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1 Introduction
Assuming thatp > 1, = + 2=1,a,,b,>0,0<) Ldh <00,and 0< Y 22, bl < 00, we have
the following Hardy— Hllbert inequality (cf. [1]):

00 00 1/p 1/q
ambn b4
Z Z m+n sm(n/p) <Z ) (Z bq) ’ 1)

is the best possible. We still have the following Mulhol-
(cf. Theorem 343 of [1],

where the constant factor
sm(ﬂ/p

land inequality with the same best possible constant factor 7= (ﬂ 7
v)

replacing %2, b” by ay, by):

1/p 1/q
. 2
HX: 2; 1nmn sin n/p) (Z ml‘l’) (nzzz: nl‘q) @
Inequalities (1)—(2) are important in the analysis and its applications (cf. [1, 2]).

In 2007, Yang [3] first gave a Hilbert-type integral inequality in the whole plane as fol-

lows:

/ / . (f( figv axdy

<B(§ ;)(/ ) f:e”fzwy)z, 3

where the constant factor B( %, %) (A > 0) is the best possible. Some new results on inequal-
ities (1)—(3) were provided by [4—24]. In 2016, Yang and Chen [25] gave a more accurate
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extension of (1) in the whole plane as follows:

Z Z (Irm - E|+|n nl)*

[n|=1|m|=1

o 5[ oo i
<2B(A1, 1) [ > im- sv’“—*ﬂ-lafn} [Z = n|q<1-*2)-1bz] , (4)

|m|=1 |n|=1

where the constant factor 2B(A1,A3) (0 < A1, Ay <1, A1 + A3 = A, &, € [0, %]) is the best
possible. Another result was provided by Xin et al. [26].

In this paper, by introducing multi-parameters, applying the weight coefficients and
Hermite—Hadamard’s inequality, we give a reverse of the extension of Mulholland’s in-
equality (2) in the whole plane with the best possible constant factor similar to the reverse
of (4). The equivalent forms and a few particular cases are also considered.

2 Some lemmas
In the following, we agree that 0 < p < 1, 117 + é =1L, A >0, A +A=A<1 B¢
[arccos 5l Emne [0,2] and

2w csc? y

H,(\) = ———
y() )\sin(”Th)

(y =, B). (5)

Remark 1 In view of the conditions that «, 8 € [arccos £ 51, & m €0, ], it follows that

3
(% +n)(1FcosB)>1and (% + &)1 Fcosa) > 1.
We set the following functions:
Ag(§,x) = lx—&| + (x = §) cosa,

Bg(n,y) =y —nl + (y—n)cos B, and

H@,9) = (|x|,|y|>§). ©)
In* Ay (&,%) + In* Bg(n, y) 2

Definition 1 Define two weight coefficients as follows:

> H(m,n) In* Ay (&, m)
>

w(Ay, m) :=
(haym) Bg(n,n) In'*~*2 Bg(n, n)

» Iml € N\{1}, (7)
|n|=2

w (A, n):=

o) A2
Z H(m,n) "> Bg(n,n) ,  |nl e N\{1}, ®)

Aot (E: WZ) lnl_kl Aa (S’ Wl)

|m|=2

WhereZ;'T:z"':Z;ofz""" ]‘?:2...(]‘=m,n)'

Lemma 1 (cf. [26]) Suppose that g(t) (> 0) is strictly decreasing in (1,00), satisfying
[7g()dt € R,. We have

/2 a(t)dt < gg(m < /1 o0y dt. ©)
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If(-1)ig() >0 (i=0,1,2;t € (3,00)), fgog(t) dt € R,, then we have the following Hermite—

Hadamard inequality (cf. [27]):

3 g < f g de (10)
n=2 2

Lemma 2 For0< X <1,0< X, <1, the following inequalities are valid:

Hy(a1)(1 =602, m)) < @(2a,m) < Hy(r1), |l € N\{1}, (v
where
In[(2+n)(1+cos B)]
o (Th) [T RAEn T w2
6 (ha, m) := ;an(Tl)/O Lo
1
“(am) <0 "
Proof For |m| € N\{1}, we set the following functions:
o - ! 2
(m.5) = In* Ao (&, m) + In*[(y — n)(cos B - 1)] s 2
@) - ! >
" W A m G- neosp ] Y
wherefrom
O, —y) = ! §
HY(m,—y) WAL Em [+ M —cosp)] 2
We find
= HY (m,n) In*1 A, (&, m)
@l = ;;2 (n—n)(cos p — 1) In'~*2[(n — n)(cos B — 1)]
> H® (m, n) In*1 Ay (8, m)
.3
2 (n—m)(1 +cos f)In' 2 [(n - n)(1 + cos p)]
" Ay (&, m) i HY (m, —n)
"~ 1-cosp —~ (n+n)In'2[(m + n)(1 - cos B)]
I A6 m) H® (m, n)
13
Z (n—n)In"2[(n - n)(1 + cos B)] "

1 +cosﬁ -

In virtue of 0 < A <1, 0 < A3 < 1, we find that for y > %,

d HO(m, (-1)'y) 0
dy (y — (=1)in) In' 2 [(y = (=1)n)(1 + (~1)! cos B)]
a2 H9(m, (-1)'y) 20 (i=12)

dy* (y = (=1)in) In**2[(y - (=1)/n)(1 + (~1)i cos B)]
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. HO (m,(-1)'y) . ; ; .
it follows that T R 2 (D e D e B (i = 1.2) are strictly decreasing and strictly

convex in ( ) By (10) and (13) we find

In*! A, (£, m) HO (m, —y)dy
@l ) < //2 (y+n)In

1-cos 2y + n)(1 - cos B)]
In*! Ay (€, m) /°° H® (m,y)dy
Ty cosB Jzn (y=n)In**2[(y = )1 +cos B)]

Setting u = ({;Zalé i::)s B (u ]“[(’1'; ' zg i::)s BN in the above first (second) integral, in view

of Remark 1, by simplifications, we obtain

1 1 % gyt
w(ho, m) < + / du
l1-cosB 1+cosB/)Jy 1+u*

_ 2cesc? B /‘oo V02 gy o esc? B
B 1+v A51 (”)“1)

ng()\.l).

By (9) and (13), in the same way, we still have

In*! Ay (€, m) HY (m, -y)dy
(o m) > / G

—COSﬂ 1= )‘2 (y+7])(1—C05,3)]

+ln“Aa(S,m) o H®(m,y)dy
L+cosB )y (y—n)lnl‘“[(y—n)(lwosm]

1 o0 uszl
> ——du
1-cos ,B 1+cosp hi@eicosp)] 1+ u*

2+n)(1+cos/3)]
nAqGm)  y2 L

du

= Hg(h1) - 2csc? ﬂ/

1+ut

= Hg(A1)(1-6(2o,m)) >0,
where 6 (), m) is indicated by (12). It follows that 6(,,m) < 1 and

0 < O(hy, m)

In[(2+n)(1+cos B)]

AL [T TnAg E,m)
< —sin| — Wy
T A 0

A (ml)(ln[(zm)(l+cos,3)]>AZ
mj| —— .

Thy A InA, (&, m)

Hence, (11) and (12) are valid.

In the same way, for 0 < A <1, 0 < 11 < 1, we still have the following.
Lemma 3 The following inequalities are valid:

Hoy(\)(1 =001, m)) < (A1, m) < Hy (1), |n] € N\{1}, (14)
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In[(2+&)(1+cos )]

~ A A T mBgGy Ml
0(h1,n) := —sin kel / o ——du
T A 0 1+u*

_ o(;) c01)
- In™ Bg(n, n) T

Lemma4 If(¢,y) = (§,) (or (n,B)), p > 0, then we have

S P ln— g+ (n—)cos ]
BEY) = ) et 2ycosy)

n|=2

= %(2csc2 y +o(1)) (p—0%).

Proof Still by (10) we find

o 1
ho(Cy) = Z In""P[(n - ¢)(cosy —1)]

2 (= ¢)cosy 1)

Z n 1 P[(n—-¢)(cosy +1)]
(m—2¢)(cosy +1)

n=2

> Pm+ )1 =cosy)] InTTP[(m—¢)(cosy + 1)]
2 l

(n+ )1 —cosy) * (m—2C)(cosy +1)

[ {1n1p[(y+;>< ~cosy) +1n1p[(y—¢)<cosy+1>1} "

3 (v +¢)(L-cosy) (= ¢)(cosy +1)
C 1[I [(5 +¢)(1 —cosy)] ln"’[(% —¢)(1 +cosy)]
_p{ 1-cosy 1+cosy }

=l{1 r, 1 +01(1)} (p—0%).

pll-cosy 1+cosy

By (9), we still can find that

hﬂ(;ry)
_ i { I [0+ )AL —cosy)] In Pl ¢)(cosy + 1)) }
N — (m+¢)1—cosy) (m=¢)(cosy +1)
(I Ply+ (A —cosy)]  In""(y—¢)(cosy +1)] }
2/2 { Gro0-cony) | -Oleosy+D |7
1 [In”[2+¢)A-cosy)] In"[(2-¢)(1 +cosy)]
_;{ 1-cosy " 1+cosy }

1 1 1
== + +0(1)¢ (0 —0%).
pll—-cosy 1+cosy

Hence, we prove that (16) is valid.
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3 Main results and a few particular cases
We also define

27 csc?? B esc?i o
_lp 1/q _
H(A):=Hg"(M)H, (A1) = )»sin(”T“)

Theorem 1 Suppose that a,,, b, > 0 (|m|,|n| € N\{1}) and

0 lnp(l—kl)—lAa(E,m) ”

0< A myr

< 00,
|m|=2

— I By, )
oo Byt

0<
We have the following reverse equivalent inequalities:

x x Amby
=2 = In* Ay (&,m) +1n" Bg(n, n)

. W, 6m) 7
>H(M)[,;z(l_9(k2’m)) (Aa&,m)> af”}

1

o 1

In?1-*2)-1 g , q

| ot Byl 1
o Ben,m))te

1

nd lnp'\z’lBﬁ(n,n) nd A
I [Z Bs(n,n) l;zlnkAa(é,M)HnABﬂ(n,n

|n]=2
3 014, g m) ]
>H(k1)[§2(1_9()‘2’m» A& m) 7 “f”} ’
._ = lnqkl_lAa(E,m)
h |:§2 (1= 0(r2,m))11Ag(§,m)

00 1 ak
g (%2 In* Ay (&,m) + In* By (1, ”)bn> }

Iq

= 002 (o) '

SHO)| S 2 W e |
LZ (B4 m)

In particular, (i) fora = g = 7, &,n7 € [0, %], setting

In(2+n)

A TA lg] 1271
01(Ag, m) := — sin il f e du
T A 0 1+ut

1
O(ln“ |m—s|) <O

)]
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(17)

(18)

(19)

(20)

(21)
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we have the following reverse equivalent inequalities:

1

>

M8

|n]=2 |m|=2
2
> ———
Asin(Ft

b

n|=2

21
>

m|=2

In2(1-*2)-1 In—n|
¢ |n—nli-

In* |m — $|+ln |n — n|

n

1
lnp(l—)»l)—l |m _ ‘i:l ) pr

7”»1) |:Z (1 - 91()»2,1’}’1)) £

1
q
bg}

’

nl s

|m|=2

A ’ ’l’
In* |m—&| +1n* |n— 1|

1

o0 P01, _ »

—_— E (1—91()»2,1’}1))11—':”‘5'6{’,’" ,
Asin(5) |m — & |1-»

i In?17! | - &|
e (1-61(Ae, m))2 1 m —&|

2

|n]=2

| n-—

S

lnql A2)—
7 Jsin(Z) =]
sin(=+ =2 n

(ii) For €, =0,

02 (Ao, m) :

1

1-q

1
nlbn} '

o, B € [arccos 3, 7], setting

3

In2(1+cos B)

1
(1nk2(|m| +mcosa)

A . 7'[)\1 In(jm[+mcosa) l,{)‘z_l
—sin| — ,\ du
b A 0 l+u

> €(0,1),

we have the following equivalent inequalities:

amb,

1
n|=2 |m|=2

>H()»1)|:

» [z "
n|=2

o0

Z (]. - 92()\.2, Wl))

|m|=2

In?(-*1)

n*(|m| + mcosa) + In*(|n| + ncos B)

“L(|m| + mcosa)

In* |m—&| +1In* |n—

(|m| + mcos a)1-»

1/q
*271(|n| + ncos B) q
bl

(In| + ncos B)1-1

Am

1/p
P

n|b’ﬂl

q

{ 2 10?27 Y(|n| + ncos B)
nl=2 In

| + ncos B |:Z

|m|=

>H()\.1)|:

o0

Z (1 - 62(hy, m))

|m|=2

2

In?-*1)

“L(|m| + mcosa)

(|m| + mcos a)1-»

In*(|m| + mcosa) + In*(|n| + ncos B)

1
p
a |,

|

=
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(23)

(24)

(25)

(26)

(27)
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> In?17Y(|m| + mcos )
(1 = 63(Ay, m))1Y(|m| + mcos )

|m|=2

00 1 q %
by,
x (Z In*(|m| + mcosa) + In*(|n| + ncos B) ) :|

|n|=2

1
=, In1 271 (|| + ncos B) bz} q. (28)

>H(M)|:Z (In| + ncos B)1-1

|n|=2
Proof By the reverse Holder inequality with weight (cf. [28]) and (8), we find

oo p
<Z H(m, n)am>

|m|=2

s (Au(g,m) V410 4, (£, m)
= {mzzzH(m, n)[ P B, () ﬂmi|

[ 427 By (n, n) ]”
(Au(&, ) Ve 0001 4, (6, m)

A&, p/q | (1*)»1)17/@140( ,
= 5 g &0 &m,
In""*2 Bg(n, n)

=2
12247 By (n, 1) P
[ZHmm & m) I A, E,m)

zwmww%mmz H(m, n)(Aq (&, m)§ 05 4,6, m) ,
1np/\2—13ﬁ(,7’n) Bﬂ(n,n)ln1 *2 Bg(n,n) o

|m|=2

By (14), in view of p — 1 <0, it follows that

1

[ &, Hm, n)(A g )P In=20Pl A (£, m)
>y }

J > HY1(0)
) n, 1) In'~*2 Bg(n, n)
1

[ H(m, n)(Aq (&, m))?' 0 In" =09 A, (8, m)
>y ai

= H)/()
o ( 1) Blg(n,n) lnl Ao Bﬂ(’],”l)

Lm|=2 |n|=2

o [ o P01 4 (&, m) »
=H! q(kl)_l;zw(kz,m) A m)r a,

(29)

By (11) and (17), we have (19).
Using the reverse Holder inequality again, we have

In*2-0/P) Bﬂ(n,n) In(1/P)-2 Bg(n,n)
I = _ = H m || ——————b,
> o 3 om0,

[n|=2 |m|=2

1
00 lnq(l—kz)—l Bﬂ(n’ }’l) q
2 : p| o, 30
Z]L © Bpy,m)t-e " 30

and then by (19) we have (18).
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On the other hand, assuming that (18) is valid, we set

B In”*271 Bg(n, n) > !
b, = W(Z H(m, n)am> , |l € N\{1},

[m]=2

and find

1

o By

By (29) it follows that J > 0. If J = oo, then (19) is trivially valid; if ] < 0o, then we have

= 9D By(n,n)
Balp, )=t "

|n|=2
=Jp=]

- 04, 6 m) 7
>H(M)Lm2=2(1_w2’m)) (AuE,m) “1’7”}

1
5 [ee) 1nq(1—)\2)—lBﬁ(n’n) 4 q
Bg(n,m)t-a |’

|n|=2

1
/- X pd(1-*2)-1 Bﬂ(’]:”) 4 r
(Bg(n,m))t=1 "

=2
> P21 A (£, m) ’

Hence (19) is valid, which is equivalent to (18).
We have proved that (18) is valid. Then we set

P AEm) (& -
s (1-e<xz,m))q—1Aa(s,m)<|ZH(m’”)b”) e

n|=2

and find

1

S WAL Em) ]
L_[Z(l_mz"")) (A& ) af”]

m|=2

Page 9 of 14
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If L = 0, then (20) is impossible, namely L > 0. If L = 0o, then (20) is trivially valid; if L < oo,

then we have

. P04 (€, m)
—0(As, P
\%2(1 G =G myr
=L7=]
. W00 4, 6 m) 7
>H(“)Lmzz(1'0(“’m)) Ao &, m)7 “4

1

0 pa(1-h2)-1 ) q

| ST By |
= (Byln,m)

s P11 4 (€, m) :
L = 1 _ 0 , »
[I%z( o) =G G 7 “’”}

S lnq(l—)»z)—lB (77) Vl) é
0] 5 s

|n|=2

Hence, (20) is valid.
On the other hand, assuming that (20) is valid, using the reverse Holder inequality, we

have

o InWa-*1 Ag(E,m)
I= Z [(1 —0(ho,m)) VP (Ag(§,m)) Ve m]

|m|=2

In*1-(1/ Ay (&, m)
g [(1—9(x2,m)w (&) HZZH(”“ "

0 0-40-1 4 (g, ’
> |:Z(1—9(k2,m)) . W ))(lim)a{’n] L (31)
|m|=2 als, MM

and then by (20) we have (18), which is equivalent to (20).
Therefore, inequalities (18), (19), and (20) are equivalent.

The theorem is proved. O

Theorem 2 With regards to the assumptions of Theorem 1, the constant factor H(A1) in
(18), (19), and (20) is the best possible.

Proof For0<s<pkl,wesetxl = 1—— (e (0,1)), AZ—A2+ £ (> 0), and

. In* 11 4 (&, m) ~ lnxl_lAa(‘Erm)
T AEm T Aem)

In*2~E/D-1 B (n, n) In2-s-1 B (n,n)
e e : (In € N\(1}).
Bﬁ(’?;") B,g(ﬂ,ﬂ)

(1m] € N\{1}),
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By (16) and (14) we find

+ | = 0T A, (8, m) ’
hi LmZz(l ~00am)

1
X 1,4(1-22)-1 K
“ Zwbﬁ
s Beln,m)a

e T ALE M) O O(n 2 A (€, m)) ’
) |:|m2—:2 Aa(f,m) ‘§2 Aa(%',l’}’l)

0 ]n—l—s Bﬁ(ﬂ,l’l) %
: [Z By(nm) ]

|n|=2

=—(2csc®ar +0(1) - aO(l))l/P(chc B+ 0(1)) (e —>0%),

o 17" Ay (8, m) "2~ By (n, n)
= H ]
Z Z (m, n) Ay (&,m)Bg(n, n)

In~1-¢ B,g n,n)
Bg(n,n)

it ~ In"1"¢ By(n, n)
= Zwul,n)T’:”) )»1)2

=2

_ lH <A1 - —)(2050 B +0(1)).
£ p

Page 11 of 14

If there exists a positive number K > H(A;) such that (18) is still valid when replacing

H(X1) by K, then, in particular, we have

el=¢ i i H(m, n)ZimZ,, > eKT,.

|m|=2 |n|=2

In view of the above results, it follows that

H, <A1 - 1—9) (2cse® B +0(1)) > K - (2csc® e + 0(1) — £0(1)) /p(2csc B+ 0(1))1/q

and then

2

47 csc” o

2 2/, 2/ +
—cse“ B> 2K cese”? o esc e —0%),
A sin(—”i‘1 ) p p ( )
namely

21
H(h) = ————csc™ Besc?a > K.
Asin(%52)

Hence, K = H()1) is the best possible constant factor in (18).
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The constant factor H(A1) in (19) ((20)) is still the best possible. Otherwise we would
reach a contradiction by (30) ((31)) that the constant factor in (18) is not the best possi-

ble. O

Remark 2 (i) For & = =0 in (22), setting

~ AL (a\ (R we!
01(Ay, m) := —sin| — / ——du
T A 0 1+u*
1
=0l —)€(0,1),
(ln)‘z |W1|) D
2

we have the following new inequality with the best possible constant factor pyewEZ %
sm(——

Z Z In* |m|+ln |n|

|n|=2 |m|=2
1
2 > ~ In?UA0=1 17
>—— 1-61(hoym)) ——————a?
Asin(”T“)[lmZz( 1(k2m) |m[t» "
1
. o 1
In2(1-*2) 1|n| q
X El——y LA (32)
>y

It follows that (20) ((22)) is an extension of (29).
(i) If a_, = a,, and b_, = b, (m, n € N\{1}), setting

ho (A [Roh ! 1
03(Ag, m) := — sin = / du=0| ———)€(0,1),
7 2 ) ) 1+u* In*2(m — &)
In(2+n) A1

A A n(m+§) 1
O3(Xo, m) := —s1n(n 1) /l v du = O(f) €(0,1),
b4 A 0 1+u* In*2(m + &)

then (22) reduces to

1

;%[ln (m - S)+ln (n—-n) * In*(m - &) + In*(n + n)
1 1 ] b
* In*(m + &) +1In*(n - n) * In*(m+&)+1n*(m +n) O

2 > L ()
g Asin(wAi/A) {;[(1 = 0202,m) (m—-§&)»

1
In?0-1 (5 4 E)] » }p

+ (1—93()\,2,1’}’1)) (m+$)1’17

> 1nq(17?»2)71(n -n) 1nq(lf/\z)fl(n +n) %
g {Z[ i—m | (e }bz ' 39

n=2
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In particular, for§ =n=0,A=1,A1 = Ay = % in (33), setting
In2

1 T M_1/2 1
0 = — du=0| —— 0,1),
(m) T /0 1vu” <ln1/2m> €01

we have the following reverse Mulholland inequality (2) with the best possible constant :

8
.'
=

S Inz7'n
< |\ ——b| . (34)

4 Conclusions

In this paper, by introducing multi-parameters, applying the weight coefficients, and us-
ing Hermite—Hadamard’s inequality, we give a reverse of the extension of Mulholland’s
inequality in the whole plane with the best possible constant factor in Theorems 1-2. The
equivalent forms and a few particular cases are considered. The technique of real analysis
is very important as it is the key to proving the reverse equivalent inequalities with the
best possible constant factor. The lemmas and theorems provide an extensive account of
this type of inequalities.
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