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1 Introduction
Assuming that p > 1,1 5+ =Lamb,>0,0< > Lah <o0o,and 0 < > 07 bl < 00, the
Hardy-Hilbert 1nequahty is provided as follows (see [1]):
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where ——— gm(n 7 18 the best possible constant factor. By Theorem 343 in [1] (replacing ** and

b7” by a,, and b, respectively), it yields the following Mulholland inequality with the same
best value:
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Inequalities (1) and (2) play an important role in analysis and its applications (see [1, 2]).

In 2007, Yang [3] published a Hilbert-type integral inequality in the whole plane. Various
extensions of (1)—(2) and Yang’s work have been presented since then [4—12]. Recently,
Yang and Chen [13] presented the following extension of (1) in the whole plane:
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where the constant factor 2B(A1,12) (0 < A, Ay < 1,A1 + Ay = A, &, € [0, %]) is the best
possible. In addition, Xin et al. [14] also carried out a similar result, and Zhong et al. [15]
gave the reverse Mulholland’s inequality in the whole plane.

In this paper, we present a new reverse Mulholland-type inequality in the whole plane
with a best possible constant factor, which is similar to the results of [13], via introduc-
ing multiparameters, applying weight coefficients, and using the Hermite—Hadamard in-

equality. Moreover, we consider equivalent forms and some particular cases.

2 An example and two lemmas
We further assume that A1, Ay > 0,41 + Ay =A < 1,&,17 € [0, %],a,ﬁ € [arccos %, 71, and

2m?esc?y

k,(\) = ————
y() )\zsinz(%)

(y =, B). (4)
Remark 1 Since «, 8 € [arccos %, %], &,nelo, %], it follows that

(% :I:n)(l:Fcos,B) >1 and (g :I:S)(l:{:cosa) >1.

Example1 Wesetg(u) := LTINS 0),g(1) := lim,, 1 g(u) = 1. Then we have g(1) > 0,¢' (1) <

u-1

0,¢"(u) > 0 (u > 0). By Tailor’s formula we find

(-1l<u-1<1),

CIn[1+(@m-1)] ad (- 1)k ~ 2\ (=1 (1 - 1)¥
g(u) = a1 Z(—l)

_ - 1
1 P k+1 Py k+1 k!

and then g®(1) = G (k= 0,1,2,...). Hence, g®(1) = g(1) = 1,g'(1) = —1,¢"(1) = . Tt is
h(u)

evident that g(x) > 0. We obtain g'(u) = T

h(u) :=u—1—ulnu. Since
Hw)=-Inu>0 O<u<l) Ww)=-Inu<0 (u>1),

it follows that /i, = #(1) = 0 and h(u) < 0 (u # 1). Then we have g’'(u) < 0 (u # 1). Since
g = —% <0, it follows that g’(u) < 0 (& > 0). We find

g'(u) = /)

= m’ J(w) == —(u—1)> = 2u(u — 1) + 2u*Inu,

J'(u) =—4(u—1) + 4ulnu, and
J'(u)=4Inu<0 O<u<l); J () =4lnu>0 (m>1).

It follows that J/

m

w=7'(1)=0,J(u) >0 (u #1), and J () is strictly increasing. Since /(1) =

0, we have
J(m) <0 (O<u<l); Jw) >0 (u>1),

and g”(u) >0 (u #1). Since g"(1) = % >0, we find g" () > 0 (u > 0).
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For 0 <X <1,0 <Ay < 1, setting G(u) := g(u*)u?>"! (u > 0), we have G(u) > 0,

G/(u) _ )"g/(u)\)u)\+)h2*2 + ()\’2 _ l)g(uk)uszz < O, and
G//(u) — )LZg//(uA)MZM—}Lz—S + )»(}» + )¥2 _ Z)g/(uk)uk+lz—3

20 = g ()27 4 (ha = 1)(hy - 2)g ()27 > 0.

We set F(x,y) := % (2)271(x,y > 0). Since F(x,y) = ﬁG(y), we have

X

2

] d
F(x,y) >0, —F(x,9) <0, —F(x,5) > 0.
dy ay?

Hence, for x,y > 1, we have

82

1 0 (1
—F(Inx,Iny) >0, — (—F(lnx, lny)) <0, —
y dy \y dy

1
<—F(lnx, 1ny)> > 0.
Y

Lemma 1 If f(u) > 0, (u) < 0,f"(u) >0 (u > %) and fgof(u)du < 00, then we have the
following Hermite—Hadamard inequality (see [16]):

k+1 k+%
fu)du <f(k) < X fu)du (keN\{l}),

2

and then

/ " ) du < > flk) < /3 " flw)du, (5)
2 k=2 2

For |x|,|y| > %, define

Aro(X):i=lx—&|+(x—&)cosa,

Anp) =ly—nl+ (@ —-n)cosp, and

_In(InAg o (%)/ In A, 5(9))

k(x,y) := . 6
S = 1 A ) — I Ay ) ©
We define two weight coefficients as follows:
. k(m,n) 1n™ Ag,(m
(g, m) = A( ). i LR N\{1}, 7)
=2 n'ﬂ(}’l) In Anvﬂ(l’l)
>\ k(m,n In*2 A, 4(n
@ (A1, n) = Z ( ) s () , Inl € N\{1}, 8)

iz Aga(m) I A, (m)

wherezﬁsllz...: ;:sz....'. lc;oz...(j:m’n)'
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Lemma 2 We have the inequalities

kg (A1) (1= 0(ho, m)) < w(ha,m) < kg(ry),  |m| € N\{1}, )
where

In[(2+n)(1+cos B)]

A A\ [ mdgem  Inu
00y, m) := | = sin —2* / & — Py
T A 0 u* -1

1
= O<m> (S] (0, 1). (10)

Proof For |m| € N\{1}, let

k(l)(m )= InlnAg (m) — Inln[(y — n)(cos B — 1)] <_§
T It Ag(m) = In*[(y — n)(cos B — n -’ Y 2’
KD () o= InlnAg (m) — Inln[(y - n)(cosﬁ+1)] 3
U I Ag(m) — In* [(y - n)(cos B+ 1)] 77y
Then the equality
oy - InlnAg (m) — Inln[(y + n)(1 — cos B)] 3
T W A — iy A —cos BT 72
yields
~ = kW (m, n) In*! Az, (m)
@) = ZZ (= n)(cos B — 1) In"2[(n - y)(cos f — 1)]
. i k@ (m, n) In™ Ag , (m)

£~ (n—n)(1 +cos B)In"*2[(n — n)(1 + cos B)]

_ In™t Ag o (m) ad

, Z kD (m, —n)
1-cosp 4= (n+n)In'"2[(n+n)(1 - cos B)]

s In*t Ag o (m) ad

’ k@ (m, n)
1+cosp 22: (n—n)In'72[(n— n)(1 + cos B)] v

Since 0 < A < 1,0 < Ay < 1, by Example 1 we find that, for y > %,

kD (m, (-1)')
(= (1)) I 2[(y — (~1)in)(1 + (~1)icos f)]
i kD (m, (-1)')
dy (y - (-1)in)In'~ A2[(y (=i + (- 1)’COSﬂ)]
d? kD (m, (- l)y) P
e o~ Cm I [ = (1) NETEY) >0 (i=1,2),
from which it follows that
k9 (m, (-1)'y) (i=12)

(y = (=1)ip) In**2[(y - (=1)in)(1 + (~1) cos B)]
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are strictly decreasing and convex in (%, 00). Then (5) and (11) yield that

In* Ag , (m) D (m, —y)
(A, m) < L , e Az J n d
l—cosp J3 (y+n)ln (y+n)( —cos )]
In* Ag ,, (m) @ (m,y) J
+ i
L+cosp J3 (y—-nm)n ™2 (y—n)(1+cos,3)]
Setting u = ln[(yh:?q):i_(:;;ﬁ)] (= ln[(ﬁA;;mﬁ 1) in the first (second) integral, from Remark 1
we obtain
1 1 * ]
w(hy, m) < + / nu Wl du
l1-cosB 1+cosB/Jy u*-1
2 00 1 2 2 2
csc’ p / e yR2M1 g, - _7'[. C25C —— = kg(™1),
AZsin” (%)

by simplifications. Similarly, (5) and (11) also yield that

In* ‘Aga(m) Wiom, )
@0, m) > —— cos B / (+mn'- kz (3’ +1)(1 = cos B)] ‘

ln’\lAga(m) / @ (m, )
1+cosp (y- nln1 AZ [(y = n)(1 +cos B)]

1 Inu
> — Wl gy
1-cos ;3 1+ cos,B In[( 2+Z)(1+(co)sﬂ 1 u*—1
In
&

In[(2+1)(1+cos B)]

nAg o () Inu
:kﬁ(kl)—2csc2,3/ B —

- Wy
0 ut -1

=kg(M1)(1=60(r2,m)) >0

where (A, m)(< 1) is defined in (10). Since

Inu
ur —1

Inu

- u)»z/Z
ut—1

1
w?? 0 (u—)O*); _>X (u—1),

there exists a positive constant C such that %u“/z < C (0<u<1). Then for Ag ,(m) >

(2 +n)(1 + cos B), we have

In[(2+n)(1+cos B)]

)\. InAg o, (m) A
0<9(A2,m)<C[—51n<nA1>] / & u?dy
0

2C|:A ) (71)\1)]2{ In[(2 + n)(1 + cos B)] }%

= —| —sin| — . (12)
YRR A InAg o (m)

Hence, (9) and (10) are valid. a

Similarly, we have the following:

Lemma 3 For0< A <1,0< X <1, we have the inequalities

ka(M1)(1=0(h1, 1)) < @ (A1, 1) <ko(h1), || € N\{1}, (13)
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where

In[2+£)(1+cosa)]

~ A A 2 InA, 5(n) 1
(0, m) = [— sin(%)} / e A“—”luhfl du
T 0 u* —

1
Lemma4 If(s,y) = (&, ) (or (n,B)), p >0, then we have
In"P A (K
H,(s,y):= Z HAi(gk;)/() = l(2<:sc2 y +o(1)) (p—0%). (15)
k=2 v
Proof By (5) we obtain
I Pk = g)(cosy —1)] o~ InT (k= g)(cos y +1)]
B = L ey -1 T G-leosy + D
> (In Pk + ¢)A —cosy)] In"1P(k - ¢)(cosy +1)]
23{ (k—c)l-cosy) = (k—g)cosy +1) }
</*Fn%@+du—amw1+ 1%@—9@my+nq
3 (y-¢)1 -cosy) (—¢)cosy +1)
1[I + )1 -cosy)] ln_"[(% =)L +cosy)]
_;{ 1-cosy 1+cosy }
—l( 1 +o (1)):1(20502 +01(1)) (p—0)
P —cosy 1 +cosy ! P yro

and
In"1?[(k = ¢)(cos y + 1)] }

= Ik + ¢)(1 =cosy)]
(k—¢)(cosy +1)

Holeoy) = Z{ (k— o)1 —cosy)

N /w{ In""*[(y + 5)(1 - cos y)] . In""*[(y - 5)(cos y +1)] }
2 —-¢)(cosy +1)

(—¢)1~cosy)
1 {In""[2+5)(1~cosy)] In"’[(2-¢)(1+cosy)]
- ;{ " 1+cosy }

1-cosy

o —cosy l+cosy

Therefore, (15) is valid.

3 Main results and a few particular cases
Theorem 1 Suppose that 0 < p < 1,% + é =1,

272 csc?/p 2/q

k(r) = /(;/p()tl)ké/q()x1): - [j»sc- (f)\fj]cz -
s ——
)

1(1 Lo, 1 +02<1>)=%(2csc2y+02<1>) (o —0").

(16)
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If ay, b, > 0 (|m|, |n| € N\{1}), satisfy

C | pP0-r0-1 4,
0< Z — e (m)

[m|=2

ad lnq(l‘“)‘lA,,,,g (n) q

P < 00, 0< TR <00,

Aea(m)i? 7

|n]=2

then for

In[(2+n)(1+cos B)]

A M\ [ Pheatm 1
O(hy,m) = [— sin(u>i| / & N pe-igy,
4 A 0 2

ut -1
= O( ! ) €(0,1)
N ln’xz/2A5,a(m) o

we obtain the following equivalent reverse Mulholland-type inequalities:

I Z Z lln 111;14501 m)/llnz:,,ﬁ(n))ﬂm
2 e I Ag o (1) — In (n)
272 csc?P B esc? o

[ sin(724)]2

o0 InPA-*D-1 Ag,a(Wl) %7
X |: Z (1 - 9()\.2, m))Wafn}

m|=2

1

S lnq(lsz)flA"ﬂ(n) q
: b, 17
g [Zz (A )1~ } )

1
P2 A () | o In(InAg o (m)/ In A, (1)) P1p
h _{lez Ay () %2 10" Ag (1) — I A, 5 (1) "

22 esc?? Besc¥la |: > In?0-*0-1 A, (m)

[ Sin(”T)‘l)]Z Z (1 _9()‘2”’”)) Wﬂ(—m))l'pafn} ) (18)

|m|=2

[ In?171 A, (m) o In(InAg o (m)/In A, 5(n)) gk
b [Z (1 = 0(ho, m))1 1 Ag o (m) (Z In* Ag o (m) — In* A, 4 (n) o

|m|=2 [n|=2

1
272 cse?? Bescla | o In?4D-1 4, o (n q
p n,ﬁ( )bZ 19)

|n|=2

[Asin(Z2L)]2 (Ayp(n))'=1

Particularly, (i) fora = g = 3,&,n1 € [0, %], setting

A wa\T> [Wnd Inu
91 ()\21 Wl) = — Sin —1 / u)»z—l du
T A 0 uk -1
= O( ! ) €(0,1)
= ln}bz/Q |m _ $| ’ ’



Liao and Yang Journal of Inequalities and Applications (2018) 2018:79

Page 8 of 15
we have the following equivalent reverse Mulholland-type inequalities:
Zi In(jm —§|/|n - nl)
mtn
ooy e I’ m = £~ In* [n— ]
2m?
> S (TALY]2
[Asin(51)]
1
N o 1
InP-*1) 1|Wl—§| r
X |:Z(1_01()"2’m))Wa€n
|m|=2
(1-h)-1 i
3 Ity |1
X — 1, (20)
{;ﬂ ln—n|t-
[} _ [} p i
Zlnpkzlln—nl Z In(|m —&|/|n—n|) 4 g
% Imenl \f I m =g = I’ n — ]
1
272 > P20 — | Z
> ———— 1-6,(hp,m))——————a), | , (21)
[ sin(T1))2 |:m2=:2( 132 m) |m — &1 "
=) _ 00 q 1
Z ™11 | — | Z In(jm - &|/1n = nl)am b !
42y (=010, m))a=tm — €] \ £ In* I — £ | = I [n—n] "
1
S | 3y T (22)
Desin(ZO) | & fn—nlt

(ii) For € =n =0,«, B € [arccos %, 51, setting

A 7\ 1 1132(\1+Cosw) Inu
0y (A, m) = | = sin[ ==L / p——ye )
T )\ 0 I/l)‘ -1
O( 1 ) (0,1)
= - ., < e ’ )
ln)‘z/zAs,a(m)

we have the following equivalent reverse Mulholland-type inequalities:

In[In(|m| + mcosa)/In(|n| + ncos B)]
>y

2 =2 In*(|m| + mcosa) — In*(|n| + ncosﬁ)

22 csc?? Besc o

[Asin(%21)]2

1

> 1?2011 | + mcosa) ’
x [Z (1 - 62(hs, m)) a,
I

1-p
) (Im| + mcosa)

1
> In?1-*2)-1 (| +ncos B) 9
bl , 23
g [;z (In| + mcos p)t-a " (23)
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|n| + ncos B e In*(|m| + mcosa) — In*(|n| + ncos B)

{ 2 27| + ncospf) |:i In[In(|m| + mcosa)/ In(|n| + ncos B)] :|p}’l’
In]=2

1
. 1
212 csc?? Besc¥ o |:

(1-21)-1 r
[A sin(Z21)]2 2(1—92@2’”1))1# (WHMCOS“)“’;J S
s

1-p
) (|m] + mcosa)

(1 = 0y(Ay, m))T1(|m| + mcosa)

|:§: In?17Y(|m| + mcosa)
m|=2

" (i In[In(|m| + mcosa)/In(|n| + ncosﬂ)]b )qi|}1

o2 In*(|m| + mcosa) — In*(|n| + ncos B) !

1
22 cse?? Bescla | o In?142)71(|p| +ncosp) |
: (25)

|n|=2

[Asin(%21)]2 (In] +ncos p)1-

Proof Applying the reverse Holder inequality with weight (see [17]) and (8), we find

o0 14
< Z k(m, n)am>

|m|=2

| St Tt [t
(A

|m|=2 ln r A,, 5(”) S,o{(m))% lnTl Aé,a (m)

[e¢]

} (Aealm) 102" Acum)
_|m2|;2k(m & In'™*2 A, 5(n) “n

(-29)q p-1
|:Z k(m, n) P A ]

=2 Ag (m)lnl AlAg (Wl)

_ (@, n)P1A, 5(n)

oo m@mmuni Acalm) ,
n?*2 LA, 4(n) 2 Komm)

|m|=2 m ﬂ(}’l) In!2 A, (n)

Then since 0 < p < 1, by (13) this yields

[ (&Awwm%%AMW) ’
kM, k(m
]>%(1{%%%%( o I A () m}
(& & (Aean)f 0" A ) 77
:kllq 3 k : g\ In 4 galm P
o ﬂ-\;ﬂ% o A2 A 500
[ > w114, (m) ’
= ki/q()xl) _‘;2 a)()ng, M)Wﬂfn] . (26)

Combining (9) and (16), we obtain (18).
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Using the reverse Holders inequality again, we obtain

o0 )7 24, 4(n)
I= k(m, n)am:||:7”’ﬂ1 bn]
Z[ln” Z (Ayp(m)?

=2 Ay p(1) =2

1
°° ]nq(l—kz)—lAnﬂ(n) q
——p1| . 27
_]1 |:|n A (Ar],ﬂ(n))liq n ( )

Then by (18) we obtain (17).
On the other-hand, assuming that (17) is valid, letting

n =

In”*27L A, 4(n) v
nﬂ(:j (Zk(mn ) . |n] e N\{1},

[m|=2

we find

1
| In?1-22)-1 4 (1) Z
Ji = —— M pt |
1 lez (A5 ()14

By (26) it follows that J; > 0. If J; = 0o, then (19) is trivially valid; if J; < 0o, then by (17)

we have
) lnq(l—kz)—lAn‘ﬁ(n)bq
— n
=2 (A p(m))t-a
= =1
(1-A)-1 5 (1-2g)-1 @
ad I o o I K IR R SV A
k(n 1-0(Ao,m))———=——a, Ao |
> k( I)LMZ_2( ) B P T

> lnq(l’“)’lA,]ﬂ(n) 1% > P-4 IAer(m) P
= ——b! k(A 1-00g,m))———— % gp |
g Lnl y  Anp() } o 1)[2( o) =G yir

=2

Thus (18) is valid, which is equivalent to (17).
We further prove that (19) is equivalent to (17). Using the reverse Holders inequality, we

have

L Int ™M Ay o (m)
I= [(1 —e(xz,m))piélam}
Z (As,ot(Wl))7

;1+A1 o]
o |: nd Alg,a(WI) : Zk(m’ n)b,,:|
(1= 6(hg,m))? (Ag o (m)) 7 |22

nd lnp(l"\l)‘lA «(m) b
z |:|§2(1 —0(ha, M))W i| I (28)

and then (19) is valid by (17).
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On the other-hand, assuming that (17) is valid, we set

™17 A, , (m) <§: In(InAg o (m)/In A, (1))

gq-1
L0 ) A ) b) o e

2 In* Ag o (m) — In* A, 5 (n) !

and find

B nd lnp(l‘“)‘lAg,(, (m) i
]2 = |:Z (1 - 9()\2, m))Wafn} .

|m|=2

If J, = 0, then (19) is impossible, so that J; > 0. If J; = oo, then (19) is trivially valid; if
J2 < 00, then by (17) we have

nd In?(-2)-1 Ag o(m)

2 (1000 m) =,

Q=

’

ad InP-*1-1 Ag o (m) e lnq(l’h)’lAn,ﬁ(n)

|m|=2 |n|=2

2 (1002 m) =i,

m|=2

1
|: 00 lnP(l—Al)flAE'a(m) p:|ll
|

=)

e lnq(l‘AZ)_lA,, (n) i
>k(h)[z For o Z}

[n|=2

Thus (19) is valid, which is equivalent to (17).
Hence, inequalities (17), (18), and (19) are equivalent. O

Theorem 2 Under the assumptions in Theorem 1,

272 csc?? B esc o
k(r1) = —
[Asin(52)]?

is the best possible constant factor in (17), (18), and (19).

Proof For 0 <& <min{piy, p(1 - Ay)}, we set A = A, — f;(e (0,1)), Ay = Ay + ;—;(e (0,1)), and

175! Ago(m) In*1-! Ag o (m)

Aeum)  Apa(m) (Im| e N\{1}),

ln“_%‘lAn,ﬁ(n) _ lniz’s’lAn,ﬁ(n)

Ayp(n) A (meN)
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By (15) and (13) we find

. o InP(1-21)-1 Aé’a(m) _ 117 > lnq(lflz)*lAnﬁ(n) - é
I := 1-0(g,m)) ————— 2 — D]
’ [Z( G =G ] |25 Gy

|m|=2

0 Ag o (m m) - O(ln_l_(%ﬂ)Aé,a(Wl)) e """ 4, 4(n) ‘
[ Ag o (m) Z Ag o (m) Z A, p(n)
1
A

|m|=2 |m|=2 |n]=2

(2csc’a +0(1) - gO(l))}’ (2csc? B + 6(1))é (e > 0%),

Z Z (1, 1) = Z Zk(m’ ljél(i;l)(M) 271 4,01

=2 =2 Ayalo)

o]

- In'YFA, 4n) + = I A, ()
- o (% ,n)—%ﬁ <ky(hy) 2 gV
HZZ P A () V2 Ay ()

|n|=2

= k)20 + o)

If there exists a positive number k > k(1) such that (17) is still valid when replacing

k(X1) by k, then, in particular, we have

[o¢] o0
el=¢ Z Z k(m, n)z?zml;,, > ekly.

|m|=2 |n|=2

We obtain from the previous results that

kg (Al + 2) (2csc2a + 0(1))

>k(2csc®a +o(1) - sO(l))ll’ (2csc® B + 5(1))%,

and then

472 ) ) ) ) )

WCSC Besc®a > 2keser acscd B (e > 0F),
Sin~(——
A

7'[

2
2 csc? B cscq a > k. Hence, k = k(1) is the best possible constant
=

namely, k(A1) =

factor of (17).
The constant factor k(1;) in (18) and (19) is still the best possible. Otherwise, we would

reach a contradiction by (27) and (28) that the constant factor in (17) is not the best pos-

sible. O

Remark 2 (i) For & =7 =0 in (20), setting

In2
~ A (][R Inu 3ol 1
O1(Ag, m) = | — —_— ——u"? du =0\ —7— 0,1),
1(Ro, m) [ﬂmn( ; )]/0 A T €(0,1)
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we have the following new inequality:

In(In |m|/In|n|)

ZZ In* [m| — In* |n|“ mbn

|n|=2 |m|=2
27?2
>
[Asin(F1)]2
1 1
00 ey I s o 1
- In?3=0=1 Z Ing1=22)-1 || q
x [2(1_el(x2,m))7lmllp a, | | — o (29)
|m]=2 |n]=2

It follows that (20) is an extension of (29). In particular, for A = 1,11 = A5 = %, setting

In2
- 1 Wil Inu -1 1
0 = — 2du=0{——)€(0,1),
1(m) 712_/0 ¥ du <ln1/4|m|) 0,1)

we have the following simple reverse Mulholland-type inequality in the whole plane:

1n(1n ||/ 1n |n])

ZZ I

|n|=2 |m|=2
> In%-! |m| e In?-! |n| 7
2 ~
|m|=2 |n|=2

(i) If a_yp = @y by = b, (m,n € N\{1}), for m € N\{1}, setting

In(2+n)
~ A M\ s 1 1
01 (haym) i= | = sin( 22 / 2oy = O ———— ) € (0,1),
7T A 0 u -1 In*2"%(m - &)

In(2+1n)
Inu

— AL (T 2 [ Gme) 3oel 1
Ag,m) = | — —_ ———u? du=0 0,1),
01 (A, m) |:7r s1n( - )] /0 1" u T €(0,1)

(20) reduces to

In[In(m - &)/ In(n—n)] In{ln(m —&)/In(n + n)]
ZZ{ln (m-¢&)- (n—n)+ln’\(m—§)—ln’\(n+n)

n=2 m=2
In[ln(m + &)/ In(n—n)] In[n(m + &)/ In(n + n)] }
+ + a bn
In*(m+&) —In*(n-n) In*(m+&) —In*(n+n)

lnp(l—h)—l(m —£)

272 nd ~
D T

7 [hsin(T)]

- (-1 ’
+ (1— 91 ()»2, m))n(Tg(;n;—g)]ﬂnt

> 1nq(17?»2)71(n -n) 1nq(lf/\z)fl(n +n) %
g {Z[ i—m | (e }bz ' D

n=2
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, setting

In particular, for§ =n=0,A=1,A; =Xy = %

In2
~ 1 Inm Inuy 1 1
= — 2du=0 ————1]€(0,1),
81 (m) /0 -t d (mwm) 0,1)

we have the following simple reverse Mulholland-type inequality:

In(lnm/Inn)
Sy i), ),
n=2 m=2 m/n
1
i ~ lng_lm o % e
> 72 2(1_91(@)%% X; el I (32)

4 Conclusions

In this paper, we obtain a new reverse Mulholland’s inequality in the whole plane with
a best possible constant factor in Theorems 1-2. Equivalent forms and a few particular
cases are considered. The method of real analysis is very important and is the key to prove
the reverse equivalent inequalities with the best possible constant factor. The lemmas and
theorems can provide an extensive account of this type inequalities.

Acknowledgements
This work is supported by the National Natural Science Foundation (Nos. 61370186, 61640222, and 11401113) and
Science and Technology Planning Project Item of Guangzhou City (No. 201707010229).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

BY carried out the mathematical studies, participated in the sequence alignment, and drafted the manuscript. JL
participated in the design of the study and performed the numerical analysis. Both authors read and approved the final
manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 10 January 2018 Accepted: 2 April 2018 Published online: 10 April 2018

References
1. Hardy, G.H, Littlewood, J.E, Polya, G.: Inequalities. Cambridge University Press, Cambridge (1934)
2. Mitrinovi¢, D.S,, Pecari¢, J.E, Fink, AM.: Inequalities Involving Functions and Their Integrals and Derivatives. Kluwer
Academic Publishers, Boston (1991)
3. Yang, B. A new Hilbert’s type integral inequality. Soochow J. Math. 33(4), 849-859 (2007)
4. Hong, Y. All-sided generalization about Hardy-Hilbert integral inequalities. Acta Math. Sin. 44(4), 619-626 (2001)
5. Krni¢, M., Pecari¢, J.E.: General Hilbert’s and Hardy’s inequalities. Math. Inequal. Appl. 8(1), 29-51 (2005)
6. Peri¢, |, Vukovi¢, P: Multiple Hilbert's type inequalities with a homogeneous kernel. Banach J. Math. Anal. 5(2), 33-43
(2011)
7. He, B: Amultiple Hilbert-type discrete inequality with a new kernel and best possible constant factor. J. Math. Anal.
Appl. 431,902-990 (2015)
8. Adiyasuren, V., Tserendorj, B, Krni¢, M.: Multiple Hilbert-type inequalities involving some differential operators.
Banach J. Math. Anal. 10(2), 320-337 (2016)
9. Li, Y, He, B: On inequalities of Hilbert's type. Bull. Aust. Math. Soc. 76(1), 1-13 (2007)
10. Krni¢, M., Vukovi¢, P: On a multidimensional version of the Hilbert type inequality. Anal. Math. 38(4), 291-303 (2012)
11. Huang, Q, Yang, B.: A more accurate half-discrete Hilbert inequality with a nonhomogeneous kernel. J. Funct. Spaces
Appl. 2013, Article ID 628250 (2013)
12. He, B, Wang, Q. A multiple Hilbert-type discrete inequality with a new kernel and best possible constant factor. J.
Math. Anal. Appl. 431(2), 889-902 (2015)
13. Yang, B, Chen, Q. A new extension of Hardy—Hilbert’s inequality in the whole plane. J. Funct. Spaces 2016, Article ID
9197476 (2016)
14. Xin, D, Yang, B, Chen, Q: A discrete Hilbert-type inequality in the whole plane. J. Inequal. Appl. 2016, 133 (2016)



Liao and Yang Journal of Inequalities and Applications (2018) 2018:79 Page 15 of 15

15. Zhong, Y, Yang, B, Chen, Q.: A more accurate Mulholland-type inequality in the whole plane. J. Inequal. Appl.,, 2017
315(2017)

16. Yang, B.: A more accurate multidimensional Hardy-Hilbert's inequality. J. Appl. Anal. Comput. 8(2), 559-573 (2018)

17. Kuang, J. Applied Inequalities. Shangdong Science Technic Press, Jinan (2010) (in Chinese)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A reverse Mulholland-type inequality in the whole plane
	Abstract
	MSC
	Keywords

	Introduction
	An example and two lemmas
	Main results and a few particular cases
	Conclusions
	Acknowledgements
	Competing interests
	Authors' contributions
	Publisher's Note
	References


