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1 Introduction

As is well known, the Rayleigh equation can be derived from many fields, such as physics,
mechanics and engineering technique fields, and an important question is whether this
equation can support periodic solutions. In 1977, Gaines and Mawhin [1] introduced some
continuation theorems and applied this theorem to discussing the existence of solutions
for the Rayleigh equation [1, p. 99]

u' +f (') +g(t,u) =0.

Gaines and Mawhin’s work has attracted the attention of many scholars in the field of the
Rayleigh equations. More recently, the existence of periodic solutions for Rayleigh equa-
tion was extensively studied (see [2—11] and the references therein). Some classical tools
have been used to study Rayleigh equation in the literature, including the method of upper
and lower solutions [6], the time map continuation theorem [7, 9], fixed point theory [4],
the Mandsevich—Mawhin continuation theorem [10, 11], and coincidence degree theory
[2,3,5,8].

Recently there have been published some results on singular Rayleigh equations [12—
16]. In 2015, Wang and Ma [15] investigated the following singular Rayleigh equation:

u" +f(t,u) +g(u) = p(t),
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where g had a repulsive singularity at the origin, i.e.,

lir51+g(u) = —00. (1.1)
By applications of the limit properties of the time map, the authors obtained the result
of the existence of periodic solution for this equation. Afterwards, by using topological
degree theory, Chen and Lu [12] discussed that the existence of periodic solution for the
following singular Rayleigh equations:

u" +f(tu) + @(O)ult) -

1
= h(t). 1.2
i =0 (1.2)
The authors found new methods for estimating a lower priori bounds of periodic solutions
to equation (1.2). Recently, Xin and Cheng [16] investigated a kind of neutral Rayleigh
equation with singularity of repulsive type,

(u(t) — cu(t - 8))// +f (6, () + g (& u(®)) = e(t), (1.3)

where g(¢, u) = g1(¢, u) + go(u) and g had a strong singularity at # = 0, i.e.,

linOl/ go(s) ds = +oo. (1.4)
u—0* 1

By applications of coincidence degree theory, the authors found the existence of positive
periodic solution for equation (1.3).

All the aforementioned results are related to Rayleigh equation or neutral Rayleigh equa-
tion with singularity of repulsive type. Naturally, a new question arises: how p-Laplacian
neutral Rayleigh equation works on singularity of attractive type? Besides practical inter-
ests, the topic has obvious intrinsic theoretical significance. To answer this question, in
this paper, we consider a kind of p-Laplacian neutral Rayleigh equation with singularity of
attractive type,

(0 (u(®) — cut = 8))) +f (£, (1)) + g(t, u(®)) = e(®), (1.5)

where p > 1, ¢, (1) = |ue|P~2u for u # 0 and ¢p(0) = 0; |c| #1 and § is a constant with 0 <
8 < w; e: R — R is continuous periodic functions with e(t + ) — e(t) = 0 and fOT e(t)dt =
0; f is for continuous functions defined on R? and periodic in t with f(t,-) = f(t + ®, ")
and f(¢,0) = 0, g(t, u) = go(u) + g1 (¢, u), here g, : R x (0,+00) — R is an L2-Carathéodory
function, g1 (¢,-) = g1(t + w,-); go € C((0,00); R) has an attractive singularity at the origin,

ie.,
liIIOl/ go(s) ds = —oo. (1.6)
u—0* 1

Obviously, the attractive condition (1.6) is in contradiction with the repulsive singularity
of (1.1) and (1.4). Therefore, the above methods of [12, 15, 16] are no long applicable to
the proof of existence of a periodic solution for (1.5) with singularity of attractive type. So
we need to find a new method to get over it.
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In this paper, by applications of an extension of Mawhin’s continuation theorem in [17]
and some analysis techniques, we see the existence of a positive periodic solution for (1.5).
Our results improve and extend the results in [12, 15, 16].

2 Preliminary lemmas
For convenience, define

Ch={ueC'®RR): u(t+w)=ult)},

which is a Banach space endowed with the norm || - || define by ||| = max{||u||co, | % [lco}

for all x, and

llulloo = max ||l = tg}gz]|u’(t)|.

Lemma 2.1 (see [18]) If|c| # 1, then the operator (Au)(t) := u(t)— cu(t —8) has a continuous
inverse A on the space C,, and satisfying

(A‘lf)(t) ) f(t) + fol df(t -js), for|c| < 1,¥f € C,,
D 5 L+ (+1)8), forlel > LYf €C,.

Lemma 2.2 If |c| # 1, then operator A™* satisfying

/|A )@ dt |||P/ [f(®| dt, VfeCyherel<p<oo.

Proof We first consider |c| < 1. From Lemma 2.1, we have

/ (A 1f(t|"dt—/

)4

}: df(t-jo)

0 p
(Zc’ft -j8) ) dt

0

4
I—MV/V~’m

Similarly, for |c| > 1, we can get

¢ -1 p 1 ¢ r
/0 |(A7) ()] dt§7(|c|—1)p,/o IF@) dt.

Therefore, we have

T 1 T
AN @ de < —/ @ dt.
[ anora s — [ o) e
Lemma 2.3 (see [19]) Ifu € CL(R,R), and there exists a point t* € [0, w] such that |u(t*)| <
d, then

HM@§d+l/|mm7t
2 Jo
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and

@ » [l’ w @ , 2 1% 1%
(/0 |u(t)| dt) 5(71—17)(/0 AG] dt) +dw?,

Ip ds _ 2m(p-))P
(171%)1/17 psin(z/p) *

where 1 < p < 00, 7y = Zfo(p_l)
The following lemma involves the consequences of Theorem 3.1 of [17].

Lemma 2.4 Assume that condition |c| # 1, Q is an open bounded set in C.. If:
(i) for each ) € (0,1) the equation

(6p(Aw) () + Af (8,4 (2)) + Ag(t, u(t)) = re(t) (2.1)

has no solution on 02;
(i) the equation

F(a) := é/wg(t,a)dt:O
0

has no solution on 0Q2 NR;

(ili) the Brouwer degree
deg{F,QNR,0} #0,
then Eq. (2.1) has at least one periodic solution on Q.

3 Main results: positive periodic solution for (1.5)
In this section, we will consider the existence of a positive periodic solution for (1.5) with

singularity.

Theorem 3.1 Assume that the following conditions hold:
(H1) there exists a positive constant K such that |f(t,v)| < K, for (t,v) e R x R;
(Hy) there exist positive constants Dy and D, with Dy > Dy > 0 such that g(t,u) < —K for
(t,u) € R x (Dq, +00) and g(t,u) > K for (t,u) € R x (0,D,);

(H3) there exist positive constants a, b such that
-g(t,u) < an’ 1 + b, forallu>0.

11
Bap p-1
Then (1.5) has at least one positive solution with period w if% <27

Proof Firstly, we will claim that the set of all possible w-periodic solutions of (2.1) is
bounded. Let u(t) € C} be an arbitrary solution of (2.1) with period w.
We claim that there exists a point ¢, € [0, ®] such that

0 < u(ty) < Ds. (3.1)
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Integrating both sides of (2.1) over [0, w], we have

/Ow[f(t, u'(t)) +g(t, u(t))]dt = 0. (3.2)
Therefore, from (H;), we have

Ko < /0 Y g(tu(r)) dt < Ko.
From (H,), we know that there exist two points ¢, t € (0, T'), such that

u(ty) <D;, and u(t)> D,. (3.3)

Since u(t) > 0, t € [0, ], we get 0 < u(ty) < D;. Equation (3.1) is proved.
Then, from Lemma 2.3, we have

lulloo < Dy + —/ |i(s)| ds. (3.4)

Multiplying both sides of (2.1) by (Au)(¢) and integrating over [0, ], we get

w

/ w(qbp(Au)’(t))/(Au)(t) dt + A f
0

0

S (&' () (Au) () dt + 1 /0 Y g(t,u(t))(Au)(t) dt
= v A dt,
}L/O‘ e(t)(Au)(t) dt
ie.
/w|(Au)’(t)|p dt = A/wf(t, u/(t))(Au)(t)dt+A/wg(t, u(t))(Au)(t) dt
0 0 0
—A/w e(t)(Au)(t) dt. (3.5)
0
From (H;), we have
/0w|(Au)/(t) " dt
1 v U d ’ , d ’ d
<( +|c|)/ I (6 )| u0)| t+f0 lo(6,u()||u(0)| t+/0 lo(6)||u(0)] e
1+|c| ||u||oo<f [f(t,u(t))’dt+/0 |g(t,u(t))|dt+f0 |e(t)’dt)
<(1+]c| ||u||oo<Kw+||e||oow+/(; |g(t,u(t))|dt). (3.6)

We get from (H;), (Hs) and (3.2)

/ lg(t, u(®))| dt = /mu g (tu®)d _/g(tu(t>)<og_(t’u(t)) dt
2/g ))dt+/0 f(&u(0)de
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< Za/ |u(t)|p_1dt+2bw+1(w
0

< 2ao|ul|%" + 2bw + Ko, (3.7)

where g~ := min{g(t, u), 0}. Substituting (3.4) and (3.7) into (3.6), we have

/ |(Aw) @) dt < (1 + lcl) lulloo (2a | ullZS" + 2bw + 2K + |le]|sow)
0

= 2(1 + lel)awllullB, + (1 + cl) N llulloo

<2(1+ |c|)aw<D1 + —/ | (2)| dt)
+(1+[cl)Ny (Dl + 5/0 i (2)| dt)

(L4 [chaw 2D, roore £
T (1 @ |dt> (fo |”(t)|dt>

+ %(1 + |c|)N1/ |u’(t)‘ dt + (1 + |c[)N1 Dy,
0

where N; := 2bw + 2K + ||e||scw. For a given constant ¢ > 0, which is only dependent on
k >0, we have

Q+u)f<1+0+ku, foruelo,Z].
Therefore, we have

@ Lp 1+ |c)aw 2D1p @ p
/0|(Au)(t)] dt < o= (1+f0”’|u’(t)|dt></o |u(t)|dt)

+ %(1 + |c|)N1/ ‘u'(t)‘ dt+ (1 +|c|)N1Dy
0

® -1
_ e |c|)aa) (/ ’ t)’ dt)p . 1+ l;l?ilep (/O ’u/(t)’ dt)p

- %(u |c|)N1/ |/ ()| dt + (1 + |c|)N1Dy. (3.8)
0

By application of Lemma 2.1, we have

/w|u’(t)| dt = /w|(A‘1Au’)(t)| dt
0

fo [(Au)'(2)| dt
- 1=l

w1 ([ 1(Au) ()P di)?
= 1= el

) (3.9)

since (Au/')(t) = (Au)'(t) and 1—1] + é = 1. Apply the inequality

(a+b)k§ak+bk, fora,b>0,0<k<1.
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Substituting (3.8) into (3.9), we have

1

a +|c|)aw 1 +lcDaw.
f (0| de < w1 (WD) 5 1210 (6)] i + ot (LHDSLRYS (1 11 ()] ) T
[1—|cl|

. w1 (L1 + DN [ 1B de)? + w1 (1 + |c)NyDy)?

|1 lel|
bt e
Since % <27 ,itis easy to see that there exists a positive constant M such that
w
/ |/ (t)| de < M. (3.10)
0

From (3.4) and (3.10), we have
1 ¢ / 1 !
ltlloc < D1+ 2 |u(t)|dt§D1+§M = M,. (3.11)
0

As (Au)(0) = (Au)(w), there exists ¢; € [0,w] such that (Au)'(t;) = 0, while ¢,(0) = 0, we
have

| (4w @)] =

[ @) as

5]

< A/O V(t,u(t))|dt+k/0 ]g(t,u(t))|dt+k/0 le(t)| dt, (3.12)

where ¢ € [£1, £ + w]. In view of (FH;), (3.7) and (3.12), we have

[#pan)], = max {|o,((Aw) )]}

| @y e

5)»(/0 V(t,u(t)|dt+/0 |g(t,u(t))\dt+/0 \e(t)|dt)

< MKo +2awl|ull%" +2bo + Ko + |le]low)

< A(2a0M? ™! + 2K o + 2bw + ||e]| o) := AM,. (3.13)
We claim that there exists a positive constant M, > M} + 1 such that, for all £ € R,
[#] . = M. (3.14)

In fact, if &’ is not bounded, there exists a positive constant M7 such that |||« > M} for

some u#’ € R. Therefore, we have

[ pu) |, = lop(an)] = 42}
= (L) | = (L ety My = M

Then it is a contradiction. So (3.14) holds.
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On the other hand, it follows by (2.1) that
(qﬁp(Au)’(t))/ + M (6,4 (1)) + Mo (u(2)) + &1 (£, u(¥))) = Ae(?). (3.15)
Multiplying both sides of (3.15) by #/(¢) we get

(p(A) () /() + Af (£, 4/ (£) )t/ (2) + A (g0 (D)) + g1 (&, u(D)) )t (£)
= Le(t)u'(t). (3.16)

Let 7 € [0,w] be as in (3.3), for any 7 < ¢ < w, we integrate (3.16) on [z, ¢] and get

u(t) .
A/um go(V)dv =2 /T 2o(u(s))u'(s)ds

-~ [ @) w6ds 2 [ fue)ods

—A /tgl (s, u(s))ud (s) ds + A /te(s)u/(s) ds. (3.17)

T

By (3.7), (3.11) and (3.14), we have

[ @ane)ua

T /
< / (6 (Aw) ©)) | (9) ds
0

5)»”1/”00(/: (6, (0) dt+fow]g(t,u(t))|dt+/0w|e(t)|dt)

< MMy (Ko + 2a0|ullZS" +2bo + Ko + ||e]| )

< AM3(2Kw + 2awM; " + 2bw + ||e] o).

Moreover, from (H7) and (3.14)

t T
/ f(s, u’(s)) u'(s)ds| < / [f(s, u’(s)) ‘ |u’(s)‘ ds < KMo,
T 0

t T
/ gi(s, u(s))u'(s)ds| < /0 g1 (s, () ||/ ()| ds < M |gas, |V,

where gy, = maxo<y<u, |1t u)| € L*(0, w).

/t e(s)u/'(s)ds

T

< / 10(5)| [ (5)| s < lell oMo
0

With these inequalities we can derive from (3.17) that

u(t)
/ ) go(v)dv

(r

< M,(3Kw + 2a0M? ™ + 2bw + 2| el| 0w + |gut, Vo).
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In view of (1.6), we know there exists M3 > 0 such that
u(t) > Ms, Vte[r,w]. (3.18)

The case ¢ € [0, 7] can be treated similarly.
Having in mind (3.11), (3.14) and (3.18), we define

Q= {u €X:Ey <u(t) <Eyand |u’(t)| <E3Vte ]R},
where 0 < E; < min{D,, M3}, E; > max{Mi, D} and E; > M,. We know that (2.1) has no

solution on 92 as A € (0,1) and when u(f) € 0Q2 N R, u(t) = E; or u(t) = E1, from (3.4), we
know that E, + 1 > Dy; therefore, from (H,) we see that

1 w
—/ g(t,Ez)dt<0
w Jo

and
1 w
—/ g(t,E)dt > 0.
w Jo

So condition (ii) is also satisfied. Set

1 w
H(u, 1) = pu + (1 —,u)af g(t,u)dt,
0
where x € IQ N R, 1 € [0,1], we have
uH @, 1) = pu® + (1 — ,ud)z / gt,u)dt #0,
w Jo
and thus H(u, n) is a homotopic transformation and
1 w
deg{F,QNR,0} = deg{— / gt,u)dt, QN R,O}
w Jo
=deg{u, 2NR,0} #0.
So condition (iii) is satisfied. In view of Lemma 2.1, there exists a solution with period w. (]
4 Example
Example4.1 Consider the following p-Laplacian neutral Rayleigh equation with singular-
ity:
tltS// 2(2t)sinu/ L (sinat + 23 !
o M()_Zu( —-9) —cos”( t)smu(t)—g(sm t+2)u (t)+u_#
=sin%(2¢t), (4.1)

where > 1and p =4, § isa constant and 0 < § < w.
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It is clear that @ = %, ¢ = §, e(t) = sin*(2t), f (¢, v) = — cos?(2¢) sinv, g(t, u) = — 525 (sin 4t +
2)ut(t) + u,%(t) Choose K=1,D1=2,Dy=1,a= n—14, it is obvious that (H;), (H,) and (H3)
hold. Next, we consider

11
(1 + [c|)Par

p-1
27 1=l
1 1
b
21(1-1)
1.057
1.783

Therefore, by Theorem 3.1, (4.1) has at least one nonconstant 7 -periodic solution.

5 Conclusions

In this article we introduce the existence of a periodic solution for a p-Laplacian neu-
tral Rayleigh equation with singularity of attractive type. Due to the attractive condition
being in contradiction with the repulsive condition, the methods of [12, 15, 16] are no
long applicable to the proof of a periodic solution for equation (1.5) with singularity of at-
tractive singularity. In this paper, we give attractive conditions (1.6) and (H3), and we see
the existence of a periodic solution for (1.5) by applications of the extension of Mawhin’s
continuation theorem [17]. Moreover, in view of the mathematical points, the results sat-
isfying the conditions of an attractive singularity are valuable to understand the periodic
solution for Rayleigh equations.
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