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1 Introduction

In the present paper, we consider the numerical solution of elliptic quasi-variational in-
equalities with nonlinear right-hand side. This kind of problem has many applications in
impulse control (see [1-4]). The existence, uniqueness, and regularity of the continuous
and the discrete solution have been studied and established in the past years (see [3-7]).
To estimate a new error of the solution, we apply the Schwarz algorithm, so we split the
domain into two overlapping sub-domains such that each sub-domain has its own gener-
ated triangulations. In this approach we transform the nonlinear problem into a sequence
of linear problems in each sub-domain.

To prove the main result of this paper, we construct two discrete auxiliary sequences
of Schwarz, and we estimate the error between continuous and discrete Schwarz iterates.
The proof is based on a discrete L*-stability property with respect to both the boundary
condition and the source term for variational inequality, while in [8] the proof is based
on a stability property with respect to the boundary condition for variational inequality.
Regarding research in this domain, for the linear case we refer the reader to [8—12], and
for the nonlinear case we refer to [13—15]. The analysis of geometrical convergence of the
Schwarz algorithm has been proven in [8, 16, 17].

This paper consists of two parts. In the first, we formulate the problem of continuous
and discrete quasi-variational inequality, we show the monotonicity and stability proper-
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ties of discrete solution, then we define the Schwarz algorithm for two sub-domains with
overlapping non-matching grids. In the second part, we establish two auxiliary Schwarz

sequences, and we prove the main result of this work.

2 Anoverlapping Schwarz method for elliptic quasi-variational inequalities
with nonlinear source terms

2.1 Formulation of the problem

Let Q be an open bounded polygon in R? with sufficiently smooth boundary 9. We define

the bilinear form, for any u,v € H(Q),

ou v ou
a(u,v):/( Z aija_xia_x,« +1;2a,a—xjv+aouv> dx, (2.1)

1<ij<2

the coefficients a;;(x), a;(x), ao(x) are supposed to be sufficiently smooth and satisfy the

following conditions:

Y a@EE = alsl’, EeRa>0xeQ (2:2)
1<ij<2
agx) > B>0, VxeQ. (2.3)

We also suppose that the bilinear form is continuous and strongly coercive
da>0:a(v,v) > 0(||V||]2_11(Q). (2.4)
Let the obstacle Mu of impulse control be defined by
Mu(x) =k +infu(x+&), x€Q,E>0,x+&¢e€Q,k>0. (2.5)
The operator M maps L*°(£2) into itself and possesses the following properties [1]:

Mu < Mu, whenever u <1, (2.6)

M(u+c) <Mu+c, withcapositive constant (2.7)
and a closed convex set

Ky(u)={ve H(Q):v=gon dQ,v < Mu in Q}, (2.8)
where g is a regular function satisfying

geW*(Q), 2<p<oo. (2.9)

Let f(-) be the right-hand side supposed nondecreasing and Lipschitz continuous of con-
stant o such that

o/B<1. (2.10)
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We consider the following elliptic quasi-variational inequality (Q.V.I):

find u € K,(u) solution of

a(u,v—u) > (f(u),v-u), VYveKgu),

(2.11)

(-,-) denotes the usual inner product in L2(Q).
Thanks to [1], the (QVI) (2.11) has a unique solution; moreover, u satisfies the regularity

property

ue W(Q), 2<p<oo.

Let " be a standard regular and quasi-uniform finite element triangulation in 2, / be-
ing the mesh size. Let V}, denote the standard piecewise linear finite element space. The
discrete counterpart of (2.11) consists of

find K" h that
nd uy, € g(uh) such tha 2.12)

alun, vi—up) = (F(un), vi — ), Vi, € K (up),
where
th(uh) = {Vh €V, CHY Q) /vy, = Tpg on 082, vy, < rMuy, in l'h}, (2.13)

ry, is the usual restriction operator in 2 and 5, is an interpolation operator on 9€2.
Let ¢;, i = 1,2,...,m(h), be basis functions of the space V},. We shall assume that the
matrix A produced by

Ay =alei ) (2.14)
is M-matrix [18].

2.2 Monotonicity and L*-stability properties
We consider the linear case, for example, f = f(w). Let (f, 2), (7 ,g) be a pair of data of linear
functions, and

& = 0n(f, 1My, mig) € K (€n)
is the solution of inequality

alEnvi—&n) = (f,vn— &)y Vv € KJ (&),
respectively

& = 0n(F, ruMEy, i) € K2 (E)
is the solution of inequality

aEnvi—E) = (Fovn—&r),  Yvp e KLE.

Then we give the monotonicity result.
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Lemma 1 Iff > f, g > g, then 9,(f, rnMén, 7ng) = 0p(F> rnMEn, 13).

Proof Let us reason by recurrence.
For 1 = 0: let £° (resp. £°) be the solution of equation

a(‘é;:ho1vh) = (f} %-]9)7 VVh € Vh;
vy =mpg, onafl.

By the maximum principle, we have
& > &),
and hence by assumption (2.6)
ruMEQ = rME,
putting
&y = ou(f, ruMEy, mig),
(resp.)
& = Bh(f, VhMg;?’”hE),
applying the monotonicity result for (V.I), we get
& =&
Now, we define the following sequences:
& = on(f, rnMEL T, 70g),
(resp.)
& = ou(f rME! L, i),

and we assume that

By (2.6), it follows that
rMES' > ryME},
therefore, applying again the monotonicity result for (V.I), we obtain

1 Tn+l
%.;H zé;;lﬁ .
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Finally, if # — oo (see [1]), we get

£ > &,

which concludes the proof. O

The proposition below establishes an L*°-stability property of the solution with respect
to the data.

Proposition 1 Under conditions of Lemma 1, we have
| 0w (f, rnMER, 71g) — On(F, VhMgh,ﬂh@HLoc(m < maX{ % If —F e, g —F e }
Proof Firstly, set
= max{ % If ~Fllz=, g =l }
we have
a(Envi— &) = (Fvn — &)
and
a(®, vy~ &) = D(ao, vi - &),
By summation, we get
a(Ey + ®, v~ &) = (f + ao®, v, — &)
and
a(E + @, (v + @) = @ + @) = (f + ao®, (v + ) — (5 + D).
If we put
E =&+ @, Vp=vy+ P,
then
aE, v —E,) = (F + a0 ®, %, - &),
therefore

£, = 8h0+ ao®, rnME;, ,(@ + D)),



Mehri and Saadi Journal of Inequalities and Applications (2018) 2018:60

where
E), < ruME), = M@y + ).
By (2.7), it follows that
& < 1uMEp,
SO
0 (f + ao®, rME ,, (@ + ) = 0 (f, rnME),, 1) + .

Secondly, we have

f<f+lIlf _}”LOO(Q)
<f+ %l[f ~Flle)

ff + ﬂod)
and

g=2+g-gllrepe
<g+o.

Using Lemma 1, we get

on(f, rnM&p, mpg) < 3h€+ ag®, 1M Ep + @), 1, + D))

= 3h(7: 1My, 143) + ®,
then
£ <&+ .
Similarly, interchanging the roles of the couples (f, g) and (7 ,g), we obtain
Ei<&+ O,
which completes the proof.
The following result is due to [6].

Theorem 1 There exists a constant ¢ independent of h such that

|0n(f, ruM&n, mng) — 3(F, ME, g) ||L°°(Q) < ch*|logh|*.

Page 6 of 13
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2.3 The continuous Schwarz algorithm
We consider the problem: find u € Ky(u) such that

a(u,v-u) > (f(w),v-u), VveKo(u), (2.15)

where Ky(u) is defined in (2.8) with g = 0.
We split 2 into two overlapping polygonal sub-domains €2; and €2, such that

QNW LY, Q= UQ,
and u satisfies the local regularity condition
ug; € W*P(Q;), 2<p<oo.

We set I'; = 9Q2; N Q;, where 092; denotes the boundary of ;. The intersection of I'; and
I"; is assumed to be empty. We will always assume to simplify that I'y, I’y are smooth.
For w € CO(T;), we define

V" = {ve H (Q)/v=00n3Q2N3Q,v=wonT;}, i=12.

(

We associate with problem (2.15) the couple (uy,u;) € Vl('”) X V2”1) such that

ar(,v - uy) > (flw),v—uy), VeV,

(2.16)
u; < Muy, v<Mu; inq,
as(us, v —uy) > (f(uz),v—us), Vve Vz(ul), (217)
Uy < Mu,, v<Mu, in Q,,
where
du av ou
a;(u,v) = aj—— + aj—v+aouv | dx, i=1,2,
= [( 3 g ¥ g+ aom)
i M<lj<2 7 1gj<2 U
U = uQ; i=1,2.
Let #° € C%(Q) be the initial value such that
a(uo, v) = (f(uo),v), Yve Hé(Q). (2.18)
We define the Schwarz sequence (#f*') on Q; such that uj*! € Vl(uz) solves
ay (v =ty > (F(ul),v —uftt), Vve Vl(uz), 2.19)
W< M, v<Mu! in, '
and respectively (#3*!) on Q, such that u}*! € Véul) solves
a un+1, v— un+1 > uh),v— un+1 . Wye V(”{l)’
2( 2 2 )_(f( 2) 2 ) 2 (2‘20)

uftt <Mufj,  v<Muj inQ,
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=Uu in Qz,

u’i”'l:() il‘lﬁ\ﬁl, I/lg+l=0 11’15\52

We give a geometrical convergence theorem (see [8]).

Theorem 2 The sequences (u}**, u*!), n > 0 converge geometrically to the solution (u1, u3)

of system (2.16)—(2.17). More precisely, there exist two constants 0 < ki, ky < 1 such that

”Ml —ut! ”Loo(gl) < ki'k; ””0 - M”LOO(Fl)’

2 = 15" | o ) < KT 0 = 1] oy

2.4 The discretization

Let " be a standard regular and quasi-uniform finite element triangulation in Q;;i = 1,2,
h; being the mesh size. We assume that " and 1”2 are mutually independent on €2; N Qy,
in the sense that a triangle belonging to " does not necessarily belong to %, i # . Let
Vi, = Vi, (R2;) be the space of continuous piecewise linear functions on 7h which vanish
on 92 N K. For given w € C°(T;), we set

V;(:’) = {Vhl. € Vi, /vy, = 7, (w) on Fi}, i=1,2,

where 7, denotes a suitable interpolation operator on I';. We give the discrete counterpart
of the Schwarz algorithm defined in (2.19) and (2.20) as follows.
Let u2’, = ry,,u° be given, we define the discrete Schwarz sequence (u;‘;ll) on ©; such that

n
u2h2 )

(
n+1
Uy, € Vh1 solves
(ul), )
1 1 1 2hy
ar(uyy v —un) = (F@gy, ), v —uty)), Yo €V, 77, (2.21)
n+l n n : hy )
Uiy, < rmMuiy, v <1 Muy,  int™,
n+l (u;lhl)
and on €2, the sequence Uy, € th solves
n
( n+l n+1) - ( n ) n+1 v v ulhl)
a: uzhz’ Vhy — u2h2 — (f u2h2 »Viy — u2h2 ’ Vhy € hy 4 (2 22)

n+l n n :
Upp, = "thuzthhz < rthuzh2 int

ha
with

o _ .0 : 0o _ .0 .
Uiy, =ty in €2, Upy, = Uy, 1N 2.

We will also assume that the respective matrices produced by problems (2.21) and (2.22)
are M-matrices [18].

3 L°-error analysis
The aim of this section is to show the main result of this paper. To that end, we start by
introducing two discrete auxiliary sequences and prove a fundamental lemma.
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3.1 Two discrete auxiliary sequences
n
For wj), = u;, , we define the sequence wj;' € V;:Z), discrete solution of V.I

(uty)
ar (Wil v = wiih) = (F@l), vy Wi, Vv, €V, >,

(3.1)
n+1 n n : h
Wi = rthwlhlw,1 < ”h1MW1h1 int™,
respectively the sequence w1 e V(M}f) satisfies
p y q 2hy hy
n+1 n+1 n n+1 ()
ar(Wyp» Vi, = Wop,) = (F(13), vy = Why), - Vv, € V)1, (3.2)

+1

n n n : hy
Wapy < TiyMWyy, Viy < 1y MWy, in 772,

To simplify the notation, we take

11 =1 llzoe(ry) [~ 12 =11 llzeo(ry)s
-1l =1 llzooy)s - 1l2 =11 llzooy)s
h1 :h2:h, Thy =Thy =Th TThy = TThy = TThe

It is clear that wj, , i = 1,2, is the finite element approximations of 4} defined in (2.19),
(2.20), respectively, where f(-) is Lipschitz continuous and ||f («/||; < ¢ (independent of n).

The following lemma will play a crucial role in proving the main result of this paper.

Lemma 2 Let (u1), (uf‘h"l), i = 1,2, be the respective sequences defined in (2.19), (2.20),

i

(2.21), and (2.22). Then there exists a constant c independent of h and n such that
||uf’+1 —ul! ||l <c(n+ 1)K logh®>, i=1,2.

Proof Let 0 = o/B, under assumption (2.10), we have
0<1.

Let us prove by inductionfor # = 0:

or =1y =l =iy + win = oaaa -

Applying Theorem 1 and Proposition 1, putting f = f' (u(l)),} =f(u3,), we obtain

1
Jidh =iy, < chlogh? +max{E||f(u(1’) ), ug_ugh|1}
< ch?|logh|* + max{6 | u) — ul, v ug—ugh|1}.

If

max{@”u‘f - u(l)h iy {ug —ugh|l} =9||u(1) —u(l)h v
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then

Jul = byl < ch2ltogh? + 6] - u,

< ch?|logh|* + |uf — ul, |,
Making use of an error estimate for elliptic variational equations [19], we obtain
||u} - u}h Hl < ch?| loghl2 + ch?| logh| < ch?| logh|2,

and if

max{@”ug - u(l)h v {ug - ugh|l} = |ug - ugh v
then

Jud — sy, < chltoghp® + Jud — |,

< ch?|logh|* + |uy — u3, |-
Making use again of an error estimate for elliptic variational equations [19], we obtain

||u} —uy, “1 < ch?|logh)? + ch*|logh|

< ch®|logh|?.
Similarly, we have in domain €2,

2 = w2, = Ju = wian |, + w2y = w02

< i togh? -+ ] L1 (u8) -0 o b - |
< ch*|logh|* + max{@“ug —ul, "y ul - u?h|2}.
If
max{@”u% - ugh 9 {u(l’ - ”(1)h|2} =0 ||ug - M(Z)h 9
therefore
||u§ - uéh H2 < ch?| 10gh|2 +0 ||u(2) - ugh H2
< ch?|loghl* + |u§ - u3, |,
< ch®|logh|? + ch*|log h|
< ch*|loghl?,
and if
max{@”u% - ugh . {u(l’ - ”(1)h|2} = ”"(1) - u(l)h 9
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then

|3 — w3y |, < ch*loghl* + |uf — u,|,
< ch*|logh? + |u - ul, |,
< ch?|logh|? + ch?|logh|
< ch?|loghl*.

Let us now assume that

||u;’ —uf, ||1 < cnh?| 10gh|2

and
s =y, ||, < cnh®|log .
Consequently,
et iy < ™ = wiit |+ Wi - i ]
< i |logh!” + max{ % () £ (ay)
< ch?|logh|” + max {6 |u] — u}, |,
If
ma {0 [ |, 16 = o]} = 0] =,
then
Jui*t —uit ], < chlloghl* + 6 |} — uj, |,
< ch?[loghl* + [luf - i,
< ch?|logh|? + cnh®*| log h|*
< c(n+ 1)K logh?,
and if
max {0 uf —uiy |, |uy — |} = |us —uady |,
therefore

Jazet = ati ), < chltoghP® + fus - uy

< ch*|logh|? + |uf — uf, ||2

IA

ch?|log h|* + cnh?|log h|?

IA

c(n + 1)I*| log h|?.

Similarly, we prove the estimate in domain 2.

ug_ugh|1}‘

Page 11 0of 13
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3.2 [*°-error estimate

Theorem 3 (Main result) Let (u;’“), (uf’h+1), i = 1,2, be the respective solutions of (2.19),
(2.20), (2.21), and (2.22). Then, for n large enough, there exists a constant ¢ independent of
h and n such that

i — w ||, < ch®|loghl?,

”ui —utt H Wiso(g) < ch|logh|>.

Proof Let us give the proof for i = 1. The case i = 2 is similar.
Indeed, let k = max(ky, k>). It follows from Theorem 2 and Lemma 2 that

”Ml - ujy! “1 = ||u1 - u;'H”l + ||u;‘+1 _ utf;lnl

< k{’k5‘|u—u0’1 +c(n+1)h*|logh|?

IA

|u— |, +c(n + 1)i?| log h|*

IA

ch?|logh|? + c(n + 1)l | log h|*.
We choose 7 such that
k" > h,
then
||u1 - ui’zl ”1 < ch?| logh|3,
and by inverse inequality, we get
1 = 05 1 ) = chillog B,
which is the desired error estimate. d

4 Conclusion

In this work, we have established a new approach of an overlapping Schwarz algorithm
on non-matching grids for a class of elliptic quasi-variational inequalities with nonlinear
source terms. We have obtained a new error estimate in uniform norm which is optimal for
these problems. The error estimate obtained contains a logarithmic factor with an extra
power of |log /1| than expected. We will see that this result plays an important role in the
study of an error estimate for evolutionary problems with nonlinear source terms.
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