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1 Introduction and preliminaries

Multivariate mathematical analysis is an important branch in mathematical fields and ap-
plied science fields. A system of nonlinear operator equations is an essential tool in the
broader fields of science and technology. It is also an important method in pure and ap-
plied mathematics. Many structures of mathematics can be expressed in the form of fixed
point equations. For example, equilibrium problems, variational inequalities, convex op-
timization, split feasibility problems, and inclusion problems are equivalent to relatively
fixed point problems. Furthermore, generalized equilibrium problems, generalized varia-
tional inequalities, generalized convex optimization, generalized split feasibility problems,
and generalized inclusion problems are equivalent to relatively fixed point equation or sys-
tems of nonlinear operator equations (see [1-9]).

Recently, multivariate fixed point theorems of N-variable nonlinear mappings have been
studied by some authors. Many interesting results and their applications have been also
given. In 2014, Lee and Kim [5] proved multivariate coupled fixed point theorems on or-
dered partial metric spaces. In 2016, Su, Petrusel, and Yao [7] presented the concept of a
multivariate fixed point and proved a multivariate fixed point theorem for N -variable con-
traction mappings, which further generalizes the Banach contraction mapping principle.
In 2016, Luo, Su, and Gao [6] presented the concept of a multivariate best proximity point
and proved multivariate best proximity point theorems in metric spaces for N-variable
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contraction mappings. In 2017, Xu et al. [8] presented the concept of a multivariate con-
traction mapping in a locally convex topological vector space and proved the multivariate
contraction mapping principle in such spaces. In 2017, Guan et al. [4] studied a certain sys-
tem of N-fixed point operator equations with N-pseudo-contractive mapping in reflexive
Banach spaces and proved existence theorems of solutions. In 2017, Tang et al. [9] studied
a certain system of N-variable variational inequalities and proved existence theorems of
solutions.

Our purpose in this paper is to prove some existence theorems for solutions of a certain
system of the multivariate nonexpansive operator equations and to calculate the solutions
by using the generalized Mann and Halpern iterative algorithms in uniformly convex and
uniformly smooth Banach spaces. The results of this paper improve and extend the pre-
viously known ones in the literature.

The following classical theorems are useful for the results of this paper.

Theorem 1.1 (Browder and Gohde fixed point theorem [10]) Let X be a real uniformly
convex Banach space, and let C be a nonempty closed convex bounded subset of X. Then

every nonexpansive mapping T : C — C has a fixed point.

Mann’s iterative process was initially introduced in 1953 by Mann [11]. Mann’s iterative
scheme is an important iterative scheme to study the class of nonexpansive mappings. The

following is a representative result in recent years.

Theorem 1.2 ([12, 13]) Let C be a nonempty closed convex subset of a real uniformly con-
vex Banach space X, and let T : C — C be a nonexpansive mapping with nonempty fixed
point set F(T). Let {a,} C [0,1] be a sequence of numbers such that 0 <a < a, < b < 1.
Then, for any given x, € X, the iterative processes {x,} defined by

X1 = Ay + (1 — ) Ty,
converges weakly to a fixed point of T

Halpern’s iterative scheme is also an important iterative scheme to study the class of
nonexpansive mappings. Halpern’s iterative process was initially introduced in 1967 by
Halpern in the framework of Hilbert spaces [14]. For any u,x, € C, the sequence {x,} is
defined by

K1 = pt + (1 —a,)Tx,, uecC, (H)

where {«,} C [0,1]. He proved that the sequence {x,} converges weakly to a fixed point
of T when o, = n™*, a € (0,1). In 1997, Lions [15] further proved that the sequence {x,}
converges strongly to a fixed point of T in a Hilbert space if {«,} satisfies the following
conditions:

(C1) Yoy =00;

(Cy) lim,_, o0, = 0;

: o —,
(Cs) limy_ o zep=2al =,
X1
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However, in [11], the real sequence {«,,} excluded the canonical choice «,, = ﬁ In 1992,
Wittmann [16] proved, still in Hilbert spaces, the strong convergence of (H) to a fixed
point of T if {«,} satisfies the following conditions:

(C1) X2 an=00;

(C2) lim,,, oo 0y = 0;

(Ca) Timyso0 3507, oty — otu] < +00.
The strong convergence of Halpern’s iteration to a fixed point of T has also been proved
in Banach spaces [17-19]. In 1997, Shioji and Takahashi [18] extended Wittmann’s result
to Banach spaces. In 2002, Xu [19] obtained a strong convergence theorem where {«,,}
satisfies conditions (C;), (C;), and the following condition:

(CS) hmn—>oo % =0.

Theorem 1.3 ([19]) Let C be a nonempty closed convex subset of a real uniformly smooth
Banach space X, and let T : C — C be a nonexpansive mapping with nonempty fixed point
set F(T). Let {a,} C [0,1] be a sequence of numbers satisfying the following conditions:

(Cy) Zz‘;l oy = 00;

(Cy) lim,,, o, = 0;

(Cs) lim,, o %1% = 0,

Then, for any given x, € C, the iterative processes {x,} defined by
X1 =+ (1 —a,)Tx,, ueC
converges strongly to a fixed point of T

2 Cartesian product of uniformly convex Banach spaces

Definition 2.1 A Banach space (X, || - ||) is said to be uniformly convex if
X Yn EX! ”xn” < 1, ”yn” =< 1, and nlingc ||xn +_yn” =2
imply

lim ||x, —y,| =0.
n—00

Theorem 2.2 Let X be a Banach space with norm || - ||, and let XN = X x X x --- x X be
the Cartesian product space of X. Let

N

N

llxll = E lx: 112, %= (x1,%2,...,%N5) € X,
i=1

Then (XN, | - ||+) is a Banach space. If (XN, || - ||+) is uniformly convex, then X must be

uniformly convex.

Proof We only need to prove the uniformly convexity of (X, || - ||). Let

yn€X, Bl =1 Iyl =1 and Lm0 =2



Xu et al. Journal of Inequalities and Applications (2018) 2018:37 Page 4 of 20

for all # > 1. Then

|66 0,0,...,0) ||, = llxall <1,

|0,0,0,...,0)[, = lyull = 1,
and

lim || (%4,0,0,...,0) + (,,0,0,...,0) ||,
n—00

lim ”(x,, +y,,,0,0,...,0)”
n—0o0

*

= lim %, + yall = 2.
n—00
Since (XN, || - |l+) is uniformly convex, we have
lim ”xn _yn”
H—0Q

lim | (%,,0,0,...,0) = (,0,0,...,0) |

n—00

*

= lim ||(x, = y4,0,0,...,0) |, =0.
n—0o0

Hence X is uniformly convex. This completes the proof. 0
From Theorem 2.2 we get the following corollary.

Corollary 2.3 Let X be a nonuniformly convex Banach space with norm | - ||. Let XN =
X x X x -+ x X be the Cartesian product space of X. Let

llxll =

N
Z w2, %= (x1,%,...,5%7) € XV,
i=1

Then (XN, | - |1+) is @ nonuniformly convex Banach space.

Theorem 2.4 Let X be a Banach space with norm || - ||, and let XN =X x X x --- x X be
the Cartesian product space of X. Let

N

N

||x||*=E loill, %= (x1,%0,...,45) € X7
i-1

Then (XN, || - ||+) is @ nonuniformly convex Banach space.

Proof We only need to check that (XY, || - [|,) is not uniformly convex. Let u € X be such
that ||«|| = 1 and

% = (,0,0,...,0),y, = (0,1,0,0,...,0) € XV
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foralln=1,2,.... Then

%]l = 1, ¥ulls =1, %0 + Ynlls =2
for all n > 1. However, ||x,, — y, ||« = 2 foralln = 1,2,.... Hence (X%, | - ||+) is not uniformly
convex. This completes the proof. 0

Theorem 2.5 Let X be a Banach space with norm || - ||, and let XN = X x X x --- x X be
the Cartesian product space of X. Let

llell = max |loll, %= (x1,%2,...,%N) € XN,
1<i<N

Then (XN, || - ||+) is @ nonuniformly convex Banach space.

Proof We only need to check that (XY, || - ||,) is not uniformly convex. Let u € X be such
that ||u|| = 1 and

%, = (,0,0,...,0),y, = (4, 4,0,0,...,0) € XN

foralln=1,2,.... Then

”xn”* =1, ”yn”* =1, ”xn +yn||* =2
for all # > 1. However, ||x, — ¥l = 1 forall = 1,2,.... Hence (X", | - ||) is not uniformly
convex. This completes the proof. 0

Open question 2.6 Let X be a Banach space with norm || - ||, andlet XN = X x X x --- x X
be the Cartesian product space of X. Let

N
”x”* = Z ||xi||2, X = (xl,xg,...,xN) EXN.
i=1

Under which conditions (XN, || - ||,) is a uniformly convex Banach space?

3 Cartesian product of uniformly smooth Banach spaces
Definition 3.1 A Banach space (X, || - ||) is said to be uniformly smooth if for any real

number ¢ > 0, there exists a real number § > 0 such that
lxl =1,  O0<|yl<s xeXyeX,
implies

x+ 0+ llx -yl -2
Iyl
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Theorem 3.2 Let X be a Banach space with norm || - ||, and let XN =X x X x --- x X be
the Cartesian product space of X. Let

N
[l = Z %2, %= (x1,%2,...,%5) € XV,
i=1

Then (XN, || - |l4) is a Banach space. If (XN, || - ) is uniformly smooth, then X must be

uniformly smooth.

Proof We only need to prove the uniform smoothness of (X, || - ||). Since NN ) is

uniformly smooth, then for any real number ¢ > 0, there exists a real number § > 0 such

that
Il = |(%,0,...,0)], =1, 0<[yll=]1,0,...,0)|, <8, x€X,yeX,
implies
e+l +le=yl =2 &+50,...,0)l: + ll(x=0,...,0)ll. — 2 e
Iyl l1(; 0) I«
Hence X is uniformly smooth. This completes the proof. g

From Theorem 3.2 we get the following corollary.

Corollary 3.3 Let X be a nonuniformly smooth Banach space with norm | - ||, and let
XN =X x X x --- x X be the Cartesian product space of X. Let

llxll =

N
Z”xillzr x:(x11x21-~’xN)€XN~
i=1

Then (XN, || - ||+) is @ nonuniformly smooth Banach space.

Theorem 3.4 Let X be a Banach space with norm || - ||, and let XN = X x X x --- x X be
the Cartesian product space of X. Let

N

N

Il =D lasill, % = (o1, 22,...,0n) € XV,
i=1

Then (XN, || - |1+) is a nonuniformly smooth Banach space.

Proof We only need to check that (XV, || - ||;) is not uniformly smooth. Let u € X be such
that ||#| = 1 and

1
x=(1,0,0,...,0),y, = (0,—u,0,0,...,0> exV
n
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forall m=1,2,.... In this case,
e+l t =yl =2 257 -2
711 1
forall = 1,2,.... Hence (XV, || - ||4) is not uniformly smooth. This completes the proof.
O
Theorem 3.5 Let X be a Banach space with norm || - ||, and let XN = X x X x --- x X be

the Cartesian product space of X. Let
el = max flaill, %= (x1,%,...,5%x) € XV,
1<i<N

Then (XN, || - |1+) is @ nonuniformly smooth Banach space.

Proof We only need to check that, (XN, | - ||) is not uniformly smooth. Let z € X be such
that ||#| = 1 and

1 -1
x=(u,u,0,...,0),y, = <—u,,—u,0,0,...,0) e xN
n n

forallm=1,2,....In this case,
Iyl + eyl =2 251 -2
Iyl 1
forall n=1,2,.... Hence (XY, | - ||,) is not uniformly smooth. This completes the proof.

O

Open question 3.6 Let X be a Banach space with norm || - ||, andlet XN = X x X x --- x X
be the Cartesian product space of X. Let

N
[l = Z N2, %= (x1,%2,...,45) € XV,
i=1

Under which conditions (X7, || - ||..) is a uniformly smooth Banach space?

4 Results and discussion
Definition 4.1 Let X be a real normed space, and let C a nonempty subset of X. Let T :

CN — C be an N-variable mapping satisfying the following condition:

ITx - Tyl <

1 N
=l - yl1%
N &

where x = (x1,%,...,%n),Y = (J1,¥2,...,¥n) € CN. Then T is said to be nonexpansive.
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Theorem 4.2 Let (X, | - ||) be a real uniformly convex Banach space, and let C be a
nonempty closed convex bounded subset of X. Let T; : CN — C be an N-variable nonex-
pansive mapping forall i = 1,2,...,N. Let

%]l =

N
P&
i=1

Sorallx = (x1,%2,...,%7) € XN. Assume that (XN, || - ) is a uniformly convex Banach space.
Then there exists an element p = (x1,%3,...,%N) € CN such that

Th(%1,%2, ..., %N) = %1,
Tz(xl,xg,...,xN) = X9,
(4.1)
T’i(xlyxZ;H'rxN) =X,

cey

Tn(x1,%0,...,%N) = XN.

Proof The operator T* : CN — CV is defined by
T* : (%1,%0,...,%N) = (21,22, ..., 2ZN),

for all x = (%1, %3, ...,%x) € CN, where

z21 = Tl(xlerwH;xN)’
Zy = T2(x1,x2,...,xN),
ves

ZN = TN(xl,xz,. .. ,xN).

Then, for all x = (x1,%2,...,%x),¥ = (¥, Y2, ..., ¥n) € CN, we have that

| 7% -1y,

IA

N
< Dl -yl
N\ 1

= [l =yl

Hence T* is a nonexpansive mapping from the nonempty closed convex bounded subset
CN into itself in the uniformly convex Banach space (X%, | - ||,). By Theorem 1.1 we claim
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that 7* has a fixed point

p=p1,p2...,pn) € CV,

that is,

T*(p1,p2: 03+ PN) = (P1, P2 D3+ -» PN)-

From the definition of 7* we have

pP1= Tl(Pl:Pzw--»PN);
P2 = TZ(Pl;p2w~;pN);

vey

pn = Tn(p1,p2, - pN)-
This completes the proof. O
Lemma 4.3 ([14]) (XN, || - [L.)* = (X, I - DN
Lemma 4.4 Let (X, | - ||) be a Banach space that satisfies Opial’s condition. Let XN = X x

X x -+ x X be the Cartesian product space of X. Let

llxll =

N
Zuxi”zr X = (x17x27-"’xN) EXN-
i=1

Then (XN, || - ||+) satisfies Opial’s condition.

Proof Let
Xy = K1 Xo - XNy), 1=1,2,3,...,
be a sequence converging weakly to a point
%= (X1,%2,...,%N)

in Banach space (XV, || - ||+). From Lemma 4.3 we know that {x;,} converges weakly to x;
foralli=1,2,...,N. Since (X, || - ||) satisfies Opial’s condition, we have that

limsup [|%;,, — x;ll < limsup [|x;, — yill
n—00 n—00

for any

¥ =002 008 € (XN 1)
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not equal to x, which implies that

N
limsup [, — [l = limsup | > [lxi =il
n—00 n—00 \ i=1

N
< limsup Z [l = il
i=1

n—0o0 \ .
= limsup [|x,, — yl|..
n—00
Then (X", | - ||.) satisfies Opial’s condition. This completes the proof. a

Theorem 4.5 Let X be a real uniformly convex Banach space that satisfies Opial’s con-
dition, and let C a nonempty closed convex bounded subset of X. Let T;: CN — C be an
N-variable nonexpansive mapping forall i = 1,2,...,N. Let

llxll =

N
P&
i=1

Sorallx = (x1,%,...,%x) € XN. Assume that (XN, || - ) is a uniformly convex Banach space.
Then
(1) there exists an element p = (py, pa, ..., pN) € CN such that

Tl(Pl:PZ:---:PN) =pP1,
Tz(phpz,m,PN) =p2
Ti(p1,p2---»PN) = Pi»

ey

TN(PhPZwu;PN) = PN>
(2) for any xo = (%1,0,%2,0,%3,0, ., %N,0) € CN, the iterative sequence {x;,} C X defined by
Xin+l = QpXipn + (1 - an)j-'i(xl,nrxln, cee }xN,Vl)’ n= 0) 1; 2, ey

converges weakly to p; foralli=1,2,...,N, where 0 <a <, < b < 1 for two

constants a, b.

Proof Conclusion (1) is obtained from Theorem 3.2. Next, we prove conclusion (2). From
Lemma 4.4 we know that (XV,|| - ||,) is a uniformly convex Banach space that satisfies
Opial’s condition. It is easy to see that CV is a nonempty closed convex bounded subset
in Banach space (X", || - ||,). The nonexpansive mapping 7% : CN — CN is defined as in
Theorem 4.2. By Theorem 1.2, for any given x, € CV, the iterative sequence defined by

Xpsl = QpXy + (1 - an)T*xn (42)
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converges weakly to a fixed point p = (p1,pa,...,pn) of T*, that is,

T*(pl’er’ .. !pN) = (pl:pZ; .o :pN)

Let
Xy = XL Xo e 0dNn), 1=0,1,2,3,....
Then iterative scheme (4.2) can be rewritten as
Uips1 = Qplhin + (1= 0,) Ti(Ur,n, oy -« UNy), 1 =0,1,2,...,

foralli=1,2,...,N.
By Lemma 4.4, for any f,f2,...,fn € (X, || - ||)*, we have that

F= (fl’ 2!’”1fN) € (XNI ” . ”*)*

Hence

N

F(x,,):E fi(xin), n=0,1,2,3,...,

i=1

converges to

N
F(p) = F(pu,pay--pN) = )_Li(pi)-

i=1

For any 1 <i <N, let f; = 0 for j # i. From the above result we have that f;(x;,) — fi(»;)
as n — oo. Hence {x;,} converges weakly to p; for all i = 1,2,...,N. This completes the
proof. d

Theorem 4.6 Let C be a nonempty closed convex subset of a real uniformly smooth Banach
space X, and let T; : CN — C an N-varible nonexpansive mapping for all i = 1,2,...,N.
Assume that (XN, || - ||.) is a uniformly smooth Banach space and the solution set of the
system of operator equations (4.1) is nonempty. Let {a,} C [0, 1] be a sequence of numbers
satisfying the following conditions:

(Cy) Zfzil oy = 00;

(C2) limy oo @y = 0;

(C3) lim,_, % =0.

Then, for any given xo = (x1,0,%2,0,%30, - - -, Xn,0) € CV, the iterative processes {x,} defined by
xz’,n+1 =aulU + (1 - an)Ti(xl,ner,m oo ’xN,Vl)) n= O) 1’ 21 oo ue Cr

converges strongly to an element p; € C foralli=1,2,...,N. The element p = (p1,p2,...,PN)
is a solution of the system of operator equations (4.1).
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Proof 1t is easy to see that CV is a nonempty closed convex subset in the uniformly smooth
Banach space (XY, || - ||+). The nonexpansive mapping T* : CN — C¥ is defined as in The-
orem 4.2. By Theorem 1.3, for any given xo € C", the iterative sequence defined by

Kpe1 = uth + (1 — o)) T, (4.3)
converges strongly to a fixed point p = (p1,ps, ..., pn) of T*, that is,

T*(Pl»l’)z»-u,PN) = (Pl:Pz,'u,PN)'

Let
Xy = XL Xm0 dnn), 1=0,1,2,3,....
Then iterative scheme (4.3) can be rewritten as
Uin+sl = Cplhiy + (1- ‘Xn)Ti(ul,m Udpsy vy uN,n)r n=0,1,2,...,

foralli=1,2,...,N. Hence {x;,} converges strongly to p; for all i = 1,2,...,N. This com-
pletes the proof. O

The concept of a coupled fixed point was introduced by Chang and Ma [20] in 1991.
Since then, the concept has been of interest to many researchers in metrical fixed point
theory [21-24]. In 2006, Bhaskar and Lakshmikantham [24] introduced the concept of a
coupled fixed point in the setting of single-valued mappings and established some coupled
fixed point results and found its application to the existence and uniqueness of solutions
for periodic boundary value problems. In 2011, Berinde and Borcut [25] introduced the
concept of a tripled fixed point for nonlinear mappings in complete metric spaces.

Definition 4.7 ([20]) Let X be a nonempty set. An element (x1,%;) € X x X is called a
coupled fixed point of mapping 7: X x X — X if

T (x1,%2) = %1,

T (%2,%1) = %2.

Definition 4.8 ([25]) Let X be a nonempty set. An element (x1,x2,%3) € X x X x X is
called a tripled fixed point of a mapping 7: X x X x X — X if

T (x1,%,%3) = %1,
T (%, %3,%1) = %2,

T(x3,%1,%2) = 3.

Definition 4.9 ([7]) Let (X,d) be a metric space, and let T : XN — X be an N-variable
mapping. An element p € X is called a multivariate fixed point if

p=T,p,...,p).
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Form the above results we get the following corollaries.

Corollary 4.10 Let X be a real uniformly convex Banach space, and let C a nonempty
closed convex bounded subset of X. Let T : C*> — C be a two-variable nonexpansive map-

ping. Let
el = v/l 1> + flea ||
for all x = (x1,%;) € X2. Assume that (X%, || - |+) is a uniformly convex Banach space. Then

T has a coupled fixed point.
Proof Let Ty, Ty : C* — C be defined by
T1(x1,%2) = T(x1,%2), Ty(x1,%2) = T(x2,%1)

for all (x1,%,) € C2. Then T}, T, are two-variable nonexpansive mappings. By Theorem 4.2
there exists an element (x;,x;) € C? such that

T1(%1,%2) = %1,

To(x1,%2) = %o,

that is,
T (x1,%2) = x1,
T(x2,%1) = x3.
Then (x1,x,) is a coupled fixed point of T. This completes the proof. 0

By using the same way as in Corollary 4.10, we can get Corollary 4.11.

Corollary 4.11 Let X be a real uniformly convex Banach space, and let C a nonempty
closed convex bounded subset of X. Let T : C> — C be a three-variable nonexpansive map-
ping. Let

Il = /22112 + lall? + [l

Sor all x = (x1,%2,x3) € X3. Assume that (X3, | - ||.) is a uniformly convex Banach space.
Then T has a tripled fixed point.

Corollary 4.12 Let X be a real uniformly convex Banach space, and let C be a nonempty
closed convex bounded subset of X. Let T : CN — C be an N-variable nonexpansive map-
ping. Let

llxll =

N
P&
i=1

Sorallx = (x1,%,...,%n) € XN. Assume that (XN, || - ||+) is a uniformly convex Banach space.
Then T has a multivariate fixed point.
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Proof Let T; =T fori=1,2,...,N. By Theorem 4.2 there exists an element p = (p1,p>, ...,
pn) € CN such that

T(p1,p2,---PN) = p1,
T(pl;pZ: .. .»PN) =p2
T(p1,p2,-.-»PN) = Pi>

cey

T(pl’p2>~~)pN) =PN.

This implies that p; = py = - - - = pn. Then T has a multivariate fixed point. This completes
the proof. d

By Theorem 4.5 we get the following three corollaries.

Corollary 4.13 Let X be a real uniformly convex Banach space that satisfies Opial’s con-
dition, and let C be a nonempty closed convex bounded subset of X. Let T : C> — C be a
two-variable nonexpansive mapping. Let

el = V]I + fl2]|?
Sor all x = (x1,%2) € X?. Assume that (X2, | - ||+) is a uniformly convex Banach space. Then
(1) T has a coupled fixed point;
(2) for any given xq = (x1,0,%20) € C?, the iterative sequences {x1,}, {x2,} C X defined by
X1ne1 = WXt + (1 =) T (%1, %2,1)
and

X+l = CpX2y + (1- an)T(xZ,n: xl,n)

converge weakly to two elements py and p,, respectively, and (p1,p2) is a coupled
fixed point of T, where 0 < a < o, < b < 1 for two constants a, b.

Corollary 4.14 Let X be a real uniformly convex Banach space that satisfies Opial’s con-
dition, and let C be a nonempty closed convex bounded subset of X. Let T : C* — C be a
three-variable nonexpansive mapping. Let

el = v/l 12 + 1o 12 + Il 2

Sor all x = (x1,%2,%3) € X3. Assume that (X3, | - ||,) is a uniformly convex Banach space.
Then
(1) T has a tripled fixed point;
(2) for any given xy = (x1,0,%20,%30) € C>, the iterative sequences {x1,.}, (%2}, {(¥3,} C X
defined by

X1n+l = OpX1p + (1 - an)T(xl,n:xZ,mxB,n);
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X+l = OpXop + (1- an)T(xZ,n» X315 xl,n);

X3n+l = QX3 + (1 - an)T(xS,n; X2,1» xl,n)

converge weakly to three elements p1, pa, ps, respectively, and (p1, p2, p3) is a tripled
fixed point of T, where 0 < a < o, < b <1 for two constants a, b.

Corollary 4.15 Let X be a real uniformly convex Banach space that satisfies Opial’s con-
dition, and let C be a nonempty closed convex bounded subset of X. Let T : CN — C be an

N-variable nonexpansive mapping. Let

llxll =

N
P&
i=1

Sorallx = (x1,%,...,%n) € XN. Assume that (XN, || - ) is a uniformly convex Banach space.
Then
(1) T has a multivariate fixed point;
(2) for any given xo = (%1,0,%2,0, %30, - - -, %n,0) € CN, the iterative sequence {x,} C X
defined by

K1 = Oy + (1 — an)T(xl,n;xZ,m cen )xN,Vl)x n=0,1,2,...,

converges weakly to a multivariate fixed point of T, where 0 < a < a, < b < 1 for two

constants a, b.
By Theorem 4.6 we get the following three corollaries.

Corollary 4.16 Let C be a nonempty closed convex subset of a real uniformly smooth Ba-
nach space X, and let T : C* — C be a two-variable nonexpansive mapping. Assume that
XN\ - |l+) is a uniformly smooth Banach space and the coupled fixed point set of T is
nonempty. Let {o,} C [0, 1] be a sequence of numbers satisfying the following conditions:

(C1) 22 an = 00;

(C2) limy ooy = 0;

(Ca) Timy oo 221522 = 0,

Then, for any given xo = (x1,0,%20) € C?, the iterative sequences {x1,}, {x2,,} C X defined by
X1+l = Oplh + (1 - an)T(xl,m x2,r1); ue C;
X2 n+l = Oplh + (1 - an)T(xZ,m xl,n), uec C,

converge strongly to two elements p1, p, respectively, and (p1,p2) is a coupled fixed point
of T.

Corollary 4.17 Let C be a nonempty closed convex subset of a real uniformly smooth
Banach space X, and let T : CN — C be an N-variable nonexpansive mapping. Assume
that (XN, || - ||+) is a uniformly smooth Banach space and the tripled fixed point set of T is
nonempty. Let {a,,} C [0, 1] be a sequence of numbers satisfying the following conditions:
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(Cy) Z;il oy = 00;

(Cy) lim,_, o0, =0;

(C3) lim,_, o0 % =0.
Then, for any given xq = (x1,0,%2,0,%3,0) € C°, the iterative sequences {x1,}, {x2}, {¥3,} C X
defined by

X1 = ptd + (1= 00) T (X1 s X005 %3,0), U € C,
Xon+1 = Oplh + (1- an)T(xZ,m X315 xl,n)x uecC,
X341 = 0t + (1 —00) T(X3,, %0, %1,0), U €C,

converge strongly to two elements py, p2, ps, respectively, and (p1, p2, p3) is a tripled fixed
point of T

Corollary 4.18 Let C be a nonempty closed convex subset of a real uniformly smooth Ba-
nach space X, and let T : C3 — C be a three-variable nonexpansive mapping. Assume that
XN, || - \1+) is a uniformly smooth Banach space and the fixed point set of T is nonempty.
Let {a,} C [0,1] be a sequence of numbers satisfying the following conditions:

(C1) 202 an =005

(C2) limy ooy = 0;

(C3) limy,, 00 #2552 = 0.

Then, for any given xo = (X1,0,%2,0,%3,0, - - -»XN,0) € CN, the iterative processes {x,} defined by
K1 = it + (1 - an)T(xl,n:x2,m cee ,xN,n)’ n=0,1,2,...,ueC,

converges strongly to a multivariate fixed point of T .

Applied example 4.19 We consider the system of equations of trigonometric functions

sin(xy + X +x3) = 1,
cos(x1 +xa +X3) = X2, (4.4)

sin(xy + x5 + x3) = 2x3.
Let

T (o1, %0, %3) = sin(x; + X2 + x3),
T5(x1,%2,%3) = cos(x1 + %2 + x3),

Ts(x1,%0,%3) = % sin?(x; + X + x3).

Then T}, Ty, T3 are three nonlinear mappings from [-7, +7]® into [-7, +7]. On the other
hand, we have that

|T1(x1,x2,x3) -1 ()/byz,y:—;)i
= |sin(x1 + %9 +x3) — sin(y1 + ¥ +y3)|

< |Gy + %2 + x3) — (1 + 32+ 93)|
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< | = y1l + o2 =yl + [x3 — y3]

1
< \/§(|x1 =31 + |2 — 3212 + |3 — y31%),
| T (%1, %2, %3) = To(y1,52,73)|
= ’cos(xl + %y +x3) — cos(y1 + ¥ +y3)’
< | (%1 + 22 +23) — (1 + 92 +93)|

< |y = y1l + o2 =y + [x3 — y3]

1
= \/§(|x1 =312+ %2 = 212 + |3 — y31%),

| T5(x1, %2, %3) = T3(y1,52,73)|

1
= 5|sin2(x1 + %5 +x3) — sin*(y1 + y2 +y3)|

1
< 2 ’sin(xl + % +x3) + sin(y; + ¥ +y3)’ ’sin(xl + x5 +x3) — sin(y; + ¥ +y3)|
= |sin(x1 + %y +x3) —sin(y; + ¥ +y3)|
< |1+ %2 +x3) — (1 + 72 +3)|

< |1 = y1l + o2 =yl + [x3 — y3]

1
< \/§(|x1 =311 + |2 = 321 + |x3 — y3]2)

for all (x1,%,%3), (1,¥2,¥3) € [-7,+7]%. Hence T, T», T3 are three-variable nonexpan-
sive mappings from [, +7]? into [-7,+7] in the uniformly convex Banach space R =

(=00, +00). Since R® with norm

[ Ger, %2, x3) | = V112 + 2|2 + |32

is a uniformly convex Banach space, by Theorem 4.5 the system of operator equations

T1 (%1, %2, %3) = %1,
T (1, %2, %3) = %2,

T5(x1,%2,%3) = X3

has a solution (p1, p2, p3), and the iterative sequences {x1,,}, {x2,4}, {*3,,} C X defined by

X141 = OpX1n + (1-a,)T (xl,m X215 xS,n)y
Xon+l = OpXoy + (1 - an)TZ(xl,me,mx&n);
X341 = X3, + (1= ) T3(%1,00 X2, X3,1)

converge to elements p;, p2, ps, respectively, where 0 < a < o, < b < 1 for two con-
stants a, b. Then the system of equations of trigonometric functions (4.4) has a solution
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(p1,P2 p3), and the iterative sequences {x1 ,}, {x2,}, {x3,} C X defined by

Klpal = UnX1,n + (1 — o) SIN(X1, + X0 + X3,4),

Xoe1 = 0o + (1= 0ty) COS(X1 + X2, + X3,),
1.,
X3t = ¥ + (1= ) 5 SINT(X1 + Ko+ %5,0)
converge to elements p;, pa, ps, respectively.

Discussion 4.20 An important contribution of this paper is to prove some existence the-
orems for solutions of certain systems of the multivariate nonexpansive operator equa-
tions and to calculate the solutions by using the generalized Mann and Halpern iterative
algorithms in uniformly convex and uniformly smooth Banach spaces. To get the desired
results, we first need to study the convexity and smoothness of Cartesian products of uni-
formly convex Banach spaces and uniformly smooth Banach spaces, respectively. On the
other hand, we used a clever way to prove the main results. This method converts a non-
self-mapping into a self-mapping such that the classical results can be used. Of course, in
the main theorems, the assumptions that “(XV, || - ||,.) is a uniformly convex Banach space”
and “(XN, || - |I,) is a uniformly smooth Banach space” are still a limitation.

5 Conclusions

Conclusion 5.1 Let (X, || - ||) be a real uniformly convex Banach space, and let C be a
nonempty closed convex bounded subset of X. Let T; : CN — C be an N-variable nonex-
pansive mapping foralli=1,2,...,N. Let

llxll =

N
Pk
i=1

forall x = (x1,%s,...,%x) € XN. Assume that (XN, || - ||) isa uniformly convex Banach space.
Then the system of operator equations

Tl(xl,xz,...,x]\[) =X1,
Ta(x1, %2, ..., %N) = X2,
" (5.1)
n(xl:xZ:"'rxN) =Xi»

cey

Tn(x1,%2,...,%N) = XN
has a solution p = (p, ps,...,pn) € CN.

Conclusion 5.2 Let X be a real uniformly convex Banach space that satisfies Opial’s con-
dition, and let C be a nonempty closed convex bounded subset of X. Let T;: CN — C be
an N-variable nonexpansive mapping for alli = 1,2,...,N. Let

llxll =

N
P&
i=1
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forallx = (x1,%y,...,4x) € X. Assume that (XV, || - |,,) is a uniformly convex Banach space.
Then the system of operator equations (5.1) has a solution p = (p1,ps,...,pn) € CN, and
for any xo = (1,0, %20, %30, - . -,%n0) € CN, the iterative sequence {x;,} C X defined by

Kipe1 = ki + (1= o) T (%10, X205 %Nm),  1=0,1,2,...,

converges weakly to p; forall i = 1,2,...,N, where 0 < a < &, < b <1 for two constants
a, b.

Conclusion 5.3 Let C be a nonempty closed convex subset of a real uniformly smooth
Banach space X, and let T; : CN — C be an N-variable nonexpansive mapping for all i =
1,2,...,N. Assume that (X", | - ||) is a uniformly smooth Banach space and the solution
set of the system of operator equations (5.1) is nonempty. Let {o,,} C [0, 1] be a sequence
of numbers satisfying the following conditions:

(C1) ZZZI oy = 00;

(Cy) lim,_ ooy = 0;

(C3) limy— oo W =0.
Then, for any given xo = (¥1,0,%2,0,%3,0, - - -, ¥n,0) € CV, the iterative processes {x,} defined
by

xz’,n+1 =QaulU + (1 - an)Ti(xl,ner,m oo JxN,Vl)) n= O; 1’ 21 oo ue Cr

converges strongly to an element p; € C forall i = 1,2,...,N. The element p = (p1,p2, ...,
pn) is a solution of the system of operator equations (5.1).
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