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In this note, we solve the inverse nodal problem for Bessel-type p-Laplacian problem

0 = - DA -0y, T<x=q,
y(1) =y(a) =0,

on a special interval. We obtain some nodal parameters like nodal points and nodal
lengths. In addition, we reconstruct the potential function by nodal points. Results
obtained in this paper are similar to the classical Sturm-Liouville problem. However,
equations of this type are considered with the condition defined at the origin. We
solve the problem on the interval [1,a], that problem is not singular.
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1 Introduction

By using separation of variables, the wave equation can be written with spherical symme-

try
—y'(x) + o)y = Ay, (1.1)
where X is a constant referring to the eigenvalue of the problem, and w(x) = w,(x) + 1(?21)
[1], where [ is a positive integer or zero and w,(x) will be defined in what follows.
Let us take into account the eigenvalue problem
~0/" ) = -D(r-0@)* Y, 1zx<a (1.2)
y(1) = y(a) =0, (1.3)

where [ =0,1,2,...,p>1,a #0, and y(p’l) = |y|(”’2)y. In this work, we shall assume that
wo(x) € L2[1,a] and y(x, 1) denotes the solution of problem (1.2)—(1.3). The equation given
in (1.1) is taken into account by the condition defined at zero which is singular. So, it is
not easy to obtain the solution of the inverse problem. That is why we will consider the
problem on the interval [1, 4] where the problem is regular. One can consider the singular
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case of the same problem. Note that for p = 2, the inverse problem for the Bessel operator
has been studied by [2]. In [3], the authors proved that the problem

_(|y/|(19—2)y/)’ _ (p _ 1)|}/|(p—2)y,

y(()) =0, J/(O) =1,

has a solution S, (x), where S,(x) is called the sine function for any p, and they also defined

inversion of the integral

Sp(x) 1
e [T
o (L-t)7

Then the first zero 7, of S,(x) is

S | 2r/p
=2 dt = .
v /0 (l_tp)}, SinJT/p

Also, the function S, (x) satisfies |S,(x)|? + |SI; (x)|” = 1, which is similar to the trigonometric
identity sin?x + cos®>x = 1 for p = 2.

An inverse nodal problem means finding the potential function through the nodal points
(zeros of eigenfunctions) without any other spectral data. Nowadays, solving this problem
for one-dimensional p-Laplacian problem is more popular. In this problem, given nodal
points, one can find the potential function in a general case. At the first stage, Priifer trans-
formation is significant (see [3—8]). Especially, for / = 0, we obtain the regular Sturm-—
Liouville problem, and it has solved by many authors (see [9, 10]).
nyn-1

The zero set X, = {x/'}'

set of nodal points. And [/ = x,; — ' is called the nodal length of y,. The eigenfunction

j
¥x(x) has exactly n — 1 nodal points on the interval, say 0 = x(()") < x(ln) <oee< xil”_)l <x™ -1,

of the eigenfunction y,(x) corresponding to 1, is called the

The inverse nodal problem has been studied, and many reconstructed formulas have been

derived and analyzed for different operators by many authors (see [11-16]).

Lemma 1.1 ([17])
(a) For SI’7 Z0,

S, P2
ol S
SP

(5) -

(b)
(SpSEV) =S, = (p - 1)SE =1 -pIS, P = (1 - p) +p|S,|".

In this study, we peruse the inverse nodal problem of the p-Laplacian modified Sturm-—
Liouville problem with integrable potential on a general interval. Using the modified
Priifer transformation, we will show that the potential function wg(x) can be reconstructed
by nodal points.
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1.1 Results and discussion

In the present paper, we find the potential function by using nodal parameters for the
p-Laplacian Bessel operator on a regular interval [1,a]. Especially, we have used the
Priifer substitution which is also used for regular problems. However, we consider the p-
Laplacian operator on a regular interval, one can consider it at the origin that the problem
is singular. In that time, the results are more interesting.

1.2 Conclusions

We aim to solve an inverse problem for singular operators. For this, by using the Priifer
substitution, we obtain nodal points, nodal length, and the formula for a potential func-
tion. We believe that these results will give an idea on the solution of inverse problems for

some different singular problems.

1.3 Methods

This paper is organized as follows. In the first section, we give some preliminaries for the
Bessel equation and also the properties of nodal parameters. In the second section, we
define the Priifer substitution for a p-Laplacian Bessel equation. We also give asymptotic
forms of nodal points and nodal lengths. In Section 3, we present a reconstruction formula
by nodal lengths for the p-Laplacian Bessel operator. The method used in this paper is
similar to the method used in the Sturm-Liouville problem.

2 Asymptotics of nodal parameters
In this section, we give some properties of (1.2) p-Laplacian operator with (1.3) conditions.
Let us define the Priifer transformation for solution y of (1.2) as follows:

y(x) = Rx)S, (AP0 (x, 1)),

2.1)
Y (x) =+ l)kl/PR(x)Sl’,()Ll/pG(x,)L)),
or
/ ! 1/,
YO _ g,y 1y 5000 .

y(x) Sp(A11P6(x, 1))’

where R(x) is amplitude and 0(x) is Priifer variable. By differentiation of (2.2), according
to x and using Lemma 1.1, we get

0/ =L+ 1) + [—(1+ Dy L0 {wo(x) RS ”

x S5 (AP0 (x, 1)). (2.3)

Lemma 2.1 ([5]) Consider 6(x,A,) as in (2.1) and ¢,(x) = Sﬁ(k,l/pe(x, An)) — 117. Then, for
any g € L'(1,a),

fl 6,(x)g(x) dx = 0,

which is known as the generalized Riemann—Lebesgue lemma.
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Now, we can give eigenvalues and nodal parameters for problem (1.2), (1.3).

Theorem 2.1 For the problem given in (1.2), (1.3),

e D 1 D)o L)

)\l/p —
s np-1

" la-1) p(nm,)p-1 1

asn— oo, wherel = (I + 1)(1—},+m)‘

Proof For problem (1.2)—(1.3), let 6(1) = 0. Integrating (2.3) from 1 to a

O(a,A) = +1)(a-1)
+ /;ﬂ |:—(l+ D+({+1)7- M]Sz(kl/pé(mk)) dx.

Let A, be an eigenvalue. By Lemma 2.1, we know that

fﬂ p(x){Sg(ki/pG(x,)\,,)) - 119 } dx=o0(1), asn— 00,
1

where p(x) is continuous on [1,4]. Hence

Q(a,)»n):i(a—l)—%/Iaw(s)ds+0(i). (2.4)

n

On the other hand, letting 6(a, 1,,) = :;L,’;, we get

1 la-1 DPPa-1p [ 1
— = Ha-1) - U+ ia-1y w(s)ds+ O , (2.5)
)\‘}lq/p nm, p(}’lﬂp)p+l 1 np+l
and thus

1-pJp-2(,, _ —2 a
ni, (+1)tPlr2(a-1)y a)(s)ds+O<i).
nP-1

AP = +
" la-1) plnmy)P=t
This completes the proof. d
Theorem 2.2 Nodal points of problem (1.2), (1.3) have the form
(a-1)  jPla-1 a
= Ja- DL jl(a-1p = | wls)ds
((+Dn p(l+ 1)PnP*im, Ji
i 1 5 7 (a - 1)Pw(s) j
S ds — 1-———18%ds+ O 2.6
+/1 p @S (l+1)P/1 { () pds + O o (2.6)

asn— oQ.
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Proof Integrating (2.3) from 1 to &7, we get

xVI

jnp " 7 L x]” w(s)
)Ll—/pz(l+1)(xj—1)—(l+1)/1 Shds+(+1) Pv/l {l_k—n st ds.

n

By considering the asymptotic estimates of eigenvalues, we obtain (2.6). d
Theorem 2.3 The nodal lengths of problem (1.2), (1.3) are

la-1)  Pa-1 [°

i = - d
] n(l+ 1) p(l+ l)pnp+1n11: . (U(S) S
! 1 L7 P(a—1) 1
D Jo_ _ Pla-17 » 1
+ /x‘/" Spds Ty /x‘/" {1 e, a)(s)}Sp ds + O(np+1 ) (2.7)
Proof When we integrate (2.3) on [}, x7,,] and take into account the definition of nodal

lengths, we get

T " Y x7+1 ~ x]’.il w(s)
)\}_7;7:(l+1)(xj+l_xj)_(l+1)/n SI";ds+(l+1)11’v/;1 {1——}55415,
n B « "
and formula (2.7) can be easily obtained. 0

3 Reconstruction of the potential function in p-Laplacian Bessel equation

In this part, we prove Theorem 3.1, which means a formula by nodal lengths. Finally, we
show that there is a function F,(x) converging to w(x) for n — oco. However, the method
used in this part is similar to the regular boundary value problem, we consider p-Laplacian

Bessel equation on a general interval as [1, 4] (see [4, 18, 19]).

Theorem 3.1 Let w(x) € L*[1,4]. Then

1
. o o,
w(x) = lim p(l+ 1)1, —lj -1, (3.1)
n—00 Ty

Jorj=j,(x) = max{j:x}‘ <x}.

Proof We need to consider Theorem 2.3 to derive the reconstructed formula for the po-

tential function. After some straightforward computations, we have

1[5 1 A
lszU+—/llds—7]]1<1—w(s))ds
(+1Dr,” P pU+1P S An

e 1 It 1
+fll<S§——>ds— /11(1_60(5))(52__)“,&
af V4 (I+1) af An p
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Furthermore,

11 i1
pl+1)Prl ((+1)2-1)AF

I =pl+ 1), + r
TTp Tp
1 n 1 n
YY AN A E L+ 170 %je1 1
N w(s)ds+u/1 (SZ——)ds
7Tp x np x' p

J ]

11 n
_ p)\,’f / j+1 (1 _ a)(S)> (Sf; _ l) ds.
T, o An p

Then, by using a similar way as in [5], for j = j,(x) = max{j : 57 < x}, we have

1
Alp

u / " w(s)ds — w(x),

JTp n

and

1ig n
P X,
PO U / ’ 1(51” - 1) ds— 0,
x p

Ty n »

A’%H Y1 w(s) 1
]+
ok / (1— )(Sﬁ——)ds—)O
TTp x )\n V4

]

pointwise converge almost everywhere. Hence, we get

1
: p-1 D"I; n
w(x):nll)rgop(l+l) A - l/' -1). N

»

Theorem 3.2 Let {l](") :j=1,2,...,n = 1}°, be a set of nodal lengths of (1.2)—(1.3), where

w € L*[1,a). Furthermore, let us define

Fn(x) =

_ (n)
P+ 1 () ( nl” 1) )

a1y — 3 /1 w(s) ds. (3.2)

la-1)
Then {F,(x)} converges to w almost everywhere in L*(1, a).

Proof By Theorem 3.2, we achieve

1
I nl"™

pl+ 1)”‘1An< - 1) =p(l+ 1)P-1xn< L _ 1)

T a-1

» —

n

nl! a
j
+ a1y /1 w(s)ds + o(1).
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=a—-1+o0(1), as n — oo, this implies that

. . (n)
Considering 7/,

(n)

p(l+ 1P (nm,)? ( nl; B ) - 1 .
P(a—-1) 21 1 w(x) fa 1) /1 w(s)ds

pointwise converges almost everywhere in L(1, a). 0

Acknowledgements
The authors express their thanks to the editor of the journal and to the referees for the valuable comments.

Competing interests
The authors state that there are no competing interests.

Authors’ contributions
All authors checked and decided on the final form of the paper.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 2 November 2017 Accepted: 2 February 2018 Published online: 17 February 2018

References

1. McLeod, J.B: The distribution of the eigenvalues for the hydrogen atom and similar cases. Proc. Lond. Math. Soc. 3(1),
139-158 (1961)

2. Bondarenko, N.: An inverse spectral problem for the matrix Sturm-Liouville operator with a Bessel-type singularity.
Int. J. Differ. Equ. 2015, Article ID 647396 (2015)

3. Cheng, YH. Law, CK, Lian, W.C, Wang, W.C.: An inverse nodal problem and Ambarzumyan problem for the periodic
p-Laplacian operator with integrable potentials. Taiwan. J. Math. 19(4), 1305-1316 (2015)

4. Koyunbakan, H.: Inverse nodal problem for p-Laplacian energy-dependent Sturm-Liouville equation. Bound. Value
Probl. 2013(1), 272 (2013) (Erratum: Inverse nodal problem for p-Laplacian energy-dependent Sturm-Liouville
equation. Bound. Value Probl. 2014(1), 222 (2014))

5. Wang, W.C, Cheng, Y.H., Lian, W.C.: Inverse nodal problems for the p-Laplacian with eigenparameter dependent
boundary conditions. Math. Comput. Model. 54(11-12), 2718-2724 (2011)

6. Wang, W.C.: Direct and inverse problems for one dimensional p-Laplacian operators. PhD Thesis, National Sun Yat-sen
University (2010)

7. Wang, W.C, Cheng, Y.H.: An inverse problem related to a half-linear eigenvalue problem. Bound. Value Probl. 2014(1),
65 (2014)

8. Yilmaz, E.: Lipschitz stability of inverse nodal problem for energy-dependent Sturm-Liouville equation. New Trends
Math. Sci. 3(1), 46-61 (2015)

9. Bairamov, E., Aygar, Y, Eren, B.: Scattering theory of impulsive Sturm-Liouville equations. Filomat 31(17), 5401-5409
(2017)

10. Sadovnichii, V.A, Sultanaev, Y.T., Akhtyamov, AM.: Solvability theorems for an inverse nonself-adjoint Sturm-Liouville
problem with nonseparated boundary conditions. Differ. Equ. 51(6), 717-725 (2015)

11. Hald, O.H., McLaughlin, J.R.: Solution of inverse nodal problems. Inverse Probl. 5(3), 307-347 (1989)

12. Law, CK, Yang, C.F: Reconstructing the potential function and its derivatives using nodal data. Inverse Probl. 14(2),
299-312 (1999)

13. Pinasco, J.P, Scarola, C.: A nodal inverse problem for second order Sturm-Liouville operators with indefinite weights.
Appl. Math. Comput. 256, 819-830 (2015)

14. Yilmaz, E, Koyunbakan, H.: On the high order Lipschitz stability of inverse nodal problem for string equation. Dyn.
Contin. Discrete Impuls. Syst,, Ser. A Math. Anal. 21, 79-88 (2014)

15. Panakhov, E.S., Koyunbakan, H.: Inverse nodal problems for second order differential operators with a regular
singularity. Int. J. Difference Equ. 1, 241-247 (2006)

16. Mosazadeh, S.: The uniqueness theorem for inverse nodal problems with a chemical potential. Iran. J. Math. Chem. 8,
403-411 (2017)

17. Chen, H.Y.: On generalized trigonometric functions. Master of Science, National Sun Yat-sen University, Kaohsiung,
Taiwan (2009)

18. Gulsen, T, Yilmaz, E.: Inverse nodal problem for p-Laplacian diffusion equation with polynomially dependent spectral
parameter. Commun. Fac. Sci. Univ. Ank. Sér. A1 65(2), 23-36 (2016)

19. Gulsen, T, Yilmaz, E., Koyunbakan, H.: Inverse nodal problem for p-Laplacian Dirac system. Math. Methods Appl. Sci.
40(7), 2329-2335 (2017)



	Solution of the inverse problem for Bessel operator on an interval [ 1,a ]
	Abstract
	MSC
	Keywords

	Introduction
	Results and discussion
	Conclusions
	Methods

	Asymptotics of nodal parameters
	Reconstruction of the potential function in p-Laplacian Bessel equation
	Acknowledgements
	Competing interests
	Authors' contributions
	Publisher's Note
	References


