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1 Introduction
It is well known from basic calculus that

* 1
arcsinx = ——dt
/0 (1-2)172
for0<x<1land

il inl / QT
— = arcsin il = —_ .
2 0 (1 _ t2)1/2

For 1 <p <ooand 0 <x <1, the arc sine may be generalized as

¥ 1
arcsin, x = ‘/0 m dt

and

T 1 1
L arcsin, 1 = / ———dt.
2 o (1—w)lp

(1.1)

(1.2)

(1.3)

(1.4)

The inverse of arcsin, on [0, %"] is called the generalized sine function, denoted by sin,,

and may be extended to (—00, 00). In the same way, we can define the generalized cosine

function, the generalized tangent function, and their inverses, and also the corresponding

hyperbolic functions. For their definitions and formulas, one may see recent references

[1-3].
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In [2], some classical inequalities for generalized trigonometric and hyperbolic func-
tions, such as Mitrinovi¢—Adamovi¢ inequality, Huygens’ inequality, and Wilker’s inequal-
ity, were generalized. In [3], some new second Wilker type inequalities for generalized
trigonometric and hyperbolic functions were established. In [4], some Turdn type inequal-
ities for generalized trigonometric and hyperbolic functions were presented. Very recently,
a conjecture posed in [5] was verified in [1]. For more about the Wilker type inequality and
Huygens type inequalities, the reader may see [6—13].

In this paper, we establish some new Wilker and Cusa type inequalities for the gener-
alized trigonometric and hyperbolic functions. Some known inequalities in [3] are the

special cases of our results.

2 Lemmas
Lemma 2.1 ([3, Lemma 2.7]) For p € (1,00), we have

sin, x T
cos?x< —2- <1, xel0=L (2.1)
L4 x 2

and

sinh, x

cosh;‘ x < < coshﬁ x, x>0, (2.2)

where the constants o = 1% and B = 1 are the best possible.

Lemma 2.2 ([3, Theorem 3.5]) For p € (1,2], then

x ' o« T,
- + >2, x€l0,—= ). (2.3)
sin, x tan, x 2

Lemma 2.3 ([14]) Leta>0,b>0and r > 1, then

(a+b) <21 (a’ + b’). (2.4)

Lemma 2.4 ([15]) Leta; >0,k=1,2,...,n, then

ay+ady+---+

I s A+ a)d+ar)-(L+ay) —1> Yaras—ay. (2.5)

n

emma Z. ’ eorem o. orp € (2,00)ana x € (0, =), then
L 2.5 ([2, Th 3.4]) F [2,00) and x € (0, 2), th

Siny, X X

< — .
X sinh, x

Lemma 2.6 For p € [2,00) and x € (0, %”), we have

: V4
siny, x < x . 2.7)
X sinh, x
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Proof Using Lemma 2.5 and 9% 1, we have
x sin, % sin, x\”
- > > . (2.8)
sinh, x X x
This implies inequality (2.7). d
Lemma 2.7 ([2, Corollary 3.10]) For p € [2,00) and x € (0, %”), then
p+l .
x sin, x
( . ) < 2=, (2.9)
sinh, x X
Lemma 2.8 ([2, Theorem 3.22]) For p € (1,2], the double inequality
i +2
sin, x . COsyx+p _ COSpx (2.10)

X l+p — 3
holds for all x € (0, %p].

3 Main results
Theorem 3.1 Forx < (0, %”),p €(1,00),and o — pB <0, B >0, we have

. o ¢ 8
(Sm”x> +(an’”x> >2. (3.1)
X X

Proof From the arithmetic geometric means inequality and Lemma 2.1, it follows that

@ B
. o B .
sin, x tan, x sin,x\ 2 [/ tan,x \ 2
p + p Y (i p
X X X

Tﬂ
(% ) ()
COS, X
asp _lrbp
9 sin, x s1np
x
s sin, x
x
O
Remark 3.1 If p =« =2, B =1, inequality (3.1) turns into
: 2
simx tanx
(—) +—>2 (3.2)
x x

Inequality (3.2) is called the first Wilker inequality in [16].

Remark 3.2 If a = 2p,B = p, and p > 2, then a — pB = 2p — p* < 0. So, inequality (3.1)
reduces to

. 2
(smpx) v N (tanpx)p o (3.3)
x x
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Theorem 3.2 Forp € (1,2],x € (0, %’”), anda —pB <0,8 < -1, we have

. o ¢ B
(Sm"x> " ( an"x) >2. (3.4)
X X

Proof Using —*— >1and o — pB <0, we have

sinpx —
sin, 2\ , (e P [ x \" S -
x x sin, x tan, x
x -pB x pB-a x -B
= +
sin, x sin, x tan,, x
x p-B x -B
> - + .
sin, x tan, x

Applying Lemmas 2.2 and 2.3, we obtain

. o B P -B
sin, x tan, x X X
L4 + L4 > ol+f - + > 2.
X X sin, x tan, x

This completes the proof. O

Using the same method as that in Theorem 3.1, we can easily obtain the following The-
orem 3.3 by Lemma 2.1 and the arithmetic and geometric means inequality. We omit the

proof for the sake of simplicity.

Theorem 3.3 For p € (1,00),x € (0,00), and « —pB < 0,8 > 0, then

inh,x\* (tanh,x\”
(Sm "x) ¥ ( = ”x) >2. (3.5)
x x
Remark 3.3 Taking @ =2, 8 =1 and p = 2 in inequality (3.5), we have
sinhx\? tanhx
+ >2, (3.6)
x x

which is the (4) in Theorem 1 of [7]. Inequality (3.6) is called the first hyperbolic Wilker

inequality.

Remark 3.4 Taking a = 2p, 8 = p, and p € [2,00), we have

inh,x\* [ tanh,x\”
(Sm "x) " ( - ,,x) >2. (3.7)
X X

Theorem 3.4 For all x € (0, ”—") anda —pp <0,B >0, we have

. « B
[1 + (Sm"x> ][1 + (tan"x> ] >4 (3.8)
X X
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and

(gwx)“+(m%x)ﬂ>2/[l+(§@f)1[l+<E&f)ﬁ}_2>z (3.9)
X X x *

Proof Setting n=2,a; = (Sil;fx)"‘ and g, = (u";fx)ﬂ in Lemma 2.4, we have

() P ()]
" ﬁ

Then it follows from Lemma 2.1 that

(o) () oo () T (2) 202
x x x x

Remark 3.5 If n=3 and a; = a, = (SmT”x)"‘,ag = (mT”x)ﬂ in Lemma 2.4, it can be easily ob-
tained that

: a2 B
e () e (525) s (3.10)
X X

and

. o . a2
() () o () o (222) ]-o0n o
x x x x
by a similar method to that in Theorem 3.4 when changing the condition « — p < 0 to
2a -pB <0.

Theorem 3.5 Forp € [2,00),t >0, and x € (0, %"], then

x \* x \
- +| = >2. (3.12)
siny, x sinh, x

Proof Applying the AGM inequality a + b > 2+/ab and Lemma 2.6 for a = (ﬁ)w and

_ X t H
b= (Smhpx) , we obtain

x \'( «x ¢
a+b>2 - - > 2.
sin, x sinh,, x

The proof is completed. O
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Theorem 3.6 Forp € [2,00),t >0 and x € (0, %‘”], then

t t
(p+1)<,x ) +<,x ) >p+1. (3.13)
sin, x sinh,, x
Proof From the AGM inequality (n + 1)a + b > (n + 1) "Va"b and Lemma 2.6, for a =
(5 n’; x)t and b = (Sinﬁpx)t, inequality (3.13) follows readily. O

Applying AGM inequality and Lemma 2.7, Theorems 3.7 and 3.8 can be easily obtained
by the similar method as before.

Theorem 3.7 Forp € [2,00),t >0, and x € (0, %”], then

inh (p+1)t . t
(sm px) s (smpx) 59, (3.14)
x x
Theorem 3.8 Forp € [2,00),t >0, and x € (0, %p], then
sinh,, x t sin, x t
(p+2) + >p+2. (3.15)
x x

Finally, we give a Cusa type inequality.

sinp x

Theorem 3.9 Forp € (1,2] and x € (0, %”], the function f(x) = l:;ﬁ% is strictly increas-

ing. Consequently, we have the following inequality:

+cos,x\*  sin,x +cos,x\”
preos,x) Syt (PFCO% (3.16)
p+1 x p+1
2sinp TTTp
with the best constants o« = ——L—— and f = 1.
In p+coslng
pt+

Proof A simple computation yields

12 B eosp %

f@ +1

. p-1 .
_ XCOSp X — 81Ny, X lnp + COSp X + cospxtanp X In Siny, X

xsin, x p+1 P +COSp X x

. p-1 .
X COSy X — S1n, X COS, x tan X Sin, X
> p p + » 14 In »

X S1n, X P +COSp X X

. . p-1 .
(xcos, x — sin, x)(p + cos, x) + xsin, xcos, xtan, x In sin, x

xsin, x(p + cos, x) x

siny x
In —2=
X

= - g X
xsin, x(p + cosp x)
where

_ 2 V4 ; ;
glx)=x COS, X SEC, X + PX COSp X — P SiNy X — SNy, X COS), X.
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Since
g (x) = cos, x tanﬁ‘1 xh(x),
where

h(x) = 2sin, x — px — (2 - p)x secﬁ‘1 x,

with
W(x)=2cos,x—p—(2-p) secg_1 x—2-p)(p-1)x secﬁ_1 xtanﬁ‘l x
and

W (x)=-2 cospxtang_1 x-22-p)p-1) secﬁ‘1 xtamﬁ_1 x

-2-pp-1)% secﬁ’1 xtanﬁj’1 x(tanﬁj’1 X +CsCpx secﬁ”{1 x) <0.
Hence /() is decreasing on (0, %” ). It then follows that /' (x) < #'(0) = 0, which also implies
that /1(x) < /#(0) = 0. Hence, g'(x) < 0, which shows that the function g(x) is also decreas-
ing on (0, %”). The inequality g(x) < g(0) = 0 indicates that f'(x) > 0. Hence, f(x) is strictly
increasing for x € (0, %”). As aresult, we have f(0) < f(x) ff(%p).
Using L'Hospital’s rule, we obtain that

In sinp x
+\ _ 13 x
f(o ) - xliIng ln p+Cosp x
p+l

XCOSp X — SN, X p + COSp X

1l
é.
|

p —1
x>0 xsin,x  cos,xtan,  x

X COSp X — 81Ny, X

I
|
)
+
=
=

and
In 2siny 4~
() —
2 In ptcosy ﬂTp
p+l

The proof is completed. d

4 A conjecture

X
n

In 22—
Conjecture 4.1 Forall x € (0, %”] and p € (1,2], is the function ’”: strictly increasing?

0
Incoshy x
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