),

�

θ 1 (λ2, m) :=
[

λ

π
sin

(
πλ1

λ

)]2 ∫ ln(2+η)
ln(m+ξ )

0

ln u
uλ – 1

uλ2–1 du = O
(

1
lnλ2/2(m + ξ )

)

∈ (0, 1),

(20) reduces to

∞∑

n=2

∞∑

m=2

{
ln[ln(m – ξ )/ ln(n – η)]
lnλ(m – ξ ) – lnλ(n – η)

+
ln[ln(m – ξ )/ ln(n + η)]
lnλ(m – ξ ) – lnλ(n + η)

+
ln[ln(m + ξ )/ ln(n – η)]
lnλ(m + ξ ) – lnλ(n – η)

+
ln[ln(m + ξ )/ ln(n + η)]
lnλ(m + ξ ) – lnλ(n + η)

}

ambn

>
2π2

[λ sin( πλ1
λ

)]2

{ ∞∑

m=2

[
(
1–

�

θ 1 (λ2, m)
) lnp(1–λ1)–1(m – ξ )

(m – ξ )1–p

+
(
1–

�

θ 1 (λ2, m)
) lnp(1–λ1)–1(m + ξ )

(m + ξ )1–p

]

ap
m

} 1
p

×
{ ∞∑

n=2

[
lnq(1–λ2)–1(n – η)

(n – η)1–q +
lnq(1–λ2)–1(n + η)

(n + η)1–q

]

bq
n

} 1
q

. (31)
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In particular, for ξ = η = 0,λ = 1,λ1 = λ2 = 1
2 , setting

�

θ 1 (m) :=
1
π2

∫ ln 2
ln m

0

ln u
u – 1

u– 1
2 du = O

(
1

ln1/4 m

)

∈ (0, 1),

we have the following simple reverse Mulholland-type inequality:

∞∑

n=2

∞∑

m=2

ln(ln m/ ln n)
ln(m/n)

ambn

> π2

[ ∞∑

m=2

(
1–

�

θ 1 (m)
) ln

p
2 –1 m

m1–p ap
m

] 1
p
( ∞∑

n=2

ln
q
2 –1 n

n1–q bq
n

) 1
q

. (32)

4 Conclusions
In this paper, we obtain a new reverse Mulholland’s inequality in the whole plane with
a best possible constant factor in Theorems 1–2. Equivalent forms and a few particular
cases are considered. The method of real analysis is very important and is the key to prove
the reverse equivalent inequalities with the best possible constant factor. The lemmas and
theorems can provide an extensive account of this type inequalities.
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