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1 Introduction

Biharmonic equation/eigenvalue problem plays an important role in elastic mechanics. In
1968, Morley designed a famous non-conforming element called the Morley element [1]
to solve biharmonic equation (plate bending problem). The Morley element was extended
to arbitrarily dimensions by Wang and Xu [2] in 2006. For biharmonic equation, the a pri-
ori/a posteriori error estimate was studied in [3—6] and the convergence and optimality of
the adaptive Morley element method was proved in [7, 8]. The Morley element has been
employed to solve the biharmonic eigenvalue problem, including the vibration of a plate;
and [9] studied its a priori error estimate. [10, 11] studied a posteriori error estimate and
the adaptive method, [12] adopted a new method dispensing with any additional regular-
ity assumption to study the error estimates and adaptive algorithms. This paper further
studies the adaptive Morley element method and has the following features:

1. The adaptive finite element methods, which were first proposed by Babuska and
Rheinboldt [13], have gained an extensive attention in academia. More and more
researchers entered this field and obtained many good results, most of which have
been systemically summarized in [5, 14—16]. And [10, 12] have employed the
adaptive Morley element algorithms for the biharmonic eigenvalue problem based
on solving directly the original eigenvalue problem a(u, v) = Ab(u, v) in each
iteration. In this paper, we establish the adaptive Morley element algorithms based
on the shifted-inverse iteration including Rayleigh quotient iteration and the inverse
iteration with fixed shift to solve the biharmonic eigenvalue problem. The
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shifted-inverse iteration method based on the multigrid discretizations has been
studied in-depth (see [17] and the references therein), but they did not involve the
Morley element. With our method, the solution of an original eigenvalue problem is
reduced to the solution of an eigenvalue problem on a much coarser grid and the
solution of a series of linear algebraic equations on finer and finer grids. Therefore,
our method is more efficient than the method in [10, 12].

2. For fourth order equations in R3, it is difficult to employ a conforming element. For
instance, Zenicek constructed a conforming tetrahedral finite element with 9
degree of polynomials and 220 nodal parameters [5], while the Morley tetrahedral
element [2] has only 10 nodal parameters. Based on [4], we comply with the
adaptive Morley element computation for the biharmonic eigenvalue problem in
R3. Numerical results indicate that the adaptive algorithms are very efficient.

3. A family of good adaptive meshes should satisfy / = O(h%,,,), where / is the mesh
size, hmin is the diameter of the smallest element, and « is the regularity index of the
biharmonic equation over the domain with reentrant corner (see [18]). However,
we find through the numerical computation that hHL will become bigger and bigger
when the iteration increases for the standard adapt";\;e algorithm. Thus, referring to
[19], we combine the standard local refined adaptive algorithm with uniformly

refined algorithm to give new algorithms.

2 Preliminary
Consider the following biharmonic eigenvalue problem:

A’u=xu, in€,
ou (2.1)

— =0, u=0,0n0%,
ay

where Q2 € R” is a polyhedral domain with boundary 92, g—)’f is the outward normal deriva-

tive on 0€2.
Let H*(S2) denote a usual Sobolev space with norm || - [[sq (|| - IIs), Ha(R) = {v € H*(Q) :
Vlsa = g—;|ag =0} with norm || - ||, and semi-norm | - |5.

The weak form of (2.1) is to seek (A, u) € R x H2(£2) with u #0 such that
a(u,v) = Ab(u,v), ¥Yve HZ(Q), (2.2)

where

?u %
a(u,v) = / Z dx, b(u,v) = / uvdx, lullp = v/ b(u, u).
Q Q

e 0x;0x; 0x,;0%;
In the case of n = 2, (2.2) is the weak form of clamped plate vibration.

It is easy to verify that a(u,v) is a symmetric, continuous, and H3(Q)-elliptic bilinear
form. Let ||u||, = v/a(u, u), then the norms ||u]|,, ||#|2, and |u|, are equivalent.

We assume that 7, = {«} is a regular simplex partition of Q and satisfies Q = [ J¥ (see
[20]). Let &, be the diameter of «, and # = max{/, : k € 7;,} be the mesh size of 7;, (1 < 1),
hmin = min{A, : k € 7). Let g, = {F} denote the set of faces ((n — 1)-simplexes) of my, and
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let &), = {/} denote the set of faces (1 — 2)-simplexes of ;. When n = 2, [ = zis a vertex of «,
and m /} v =v(z). Let 7, () denote the set of all elements sharing a common face with
the element «. Let «, and «_ be any two n-simplexes with a face F in common such that
the unit outward normal to k_ at F corresponds to yr. We denote the jump of v across the
face F by

[V] = (V|K+ - V|L)|F~

And the jump on boundary faces is simply given by the trace of the function on each face.
In the papers [2, 5], the Morley element space is defined by

Sh = {VELz(Q):V |« € Py(K), VK errh,/[Vv~ vr] =0VF € ¢y,
F

1 /
meas(l) /l‘[v] :OVleeh},

where P;(x) denotes the space of polynomials of degree less than or equal to 2 on «.

Define the interpolation operator I, : H2(Q2) — S", which satisfies

E)Ihv v 1 1 ,
— VFGEh, Y Ihl/: 7 v Vlesh.
I i

The Morley element space S" C Ly(R2), S" ¢ H'(R). Let

2 2
WIZa= Y WVlke W=D VR, m=012

KET) KETY

From Lemma 8 in [2], we know that | - |5, is equivalent to || - |[2, || - [|2,x is @ norm in S,
and ay (-, -) is a uniformly S"-elliptic bilinear form, and | - || = ax(-, -)% isanormin S”. And
the following equality holds for any w € H2():

lim inf ||w—v|; =
h—0 yesh

The discrete form of (2.2) reads: Find (A, uz) € R x $" with u;, # 0 such that

an(up,v) = hib(up,v), YveSs', (2.3)
where
u, 9%
V) = d
an(up,v) = KGZ%/KZ o o P X

The corresponding boundary value problem of (2.1) is

A*w=f, inQ,

9
W _0, w=0, ondQ. (2.4)
ay
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From [18], we know that

IWll2+a < 1fllos

where o € (%, 1) for the domain with reentrant corner, and « = 1 for the convex domain
in R2.

The weak form of (2.4) and its discrete form are to find w € H2(2) such that
a(w,v) =b(f,v), Vve Hg(Q),
and to find wj, € §" such that
an(wp,v) = b(f,v), VYveS"

Define the solution operators T : L,(Q2) — Hg(R2) C Ly(Q) and Tj, : L(Q) — S" as fol-

lows:

a(Tf,v) = b(f,v), Vve Hg(Q),

an(Tyf,v) = b(f,v), VveSs"

Then T, Ty, : Ly(2) — Ly(R2) are self-adjoint and compact.

It is well known that the eigenvalue problem (2.1) has countably many eigenvalues,
which are real and positive diverging to +co. Suppose that A and 1, are the kth eigen-
value of (2.2) and (2.3), respectively, the algebraic multiplicity of A is equal to g, A = A¢ =
Aks1 =+ = Agsg-1. Let M(X) be the space spanned by all eigenfunctions corresponding to
A and My, (1) be the direct sum of eigenspaces corresponding to all eigenvalues of (2.3) that
converge to . Let M) = {u:ue MO, |ullp =1}

Now we introduce the following quantity:

80 = (T = Tw)lmop |- (2.6)

The saturation condition was analyzed in [21-23], especially, it was analyzed in [22] for
very general cases. According to this condition, we can make the following assumption:

Cih < inf |lu—vlly < Gdp(he),  Yu e M(Ay), (2.7)
vvesh

where C; and C, are independent of mesh parameters.

Define " + H2(Q) = {vj, + v: v, € S",v € H3(Q)}.

Due to the generalized Poincare—Friedrichs inequality, Theorem 3 in [24] and a;(u —
Iyu,v) = 0,Vv € §" (see [5]), we deduce for any w € ", u € H3(RQ)

lw—ullo < lw—IThullo + llu — Ipullo

3
< = (Iw = Luully + K> ||lu — Trull)

3 2
< = (lw—ullp+ llu = Iyully + K?|lu = Lullp) < Csllw - ullj.

w|Q wlQ
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Therefore,
Ivllo < Cslvlin, VveS"+H(RQ), (2.8)

where Cj is a positive constant independent of mesh parameters.
From (2.5) we have the following estimate using the Cauchy-Schwarz inequality: For
any g € LX(Q), Ti,g € S" satisfying

1 Tnglln < Csligllos
define the consistency term
En(w,vp) = ap(w,v) = b(f,v), YveS"+H(Q).
Suppose w € H*"(Q), r € (%, 1], then we have the following estimate:
Ex(w,v)| < Cal (IWllar + 7 (f lo) IVIlny Vv € S" + HY(R). (2.9)

Using the trace inequality [5] proves the above estimate under the case r = 1. Using the
arguments in [5], we can obtain the above estimate under the case r = %, 1] (also see [11]).
We can derive the following Lemma 2.1 from Lemma 2.3 in [25].

Lemma 2.1 Let A and Ay, be the kth eigenvalue of (2.2) and (2.3), respectively. Then for any
eigenfunction uy, corresponding to Ay, with ||uy ||, = 1, there exist u € M(\) and hy > 0 such
that if h < hy,

llu = upllyn < Cs8,(2), (2.10)
foranyu e 1\7[()»), there exists uy, € My(L) such that if h < hy,
ll = uplln < Codr(2), (2.11)
where constants Cs and Cg are positive and only depend on .
The following inequality on Rayleigh quotient plays an important role.

Theorem 2.1 Let (A, u) be an eigenpair of (2.2), v € S" with ||v|, = 1 and ||v — ul, <
(4C3+/2)7L, then the Rayleigh quotient R(v) = 2 satisfies

Ivi2

[Rv) = 1| < Gollv —ull,", (2.12)
where C; = 4A(1 + LC2)(4C3/ 1) + %A(nunm + 1A ullo).

Proof Since u € M(A),v e S", ||v|l, =1and ||[v—ul, < (4Cs/2)7}, by Lemma 3.1 in [26] we
have

<2llv—uly < 2CVA),

u
v —
letlln Il
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0

which together with || |0 = % yields

vllo = H aal

Vilo = —||v=- > —.
lull || lull g = 2/2

By Lemma 2.5 in [26], we get
ay(v,v) o lv—uly v-ully  Ex(wv)
IviiZ IvII2 IviiZ IvliZ

Hence, from inequalities (2.7)—(2.9) we deduce

|R(v) = A| < 4Allv —ullj + 42> ||lv — ull} + 8AEL(u, v)
<4A|lv —ull; +4C2A% v — ul|; + SAE,(u, v — u)
<4x(1+AC3)|lv — ully + 8CsH A (l|ullaar + K" Mlllo) v = uell
<4r(1+1C3) v — ully + 8Car(lluallasr + B> Alaello) Il — el

8C,
ot

< (4?»(1 +2.C) v =ully™ + —= Allwll2sr +h2"/\||u||0)> v —ull"

4

8C.
< (4A(1 +1C3)(ACVa) 7 + o (ller + h“xnuno)) v =l

1

<Gllv-ul}".

We get the results that we need.
(2.3) implies A; = R(uy,), and from (2.7), (2.10), and (3.22) in [11], we deduce
|[Run) = 1| < Crllug, — ullj; < C2Cr8,(0).

3 The shifted-inverse iteration based on multigrid discretization

Page 6 of 21

(2.13)

Let {S"i o° be a family Morley element spaces, /1y = H. Refer to the references [17], we

present the following calculation schemes.

Scheme 1 (Rayleigh quotient iteration based on multigrid discretizations) Given the it-

eration times /.
Step 1. Solve (2.3) on S”: Find (A, uy) € R x S¥ such that ||uy||y = 1 and

ay(u,v) = Agb(uy,v), VYveSH.

Step 2. U =y, M0 = i = 1.
Step 3. Solve a linear system on S”: Find «’ € S" such that

an(u',v) - )»h"-‘b(u’, V) = b(uhi—l, v), Wvesh,

. /
set yli = 4
ll' 1l
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Step 4. Compute the Rayleigh quotient:

hi _ ah(uhi; uhi)
b(uhi, uhi)

Step 5. If i = [, then output (A, u/"), stop; else, i <= i + 1, and return to Step 3.

Scheme 2 (The inverse iteration with fixed shift based on multigrid discretizations) Given
the iteration times / and iy.

Steps 1~4. The same as Steps 1-4 in Scheme 1.

Step 5. If i > iy, then Mo =\t =i+ 1, turn to Step 6; else, i < i + 1, and return to
Step 3.

Step 6. Solve a linear system on S": Find ' € S" such that

an(u,v) - Alrio b(u,v) = b(uh"-l, v), Vve shi,
set uli =

_u_
1l *

Step 7. Compute the Rayleigh quotient

h; _ ah(uhi’ uhi)
b(uhi, uhi)

Step 8. If i = I, then output (A, "), stop; else, i <= i + 1, and return to Step 6.

Strictly speaking, the above ay(-,-) and || - ||, should be written as ay,(-,-) and || - ||,. For
the sake of simplicity, we write a;,(,-) and || - ||, as ax(-,-) and || - ||, in this paper.

4 The theoretical analysis
In this section, we will prove the convergence of (A,u") derived from Scheme 1/
Scheme 2, and that the constants appearing in the error estimates are not only indepen-
dent of mesh parameter but also iterative times /.

In the following discussion, let (A, ux) and (Ag, ui ;) denote the kth eigenpair of (2.2)
and (2.3), respectively, and uy = ﬁ, Kih = ﬁ’M(“k) = M), My (r) = Mp(0k).

Denote dist(u, S) = inf,cs ||z — v||5.

Our analysis is based on the following Lemma 4.1 (see Lemma 4.1 in [17]).

Lemma 4.1 Let (wo, o) be an approximation for (jui, ui), where o is not an eigenvalue of
Ty, and ug € S" with |uol|, = 1. Suppose that
(C1) dist(uo, M) < 3
(C2) |po—pkl < 5 i — 1l < § forj=k—1,k,k+q (j #0), where p = miny, 4, | — il
is the separation constant of the eigenvalue piy;

(C3) u' € S",ull € S" satisfy

u/

(o = Tn)u' = uo, up = ——,
llll

then the following inequality holds:

. 4 .
dist(u), Mu(ui)) < —  max 1o — il dist(s0, My (1)) (4.1)
P k<j<k+q-1
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Next, we will use the proof method in [17] to analyze the error of Schemes 1-2.

Let 8 be a positive constant satisfying the following inequalities:

1 1

max{1l, C5}8p <miny -, ————¢; 4.2

{1,510 {2 Cgm} (4.2)

1

4C3Cy85 +4CaMi80 + 2180 + Ce8o < > (4.3)
S P s (4.4)
(A =80)he — 4 2

C2C;82 P
—2————<-—, j=k-1k...,k+q,j#0. (4.5)
A(hj— C2Cr83) ~ 4

Condition 4.1 There exists iz € M(A) such that
|l —a), <80, ho—Mkl <80,  Sy(A) <8 (i=k-Lkk+1j#0),

where 1, is an approximate eigenvalue of A, " is an approximate eigenfunction obtained
by Scheme 1 or Scheme 2, and p is the separation constant of the eigenvalue 1 = i

Condition 4.1 plays a key role in proving Theorem 4.1, by which we can prove Theo-
rems 4.2—4.3. In the proof of Theorems 4.2—4.3, we can deduce that Condition 4.1 holds
when the mesh size H is appropriately small. However, it is difficult to verify the condition
whether the mesh size H is appropriately small or not. And it seems to be a necessary
condition in many papers on the convergence and error estimates of the finite element
method for eigenvalue problem. But numerical experiments in Sect. 6 present a satisfying
practical performance for our algorithms, which shows that it is unnecessary for the mesh
size H to be appropriately small, even though the theory is not complete.

The following Theorems 4.1-4.3 are the generalization of Theorems 4.2—4.4 in [17].

Theorem 4.1 Let (Azl,uil) be an approximate eigenvalue obtained by Scheme 1 or
Scheme 2. Assume that Lemma 2.1 and Condition 4.1 hold with \y = AQH for Scheme 1
or iy = kzio for Scheme 2. Then there exists uy € M(\x) such that

ho = dal (A" = Ae] + g = a]),) + 8, (0} (4.6)

C
|t~ = 2|

hy_q )
T
Proof We use Lemma 4.1 to complete the proof. Select g = ﬁ and o = —k—1%

Then, by (2.6) and (2.8), we have

hy_ hy_ .
W Ty

|2 T ~

hi—y hiy hy_1 hy_q - _ _
= H)‘k Tyuy ™ — Ty~ + ATty — A Tyyta + A Ty s — )»kTu”h

< Ga|ag = | + G|y = |+ 2| (Th = Dt |, 121

< Calagt = | + Cong |l =], + hacd o) el
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Noting that [llly > [l I — Ili - " [l = 1 - 8 = 1, thus, by Lemma 3.1 in [26], w
have

24 Tau ],

H .
uyg— ——
Nalln Iullh

< AC3| A = | + 4CHAL ]| g

— |, + 2283, (M) (4.7)

Using the triangle inequality, (4.7), (2.11), Condition 4.1 and (4.3), we get

( s My (Ak ))
N2l

h -
-1 M”h + 2)\./(5141()\/() + C65hl()¥k)

diSt(uo, Mhl ()\k))

E ‘

< 4C3 | = he| + 4C2hi )

Ug— ~——
lzelly |,

1
<4C3C785 +4C3hi80 + 22480 + Ceo < 7 (4.8)

From Condition 4.1, (4.4), we have

[Ao — Akl o P
lo — k| = < <=
Aok (A —Bo)rx — 4

From (2.13), we deduce

Aj = Aiy
Ay

C2C784(1)? - C2C;82 _P
- )\ j(Aj = C2C78,(M)2) ~ A(aj— CECr80) — 4°

[ — tjmy| =

Hence, the conditions in Lemma 4.1 are verified.
By (2.5) we see that Step 3 in Scheme 1 or Step 6 in Scheme 2 is equivalent to the fol-
lowing:

an(u, v) - Aoah(Thlu’, v) = ah(Thluz”l, V), vy e Sh,

/

) oSl h_ U
Iz’ || n

Then Step 3 in Scheme 1 or Step 6 in Scheme 2 is equivalent to

!

_ h u
(Al—Th)u/:uo u, = .
0 1 ’ k
2|l

From (4.4), (2.13) and (4.5), we derive that

| | 1 1 - 4|)‘0_}‘/:hl| - ho — Ag] 4 =i
R Ao Ml 2 S S
Mo l’(’/,hl )\‘ )\,1]1[ — }\,i — }\‘i 0 k }\‘i k -l
4 4CiC
< 80+ —2 782 j=kk+1,...k+q-1. (4.9)
)‘k )‘k
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Let the eigenvectors {u,;hl}lfq*l be an orthogonal basis of M, (Ar) with respect to a;(-, -).

Denote
k+g-1
* 2 : hy
u = ah(uk ,u,»,hl)uj,hl,
j=k
then

||MZ’ —u* ||h = dist(uzl,Mhl()Lk)).

Hence, substituting (4.8) and (4.9) into (4.1), we obtain

! = "], = dist(!, My, i)

IA

4 [ 4 4C2C
- (—ZMO —hil + —3 75,3(1))
P\ A

X (4C3| A = ae| +4C |uy -2,

+ 20485, (Ae) + CoSp, (Mr))- (4.10)

By Lemma 2.1, there exist eigenvectors {u](.)}frq_1 making u;;,, and u]‘? satisfy (2.10). Let

k+g-1

U = Z ah(uz’,u,;hl)u](»),

j=k

then u; € M(Ag).
Using (2.10), we deduce that

k+q-1

Z A (“Zl’ ”J'vhz) (M/O - ”J'vhz)

j=k

””k_”*”h =

h

1

k+q-1 2 L
= ( P IIi) < (C264,0,)°)* = 2 Cs61, ().
j=k

Noting that the constants Cs, Cs, Cs, C7 and p are independent of mesh parameters and
iterative times /, and ||uz”1 — tllp < 80,110 — k| < 8o and 8y, (Ak) < 8o, by (4.10) and (4.2),
we know that there exists a positive constant C; that is independent of mesh parameters
and [ such that (4.6) holds. And we can have Cy > Cs. O

We need the following two conditions (see Conditions 4.2 and 4.3 in [17]).

Condition 4.2 There exists t; € (1,2] (i = 1,2,...) such that &,,(A¢) = 8,271()»/() and
5;,[.()%) —0 (i d OO)

Condition 4.2 is easily satisfied; for example, for smooth eigenfunction, by using the

. t; .
uniform mesh, choose /1y = %5, h = g, hy = “6/—45, and /13 = Tg; then we have i, = i1’ |, i.e,
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8, (Mk) = SZ_I(Ak), where #; ~ 1.80, ¢, ~ 1.22,¢3 ~ 1.18. For a nonsmooth eigenfunction,
the condition could be met when the local refinement is done near the singular point.

Condition 4.3 For any given number Sy € (0, 1), there exists 0< 8o < B; <1 (i=1,2,...)
such that &,(Ax) = Bi8y,_, (Ak), 8n,(Ax) = 0 (i = 00).

Theorem 4.2 Let (AZ’ , uzl) be an approximate eigenpair obtained by Scheme 1. Suppose
that Condition 4.2 holds, then there exist u, € M( i) and Hy > 0 such that if H < Hy,
Lemma 2.1 and the following estimates hold:

h
" = x|, < Codny (R, (4.11)
=] < Co"" Cr83, (M) (4.12)
Proof The proof is completed by using induction and Theorem 4.1 with 1o = )LZH. Note

that §;(Ax) — 0, then there is a proper small Hy > 0 such that if H < Hy, Lemma 2.1 and
the following inequalities hold:

Codu(ta) <80, Gy Gl () < b0, (4-13)
Cor C283 (i) + C " Cr87, (M) < 1. (4.14)

When [ = 1, we have (AZ"I , uz"l) = (Axn, ur i); from Lemma 2.1 and (2.12), we know that

there exists iz € M()\x) such that

etk — tllr < Cs81(Ak) < b0,

|Akrr — M < Cat"Cr837 () < S,

and 8y, (Aj) < 8o (j = k — 1,k,k + g,j #0), i.e. Condition 4.1 holds. Thus, by Theorem 4.1
and 2 —t; > 0 and Cs < Cj we get

C
|y -, < 70 [CH¥C282Y (0g) + CETC8% (M) + 81y (i) )

ey
-2

Co
=2
< Cobpy (Ar).

(CB2CEE7 () + CB 81 k) + 1) 85, Got)

A

(G377 G877 (i) + €377 Crdyy () + 183, (o)

Combining (2.12) and the above inequality yields

1+r

=] = G o’ — ]

=< C$+rC75;1,1”()\k)-
Suppose that Theorem 4.2 is valid for [ — 1, i.e. there exists # € M(Ax) such that

it — 1], < Codiy, (i),

A = | < CRTCrsit (),
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then, owing to (4.13)—(4.14), we have IIuZl’1 — |l < 8o and |AZH Ml <80 G=k-1,kk+
q,j #0), i.e. the conditions of Theorem 4.1 hold. Therefore, for /, by (4.6) and (4.14) we
deduce

C
| =i, < 70 [CE2C2S (M) + CETCr87" (Ak) + 81, (M)}

G

=
C +2r— +r—
7°{c§+2’c§5,2,2 “() + CETCr8 5 () + 1), ()

(C¥ Qoo ) + C3 Gt () + 1), (1)

-1

G
< 2 {CRHCR () + CCrf ) + 181,00

= Codpy (Ax)-

By (2.12) and the above inequality we deduce

1+r

=il < Gl = ]

< Gy Cr8y" (),

i.e. (4.11)—(4.12) are valid. a
Theorem 4.3 Let (AZ’ , uZ’ ) be an approximate eigenpair obtained by Scheme 2. Suppose
that Condition 4.2 holds for i < iy and Condition 4.3 holds for i > iy. Then there exist uy €
M(ry) and Hy > O such that if H < Hy it holds that

=< C()ahl()"k)’ (4']-5)

Joc' ~ ],

M =] < CET G () 1> o, (4.16)

hi
Proof The proof is completed by using induction and Theorem 4.1 with Ao = A, °. Note
that §y(Ax) — 0 (H — 0), then there is a proper small Hy > 0 such that if H < Hy,
Lemma 2.1 and the following inequalities hold:

Co8r(Ak) < o, Cy7" Cr83" (M) < 8o, (4.17)
1 1
2+2r 2 o141 r 2+r 1+r
CO C78h10+1 ()\k)(shFI ()\k)% + CO C75hlo+l()»k)E <1. (4-.18)

When [ =iy + 1, by Theorem 4.2 we know that there exists u; € M(Ax) such that

" = ], < CoBg o (1)

hig+
20 = | < CoTCIET ().

in+1

Suppose that Theorem 4.3 holds for [ — 1, i.e. there exists # € M(Ax) such that

||”Z’7l — i), < Codn,_, (M),

A =] < CHT 8T ().
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Then we infer from (4.17) that the conditions of Theorem 4.1 hold; therefore, for [, we can
get

s’ = ],

QO

0

= GG )8 (M) + CGCr8 " ()i, () + 8y (i)}

0

SIS}

1 1
=< { C§*2’C§6,i2)’+1 (Ak)ézl_l (A.k) '3 + C§+VC75111;;:1 ()Lk) % +1 } 8h1 (}"k)x

Bo
which together with (4.18), we get (4.15). Substituting (4.15) into the inequality (2.12), we
get (4.16). O

Remark For some adaptive local refined grids used usually, (2.9) can be expressed as
|Eju(u,v)| < Cih||v||, Vv € S" + HZ (), therefore r in the theorems of this paper can take 1.

5 Adaptive algorithms

In this section, referring to [10, 17, 27], we present six algorithms. We denote Algorithm 1
in [10] as Algorithm 1 in this paper, and Algorithms 2-3 are established based on Schemes
1-2, respectively. Then we combine Algorithms 1-3 with a uniformly refined algorithm to
get Algorithms 1M—-3M, respectively. And the a posterior error estimator in the following
algorithms comes from [4], that is

(s Wi k) = B 115

+Zh1:

FegpNok
2 4 2
nh(f: WhrK) :h)(”.f”(),lc

+th

FeepNok

(s Wiy 7T)* = Z mn(f> Wi k)7, (5.1)

KET)

2

%[(V(th) + V(VW;,)T) rp] in R?,

0,F

2
in R,

%[(V(th) +V(Vwi)") x ve]
0,F

where wy, is the finite element approximate solution of (2.4), ¢ is the tangential vector and
yr the unit outward normal on F € g,.

In the following algorithms, we have to provide an initial shape regular triangulation
7y, and a parameter 0 € (0,1). Also, from [10, 11] we know that replacing w;, with u;, and
replacing f with A,uy, in (5.1), we can obtain the error estimator of Algorithms 1 and 1M.
By Lemma 4.1 we can deduce that replacing wj, with " and replacing f with A" in (5.1),
we can obtain the error estimator of Algorithms 2—-3 and Algorithms 2M—-3M.

Algorithm 1 Choose the parameter 0 <6 < 1.
Step 1. Pick any initial mesh 7.
Step 2. Solve (2.3) on 1y, for discrete solution (An,, #y,).
Step 3. [ < 0.
Step 4. Compute the local indicators 1y, (A, s, 1, ).
Step 5. Construct 7y, € my, by Marking strategy E and 6.
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Step 6. Refine 7y, to get a new mesh 7, | by procedure Refine.
Step 7. Solve (2.3) on 7y, , for discrete solution (A, ,, us,,, ).
Step 8. 1 <=1+ 1 and go to Step 4.

Algorithm 2 Choose the parameter 0 <6 < 1.
Step 1. Pick any initial mesh .
Step 2. Solve (2.3) on 7y, for discrete solution (A, uy,).
Step 3. 1 <= 0,1y < Aho,uho &= Uy,
Step 4. Compute the local indicators 1, (A" u”, u", k).
Step 5. Construct 7y, € my,, by Marking strategy E1 and 6.
Step 6. Refine 7y, to get a new mesh 7, | by procedure Refine.
Step 7. Find u' € V},, | such that

an(u, v) —Aob(u',v) = b(uhl, v); (5.2)

!
denote y/+1 = % _

= T, and compute the Rayleigh quotient:

)\’hhl B ah(uhhl’uhhl)
B b(uhhl,uhhl) ’

Step 8. Ao <= A+1,1 <1 + 1 and go to Step 4.

Algorithm 3 Choose the parameter 0 < 6 < 1 and an integer i.
Step 1~Step 7. The same as Steps 1-7 of Algorithm 2.
Step 8. 1f I < ip, Lo <= AM+1,1 <= [+ 1 and go to Step 4; else [ <= [ + 1, and go to Step 4.

o
min
of hal When the rate hf' > C, in the process of Algorithms 1M—-3M is running, we refine

the mesh uniformly for one time. And thus the following three algorithms are derived.

A family of good adaptive meshes should satisfy # = O(k%. ). Hence, we give a bound C,

hy
h;"m :

in

Algorithm 1M Choose the parameter 0 <0 < 1, ¢, and a bound C, of

Step 1~Step 7. The same as Steps 1-7 of Algorithm 1.

Step 8. 1< 1+1.

Step 9. If h,f' L > C,, then uniformly refine the mesh 7, to get a new mesh 7, , and go

to Step 7, else léo to Step 4.

hy
hLY

!min

Algorithm 2M Choose the parameter 0 <0 < 1, ¢, and a bound C, of

Step 1~Step 7. The same as Steps 1-7 of Algorithm 2.

Step 8. Ao =M1, [ =1 +1.

Step 9. If hch L > C,, then uniformly refine the mesh 7, to get a new mesh 7, , and go

to Step 7, else go to Step 4.

hy
hO(

!min

Algorithm 3M Choose the parameter 0 < 6 < 1, an integer iy, «, and a bound C, of
Step 1~Step 7. The same as Steps 1-7 of Algorithm 2.
Step 8. If [ <ig, ko = M1l =1+ 1;else [ <1+ 1.
Step 9. If hf L > C,, then uniformly refine the mesh 7, to get a new mesh 7;,,, and go

to Step 7, else :%o to Step 4.
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Marking strategy E Given parameter 0 <6 < 1:
Step 1. Construct a minimal subset ﬁh, of 7y, by selecting some elements in 7y, such that

Z iy ety g ) = O Gyt iy, ).

K Eﬁh J
Step 2. Mark all the elements in 7j,.

Marking strategy E1 To get Marking strategy E1 we only replace Aj, and u;, in Marking
strategy E with A and ", respectively.

Algorithms 1M-3M including steps with uniform refinement seem to be opposite to the
adaptive concept. Indeed, the combination of adaptive algorithms and uniform refinement
meets the certain mesh-grading properties, thus improving the efficiency of Algorithms
1-3 (see Tables 1-3 in Sect. 6).

6 Numerical experiment

In this section, we compute the smallest eigenvalue of (2.1) on the L-shaped domain
(0,1)2\ [%, 1] by Algorithms 1-3 and Algorithms 1M—3M and (0, 1)\ ([0.5,1] x [0,1] x
[0.5,1]) by Algorithms 1-2 to demonstrate the advantages of the adaptive Morley ele-
ment method based on the inverse-shift iteration for a biharmonic eigenvalue problem.
Our programs are compiled on MATLAB2012a under the package of Chen [28] using
HP-Z230 workstation with ROM 32G and CPU 3.60 GHz.

We use the command “\” to solve (5.2) and use the sparse solver eigs(A4, B, 1,’sn’) to
solve (2.3) for the smallest eigenvalues. Before showing the results, some symbols need to
be explained:

Ap, the smallest eigenvalue obtained by the /th iteration using Algorithm 1.

}‘51 the smallest eigenvalue obtained by the /th iteration using Algorithm 2.

)\Z the smallest eigenvalue obtained by the /th iteration using Algorithm 3.

)Lﬁzvl[ the smallest eigenvalue obtained by the /th iteration using Algorithm 1M.

Aﬁ;” the smallest eigenvalue obtained by the /th iteration using Algorithm 2M.

AZ” the smallest eigenvalue obtained by the /th iteration using Algorithm 3M.

Nyof the number of the degree of freedom.

CPU(s) the time CPU runs from the first iteration to the current iteration.

In R?, the initial mesh 7y, is isosceles right triangle subdivision with mesh size g, and
we take 6 =0.25,C, = 1.1, a = % We fix shift from the 25th and 13th in Algorithm 3 and
Algorithm 3M, respectively. The results are shown in Tables 1-3. We depict the error
curves of Algorithms 1-3 and Algorithms 1M-3M in Figs. 1-3.

From Tables 1-3, we can get the conclusion that in the case the accurate are almost
same, Algorithms 2-3 take about half time of Algorithm 1. In the case the accurate are
almost same, Algorithm iM takes about 2 time of Algorithm i, i = 1,2,3.

The smallest eigenvalue of (2.1) is unknown. Therefore, we replace it with an approxi-
mate eigenvalue A1 & 6703.585 in R? with high accuracy. It is present that the relative error
curves of the smallest eigenvalues derived from Algorithms 1-3 and Algorithms 1M-3M
on the adaptive meshes in Figs. 1-3, whose slopes are more or less —1, which shows that
all the six Morley element adaptive algorithms can get the optimal convergence rate O(42)
in R2,
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Table 1 The smallest eigenvalue solved by Algorithm 1 and Algorithm T™M

Page 16 of 21

I Naof hy o CPUGS)  Naof hy = W, CPU(s)
Imin Imin

1 2045 0044 0210 6333637 0275 2045 0044 0210 6333637 0086
2 2957 0044 0250 6368756 0368 2957 0044 0250 6368756  0.162
3 3035 0044 0297 6426312 0452 3035 0044 0297 6426312 0239
4 3135 0044 0354 6459396 0537 3135 0044 0354 6459396 0320
5 3345 0044 0420 6506181 0629 3345 0044 0420 6506181 0405
6 3609 0044 0500 6540464 0726 3609 0044 0500 6540464 0499
7 3979 0044 0595 6574027 0834 3979 0044 0595 6574027 0605
8 4450 0044 0707 6588671 0957 4459 0044 0707 6588671 0723
9 5007 0044 0841 6606244 110 5007 0044 0841 6606244 0860

10 5787 0044 100 6615776 127 5787 0044 100 6615776 102

1 6665 0044 119 6631992 148 6665 0044 119 6631992 121

12 7791 0044 141 6642939 171 31,697 0022 0841 6688240 212

13 9110 0044 168 6656854 197 34833 0022 100 6690595 3.5

1410591 0044 200 6662468 227 39191 0022 119 6693066 443

15 12295 0044 238 6665980 265 173919 0011 0841 6701061 114

16 14331 0044 283 6671824 310 189989 0011 100 6701477 194

17 16641 0044 336 6676967 362 211977 0011 119 6701750 290

18 19497 0044 400 6680844 421 948969 0006 0841 6703147 828

19 22025 0044 476 6684502 492 1025149 0006 100 6703198 141

20 27171 0044 566 6686546 577 1131177 0006 119 6703244 210

21 32088 0044 673 6689797 676 5114697 0003 0841 6703512 587

2 37703 0044 800 6692349 795 - - - - -

23 44289 0044 951 6694425 939 - - - - -

24 52103 0044 113 6695960 111 - - - - -

25 60857 0044 135 6696560 132 - - - - -

26 70881 0044 160 6697400 157 - - - - -

27 83091 0031 135 6698304 187 - - - - -

28 98019 0031 160 6699274 227 - - - - -

20 116273 0031 190 6699950 274 - - - - -

30 136557 0031 226 6700589 331 - - - - -

31 160465 0022 160 6701087 400 - - - - -

32 188195 0022 190 6701469 482 - - - - -

33 221401 0022 226 6701858 580 - - - - -

34 257797 0022 269 6702060 697 - - - - -

35 301063 0022 320 6702246 846 - - - - -

36 353201 0022 381 6702411 102 - - - - -

37 416609 0022 453 6702557 124 - - - - -

38 492039 0022 453 6702767 151 - - - - -

39 577233 0022 538 6702937 182 - - - - -

40 677271 0016 453 6703035 220 - - - - -

41 793765 0016 538 6703115 266 - - - - -

42 934557 0016 640 6703190 321 - - - - -

43 1084193 0016 640 6703237 388 - - - - -

44 1267059 0016 761 6703272 465 - - - - -

45 1487051 0016 905 6703320 558 - - - - -

46 1756709 0016 108 6703362 672 - - - - -

47 2065245 0011 905 6703407 809 - - - - -

48 2420223 0011 108 6703446 973 - - - - -

49 2834373 0011 128 6703468 1171 - - - - -

50 3319763 0011 128 6703487 1415 - - - - -

51 3894763 0011 152 6703505 1706 - - - - -

52 4522239 0011 181 6703516 2060 - - - - -

V3

In R3, the initial mesh 7y, is tetrahedron subdivision with mesh size 1—63 ,and we take 6 =

0.25 and A7 & 8290.011 with high accuracy replacing the accurate eigenvalue. It is present

that the refined mesh and the relative error curves of the smallest eigenvalues derived

from Algorithms 1-2 in Fig. 4, from which we see that Algorithm 2 is more efficient than

Algorithm 1, but meanwhile we also see from Table 4 that the mesh size has no change.
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Table 2 The smallest eigenvalue solved by Algorithm 2 and Algorithm 2M

I Nt oo, CPUL)  Naot o e AR CPU(S)
Imin Imin

i 2945 0044 0210 6333637  0.133 2945 0044 0210 6333637 0090
2 2957 0044 0297 6373503 0228 2957 0044 0297 6373503  0.140
3 3031 0044 0354 6538971 0280 3031 0044 0354 6538971 0192
4 3067 0044 0420 6443737 0371 3067 0044 0420 6443737 0250
5 3237 0044 0500 6489761 0426 3237 0044 0500 6489761 0305
6 3445 0044 0595 6523466 0487 3445 0044 0595 6523466 0365
7 3811 0044 0707 6566620 0560 3811 0044 0707 6566620 0431
8 4195 0044 0841 6595431 0636 4195 0044 0841 6595431 0504
9 4678 0044 100 6597955 0720 4678 0044 100 6597955 0588

10 5203 0044 119 6607441 0814 5203 0044 119 6607441 0709

ik 6118 0044 141 6623248 0924 25297 0022 0841 6683573 115

12 6997 0044 168 6634588 105 27723 0022 100 6686324 163

13 8232 0044 200 6648804  1.20 30933 0022 119 6683518 238

14 9527 0044 238 6658106 139 139409 0011 0841 6700069 587

15 11102 0044 283 6663393 159 153179 0011 100 6700762 971

16 12928 0044 336 6667166 182 168897 0011 119 6701161 154

17 15139 0044 400 6673763 211 740417 0006 0841 6702983 39

18 17619 0044 476 6678433 243 807451 0006 100 6703097 654

19 20763 0044 566 6682562 282 882597 0006 119 6703149 103

20 24365 0044 673 6685164 327 3907351 0003 0841 6703486 236

21 28967 0044 800 6687944 381 4218771 0003 100 6703504 382

22 34068 0044 951 6690675 450 - - - - -

23 40007 0044 113 6692914 539 - - - - -

24 47017 0044 135 6694937 646 - - - - -

25 55275 0044 160 6696294 764 - - - - -

26 64407 0044 190 6696867 909 - - - - -

27 75259 0031 135 6697823 108 - - - - -

28 88353 0031 160 6698752 132 - - - -

29 104269 0031 190 6699457 161 - - - - -

30 123285 0031 226 6700133 194 - - - -

31 145061 0031 269 6700774 233 - - - - -

32 170397 0022 226 6701291 279 - - - -

33 199833 0022 269 6701638 335 - - - - -

34 235261 0022 269 6701906 400 - - - -

35 272877 0022 320 6702117 486 - - - - -

36 319549 0022 381 6702292 588 - - - -

37 375279 0022 453 6702462 711 - - - - -

38 444049 0022 538 6702631 861 - - - -

39 522525 0022 640 6702819 104 - - - - -

40 613375 0022 761 670294 125 - - - -

41 719217 0016 538 6703062 149 - - - - -

42 844333 0016 640 6703144 179 - - - - -

43 988863 0016 761 6703208 214 - - - - -

44 1150057 0016 905 6703256 255 - - - - -

45 1346861 0016 108 6703292 304 - - - - -

46 1584041 0016 128 6703337 362 - - - -

47 1873597 0016 152 6703378 433 - - - - -

48 2196067 0011 108 6703422 509 - - - - -

49 2572281 0011 128 6703454 598 - - - - -

50 3010543 0011 152 6703474 705 - - - -

513538161 0011 181 6703497 831 - - - - -

52 4120833 0011 215 6703510 979 - - - - -




Li and Yang Journal of Inequalities and Applications (2018) 2018:55

Table 3 The smallest eigenvalue solved by Algorithm 3 and Algorithm 3M

Page 18 of 21

I Naof howe A, CPUG)  Naof ] CPUC)
Imin Imin

1 2045 0044 0210 6333637 0086 2945 0044 0210 6333637 0086
2 2957 0044 0297 6373503 0137 2957 0044 0297 6373503 0137
3 3031 0044 0354 6538971 0187 3031 0044 0354 6538971 0187
4 3067 0044 0420 6443737 0244 3067 0044 0420 6443737 0245
5 3237 0044 0500 6489761 0299 3237 0044 0500 6489761 0300
6 3445 0044 0595 6523466 0358 3445 0044 0595 6523466 0360
7 3811 0044 0707 6566620 0423 3811 0044 0707 6566620 0426
8 4195 0044 0841 6595431 049 4195 0044 0841 6505431 0498
9 4678 0044 100 6597955 0577 4678 0044 100 6597955 0581

10 503 0044 119 6607441 0670 5203 0044 119 6607441 0696

il 6118 0044 141 6623248 0779 25207 0022 0841 6683573 114

12 6997 0044 168 6634588 0903 27723 0022 100 6686324 162

13 8232 0044 200 6648804 105 30933 0022 119 6688518 237

14 9527 0044 238 6658106 121 139409 0011 0841 6700069 585

15 11102 0044 283 6663393 141 153179 0011 100 670199 971

16 12928 0044 336  6667.166 164 164253 0011 119 6701274 152

17 15139 0044 400 6673763 193 715319 0006 0841 670299 382

18 17619 0044 476 6678433 225 780735 0006 100 670309 638

19 20763 0044 566 6682562 263 853934 0006 1.19 6703205 100

20 24365 0044 673 6685164 308 3774935 0003 0841 6703503 231

21 28967 0044 800 66879044 360 4083915 0003 100 6703538 372

22 34068 0044 951 6690675 421 - - - - -

23 40007 0044 113 6692914 497 - - - - -

24 47017 0044 135 6604937 589 - - - - -

25 55075 0044 160 6696294 698 - - - - -

26 64407 0044 190 6696867 828 - - - - -

27 75259 0031 135 6697823 985 - - - - -

28 88357 0031 160 6698753 120 - - - - -

29 104277 0031 190 6699461 146 - - - - -

30 123275 0031 226 6700032 177 - - - - -

31 145073 0031 269 6700784 214 - - - - -

32 170409 0022 226 6701303 259 - - - - -

33 199844 0022 269 6701644 312 - - - - -

34 235073 0022 269 6701901 376 - - - - -

35 272825 0022 320 6702117 457 - - - - -

36 319389 0022 381 6702299 555 - - - - -

37 375188 0022 453 6702450 674 - - - - -

38 443002 0022 538 6702642 817 - - - - -

39 522189 0022 640 6702815 988 - - - - -

40 612931 0022 761 6702966 119 - - - - -

41 718761 0016 538 6703061 143 - - - - -

42 844127 0016 640 6703150 171 - - - - -

43 988405 0016 761 6703208 205 - - - - -

44 1149526 0016 905 6703256 244 - - - - -

45 1346037 0016 108 6703295 291 - - - - -

46 1583069 0016 128 6703340 347 - - - - -

47 1872353 0016 152 6703381 412 - - - - -

48 2194650 0011 108 6703425 490 - - - - =

49 2570539 0011 128 6703458 580 - - - - -

50 3008669 0011 152 6703478 687 - - - - -

51 3535715 0011 181 6703498 813 - - - - -

52 4118331 0011 215 6703512 962 - - - - -
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Figure 1 The convergence rates of the smallest eigenvalue from Algorithm 1(a) and Algorithm 1M(b)
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Figure 2 The convergence rates of the smallest eigenvalue from Algorithm 2(a) and Algorithm 2M(b)
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Figure 3 The convergence rates of the smallest eigenvalue from Algorithm 3(a) and Algorithm 3M(b)
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—*Error for Algorithm 2
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Figure 4 The refined mesh for the L-shaped domain (a) and the convergence rates of the smallest eigenvalue
from Algorithm 1 and Algorithm 2(b) in R?

Table 4 The smallest eigenvalue solved by Algorithm 1 and Algorithm 2

/ Netof hy Xy CPU(s) Netof hy A CPU(s)
1 54,896 0108 7547686 825 54896 0108 7547686 9.71
2 57,176 0108 7612980 165 57176 0108 7613.142 130
3 60,822 0108 7678863 256 60,822 0108 7678902 16.7
4 67,192 0108 7736644 351 67,192 0108 7736699 209
5 76,278 0108 7802.128 46.5 76316 0108 7802062 258
6 86,838 0108 7871038 586 86,905 0108 7872137 312
7 101,261 0108 7949.987 738 101,368 0108 7950349 384
8 121,408 0108 8001974 924 121,563 0108 8002931 473
9 146,456 0108 8041421 118 146,215 0108 8040738 58.1

10 180,528 0108 8082211 155 180,203 0108 8082247 723

11 224,755 0108 8108734 211 224,288 0108 8108530 92.1

12 282,583 0108 8141.177 295 281,953 0108 8141.009 19

13 355,133 0108 8174424 414 354,598 0108 8174437 156

14 451,162 0108 8199573 583 450739 0108 8199.502 205

15 561904 0108 8220566 847 561090 0108 8220433 269

16 693,222 0108 8240310 2368 691,963 0108 8240.129 354

17 863,420 0108 8258156 9957 861,795 0108 8258042 469

18 - - - - 1,084,848 0108 8272888 624

9 - - - - 1357830 0108 8281.060 851

20 - - - - 1730050  0.108  8290.011 1206

Because Nyof in R? increases very fast after uniform refinement, which leads to surpassing

computer’s memory, we cannot employ Algorithms 1M-3M to solve (2.1).
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