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of the largest ball contained in it provided that K has a nonempty boundary set with
respect to the flat space generated by it. As an application we give lower and upper
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certain spaces, respectively.
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1 Introduction and basic definitions

In his profound and famous result, Dvoretzky 1960 [1, 2] proved that in any infinite di-
mensional Banach space X and for any € > 0 and natural number # there exists a subspace
L of X with dimL = n such that 1 < d(L,R") < 1 + €, where d is the Banch—Mazur dis-
tance. The Banach—Mazur distance of two isomorphic Banach spaces E and F, is defined
by d(E,F) = inf|| T|||| T7}||, where the infimum is taken over all isomorphisms T from E
onto F [3]. This result gave an affirmative answer to the conjecture raised by Grothendieck
[4]: ‘Pour n and € donnés, tout espace de Banach E de dimension assez grande contient
un sous-espace isomorphe a € prés a l'espace de Hilbert de dimension 7. To get this result
he proved that if C is a convex body (compact convex set with non-void interior) sym-
metric about the origin in an Euclidean space of sufficiently high dimension, there exists
a k-dimensional subspace whose intersection with C has arbitrary small asphericity. This
motivated us to give rigorous formulas which facilitate calculating the center and the ra-
dius of the smallest ball containing a set K in a linear normed space, and the center and the
radius of the largest ball contained in it provided that K has a nonempty boundary set with
respect to the flat space generated by it. Also, we use a formula to calculate the asphericity
for each set has a nonempty boundary set with respect to the flat space generated by it.
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This allowed us to get lower and upper estimations for the asphericity of infinite and finite

cross product of these sets in certain spaces, respectively.

Definition 1.1 In linear normed space:

(i) A ball of largest diameter that lies entirely in a compact convex set S is called an
inball of S. The ball of smallest diameter that enloses S is called the circumball [5].

(i) A convex set C is called spherical to within €, where 1 > € > 0, if there exist in the
flat space generated by C (the smallest affine subspace that includes C as a subset)
two concentric balls B; and B, of radii 7(1 — €) and » such that B € C C B,. The
greatest lower bound of that € having the above property is called the asphericity of
C and is denoted by «(C) [1, 2].

Definition 1.2 ([6]) The set A in the Euclidean space R” is called flat (linear variety, vari-
ety, and affine subspace) if whenever it contains two points, it also contains the entire line
through them i.e. A is flatif Aa + ub € A whenevera,be Aand A + = 1.

The condition for a set to be convex is less restrictive than for it to be flat, and so every flat
set is a convex set. The term subspace of a linear space is used only for a flat set containing
the origin.

To calculate the asphericity of any nonempty nonsingleton set C in a linear normed
space such that rbd(C) is a nonempty set where rbd(C) is the boundary of C taken with

respect to the flat space generated by the set C, we use the following formula:

I'(C)= inf

su d(x,
xerint(C)

inf erpa(c) d(%, 2)

Remark 1.3 ([7]) Any nonempty nonsingleton bounded convex set C in finite dimensional

linear normed space has nonempty rbd(C) set.

As an application, we give lower and upper estimations for the asphericity of infinite and
finite cross product of sets in certain spaces, respectively, where each set has a nonempty

boundary set with respect to the flat space generated by it.

2 Atechnical lemma
In this section we mention a lemma that will be frequently used during the rest of the

work.

Lemma 2.1
(i) Let () )7, n=1,2,3,..., be a countable family of summable sequences of real

numbers, then for any p > 1 we get
00 1/p 00 1/p 00 1/p 00 1/p
(Sl < n(lel) < sun(Strl) = (Sl
J=1 Jj=1 j=1 j=1

provided that Z]O:OI sup,, |of'| exists.
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(ii) Let (0ot;)ier and (B))jes be two bounded sequences of two independent sets of indices I
and J, then for any p > 1 we get

1 Lp
supsup(|ai| + 18)"” = (supleu] +sup 8yl) *  and
i j

iel jeJ
c o 1/p . . p
infinf(|o;| + | B; = (mf o;| +inf|B; ) ,
infinf(lo| + ;1) = (infloa] + inf |8
where the supremum and infimum in the LHSs are taken over all possible choices of

ielandje].
(ili) For an infinite sequence of independent sets of indices J(n) and for a countable

number of bounded sequences (&} )j,ejm, 1 =1,2,3,..., we get forany p > 1
1/p 00 1/p
sup sup - Z| = Z sup | | and
j1€J(1) j2€/(2) =1 Jn€J(n)
1/p 00 1/p
inf inf - = inf |o
J1€/(1) j2€/(2) (Z| ) (ZI eJn | }>

provided that 37, sup; cy, lof | exists.

3 Results and discussion

In the following we suggest two formulas to determine the radii and the centers of the
smallest ball containing any nonempty nonsingleton set C in a linear normed space and
the largest ball contained in it provided that rbd(C) is a nonempty set.

Definition 3.1 Let C be a nonempty nonsingleton set in a linear normed space such that
rbd(C) # ) then

A(C) := inf sup ||x — y||
xecyec

is the radius of the smallest ball containing the set and

8(C) := f ||x-
(C) :=sup lg(c)llx VAl

xeCY

is the radius of the largest ball contained in the set.

Proposition 3.2 Let C be a nonempty nonsingleton compact set in a linear normed space
such that rbd(C) # @ then

(i) There exist xo and yo € C satisfying A(C) = ||x0 — yoll.

(ii) There exist x, € C and y; € tbd(C) satisfying 8(C) = |lxy — yo -

Proof The proof is easy and will be omitted. O

Remark 3.3 The center and the radius of the circumball is unique, but for the inball, the
radius is unique but the center may not be unique. For example, the rectangle with ver-
tices (-2,-1), (2,-1), (-2,1) and (2, 1), any point belongs to the line segment on the x-axis
between (-1,0) and (1,0) can be a center for an inball.
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Proposition 3.4 The asphericity «(C) of a nonempty nonsingleton set C in a linear normed

space such that tbd(C) is a nonempty set can be expressed as o(C) =1 — %

Proof From the definition of &(C), Y1 > 0 ¢, such that
a(C)<e,<a(C)+n

and B; C C C B, where B; and B, are two concentric balls in the flat space generated by
C with center x (i.e. x¢ is an element of rint(C) (the interior of C with respect to the flat
space generated by C)) and of radii 7(1 —¢,)) and r. Then we can say that B} C C C B, where
B} and B, are two concentric balls in the flat space generated by C with center x; and of
radii 7(1 - «(C) —n) and r. Then r > SUP,cc d(xo,) and inf,erpa(c) d(%o, 2) = r(1 —a(C) — 7).
Then

SupyeC d(x()’y) < r
= infoemac) d(%0,2) ~ r(1—a(C)—1n)’

So,1-a(C)—n< % Therefore, 1 - % <a(C) +n.
On the other hand, Ve > 0 3x, € rint(C), such that

sup, ¢ d(xo,y)
infzerbd(c) d(x0,2)

') < <T(C) +e.

Then supyecd(xo, ) < (T(C) + €) infernq( )d(xo, z). Taking r = SUp,ec d(xo,y) and r(1 —€) =
. Therefore,
O

infyerpa(c d(xo, z), then <r(1 -e¢). So, Fore < 1-€.S0,€e<1-

1
C)+e I'(C)+e

a(C) <1 - =—=—. Since € is arbitrary, a(C) <1 - m,

Lemma 3.5 For any set C in a linear normed space such that tbd(C) # 0, let C¢ be the
complement of C taken with respect to the flat space generated by C. Then

sup inf d(x, y) = sup 1nf d(x,y).
xeC yerbd(C)

Proof For every x € C, let o = infyema(c) d(%,y), Bx = infyece d(x,¥). Then for every € >0
there exist y. € rbd(C) and z, € C° such that

ax <d(x,ye) <oy +€/2,
AdYe,ze) < €/2.

Then we have B, < d(x,z.) < d(x,y.) +d(ye,zc) < o, + €. On the other hand, for every y € C¢

there exists €, such that
d(y,x) — €, > ay.

Therefore infycce d(y,x) > a, + inf,ece €,. Since infyece €, = 0, we get the result. O



Faried et al. Journal of Inequalities and Applications (2018) 2018:31

Remark 3.6 For any nonempty nonsingleton set C in a linear normed space such that
rbd(C) # @ and rint(C) # ¢

')

. Sup, ¢ d(x,y)
xerint(C) infzerbd(c) d(x, Z)

inf {supd(x,y)* su )
xeint(C) (yeIC) Y zerde()C) d(x, Z)

v

inf supd(x,y)* inf su
xeint(C) yeg Y xeint(C)Zerde()c) d(x,z)

infxeint(C) SUPyec d(x, y)

SUP,.cine(c) INfzerba(c) A, 2)

infrecsupyecd(®y)  A(C)
= sup,ccinfemac) dlxz)  8(C)°

Definition 3.7 We say that a nonempty nonsingleton set C in a linear normed space such
that rbd(C) and rint(C) are nonempty sets is regular if the center of its circumball is one of
the centers for its inballs and in this case

A(C)

Definition 3.8 ([5]) A compact set C in R" is said to be of constant width § if every pair
of parallel supporting hyperplanes are separated by a distance §.

Example 3.9 If A C R” is a compact convex set of constant width o, then A has a unique
inball, which is concentric with its circumball, and o = R + r where r and R are the radii of

the inball and the circumball, respectively. So A is a regular set.
Theorem 3.10 Let X1, Xo,... be a sequence of linear normed spaces. Let C; be a nonempty

nousingleton set in a linear normed space X; such that 1bd(C;) # 9, i =1,2,3,..., and
rint(C;) # ¥ for some i. Let [ |15, C; € IP(X;) where IP(X;) is the linear subspace of the Carte-

sian product Xy x X, x X3 - -+ equipped with the norm ||x, = 9> i) %P and (A(C;)2%
and (8(C;)), € P then

00 00 1ip
1. A(l_[ Cl'> = (Z Ap(ci)) )

i=1 i=1

00 00 Up
2. 5(]_[ Ci) < (ZSP(Ci)) :

i=1 i=1

%) 00 00 l/p
3. a(l_[ ci> >1- [Z (C)I Y A"’(Ci):| )
i=1 i=1 i=1

Proof Let A(C;) = infyec, Sup,cc, d(x,y) and §(C;) = sup,c, infzecf d(x,z),i=1,2,...,bethe

radius of the circumball contaning C; and the radius of the inball contained in C;, respec-

Page 5 of 10
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tively. From Lemma 2.1(iii) we get

00 "
A l—[Ci = inf sup Z i — yi?
(il %1€CLA2€C2 5 €C1 92 €C2,.
l/p
inf Z sup llx: »
x1€Clxp€eC2,... ( p ” i yl” >

-1 ¥i€Cj

1/p 00 1/p
(Z inf sup [Jx; - W) =<ZAP(Ci)> :

Cyieci i=1

On the other hand, since [, rbd(C;) C tbd([ ] C;) we get

o 1/p
sITIc )= sup inf [l — i l?
(!_1[ l) #1€CLxpeC2,...yerbd([132; C;) <Z e
00 1/p
< sup inf <Z flx; —in|”>
W\

x1€CLxp€C2,... ye[ [72] 1bd(C;

00 1/p
= su inf  |la; — y; P
P (Z nf y,n)

x1€CLxeC2,... 1 Ji€r

00 1/p 00 1/p
=<Z sup inf lx; - y,»nf’) =(Zap(ci)) :

o1 %i€Ci yierbd(Ci ")

Now, we get a lower estimation for the asphericity a([];-; C;) of an infinite cross product
of these sets. We have

"(T1e)= (52556)

Hence,

0 oo Y2 Ci 1/p
a(]‘[ci)zl—<zéo‘17p()> : 0
> A(C)
Lemma 3.11 Let [§;:i € ], [n;:j € J] be two bounded families of real numbers then

max(infie; &;, infjes ;) = infies jey max(&;, ;).

Proof Let o = infi¢; jey max(&;, n;). Therefore by taking a sequence (e,,) convergent to zero
we get o < max(&,,7,) < @ + €,. Therefore, there exists either a sequence &, such that
a <&, <o+e€, orasequencen,, suchthato <, <a+e,.So, wegeteitherinfie; & = o
or infje; n; = . So, we get max(infie; &;, infjes 1)) > a.

On the other hand, g = max(infie; &;, infje; 1;) < max(§;,7;) for all i € I and j € J. Then
max (infie; &;, infjes 1) < inficrjey max(&;, n;). 0

Similarly, we can prove the following.
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Lemma 3.12
1. Let (Eé)z’,e],v,/ =12,... n be any finite number of bounded families of real numbers,
then maxi<j<, infijd]. Sfl_ = inf,-}.dj maxi<j<u éf]
2. Let (§))ier,j = 1,2,..., 1, be any finite number of bounded families of real numbers,
then maxlﬂfn infid fl] > infiel maxlgsn %‘l]

Theorem 3.13 Let X;, Xy, ... be a sequence of linear normed spaces and C; be a nonempty
nonsingleton set in X; such that rbd(C;) is a nonempty set, i =1,2,3,.... Let [[ C; € I*®°(X;)

where [*°(X;) is the linear subspace of the Cartesian product X, X Xo X X3--- equipped

with the norm ||x|| o = sup;cp %, then (i)

inf([(C)) <T (1‘[ cl-),

(ii) for any finite number of closed convex sets C; in a finite dimensional linear normed
space X; such that rbd(C;) is a nonempty set, i = 1,2,...,n, and in particular, for any finite
number of convex bodies C; in a finite dimensional linear normed space X;,i=1,...,n,

(HC)<max (C1)s.., T(C), A(CD/S(Cy), ..., A(CR)I8(C1))).

Proof of (i) For each n > 0 there exists ¥ € rint([];°; C;) such that

sup,eryee ¢ 16 =yl
el 6 77 (HC)+77

infyerpaee, ) 1% - Z||

Since [, tbd(C;) C tbd([T75; C),

sup lx—y|l < [T Ci)+n inf I% — z||
ye]_[pCi ’ 1_1[ zerbd([1%) C)

o0
=T G|+ inf % - z||
( (g ) 77) ze[ 135 1bd(Cy)
= (F (1_[ Ci) + 77) [X¥-z| forallzin Hfbd(cz)

i=1

Forall z € [ 5, rbd(C)),
(o]
~ &) ~
sup [£-yl < (F (1"[ Q) + n) sup % - .
yel[]C; i=1 i=1

Hence there exists ig:

sup sup |15 - ill < (1 ([T C:) +n) 1, -z .

i=1 y;eC;
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So, SUPy,ec;, €, — yill < (C(TCi) + mI«z, — zi, || and hence we get

sup (14, ~yill < (P([TC:) +n) _int 1, =zl

5i€Ciy zerbd(Cj,y
Therefore,
. SupyieC[O ||x:0 —J/i”
inf[(C) < < r(]‘[ Ci). -

infzemaicyy) 1% — 2lI

Proof of (ii) It suffices to prove this item for any two closed convex sets C; in a finite di-
mensional linear normed space X; such that rbd(C;) is a nonempty set, i = 1,2. We have

2 sup o2 X =l
r (HC,-) - int oidel ey G
i=1

xi)erinl(]_[%:l C;) inf(zl')erbd(l_[le c) ”x - Z”

. 2 1
= inf [ sup  sup |lx; —yill * sup (27>:|
(xp)erin([T2, C) Oell2, G =1 (z)erbd([T2, ;) \SUPiz1 llc; =zl

Since rbd([T7, Ci) = (tbd(C1) x C3) U (C; x rbd(C,)) we have

1
a= sup (27>
(zl-)erbd(]_[lz:l Ci) Sup;_; [l =zl

1
= Sup 3 el
21€1bd(C1),22€C; or \ SUPi=1 [loc; — zi]]
21€C1,Z2€l‘bd(C2)

1 1
= max( sup O sup 27)
z1€1bd(C)), 226Gy SUPi=1 llx; — zill 21€C1,zperbd(Cy) SUPi=1 llx; — zill

First suppose that a = sup,, cpa(c, ——L — Then, forall n > 0 3z1,%; € tbd(C}), Cy,

)22€C2 sup? | [lxi—zl
respectively, such that

1 2 1
— > inf —>a -1,
lley = z1ll = i=1 floe; — Z]|
we have su L _Sa-
Pz erbd(C1) Tor—z] -

Similarly, if we suppose that

1 1
= sup ————— then sup ———>
2181z erbd(Cy) SUPiZ1 1% — il zend(Cy) 162 — 22|

Then we have

1 1

max( sup ———, sup 4) Sa—1.
zedcy) 161 = 21l zyemd(cy) 162 — 22l

Since 7 is arbitrary, we have

1 1
o 5max< sup ———, sup 7>
zerbdcy) 161 = 21l zemvdicy) %2 = 22l
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The following is implied by Lemma 3.11 and Lemma 3.12:

(xp)erint([TE, G) y1€C1 y26Co

2
r(]‘[a)g inf [max(sup I =31l sup 1z -2 )
i=1

1 1
*max( sup ———, sup 7>:|
zend(Cy) 161 = 211 zyemd(cy) 1162 — 22l

= inf max( sup |[x1 —y1ll* sup ———,

erint([12, C)) yeC zemd(cy) %1 —z1]]

1 1
sup [[xa—y2ll* sup ————, sup [x1—y1ll* sup —,
y2eCy zend(C) 162 = 22 y1ecy zebd(Cy) %2 — 22|
1
sup [lxz =2l * sup ——
y2eCy zremd(cy) 61 = z1|]
) sup, ec, k1 =1l sup, cc, %2 = y2ll

= inf max(_ 21 , —— e )

erint([12, C) infy, empaccy) 1 — 211l inf,emaccy) %2 — 22|l

supy, cc, %1 =yl supy,cc, %2 =2l )
. ).
inf,, ervd(cy) %2 — 22| infy ervacey) %1 — 21l
) sup,, ¢, llx1 =l ) sup,, ¢, %2 — yall
Smax( in e , in B A ,
serint(C1) infy erpa(cy) %1 — 211 %2€rint(Cy) inf, erpa(cy) [1%2 — 22|
SUpy, ey llc1 = 1l . SUp,,cc, l2 = yal| )
in - in -
xenn(C1), infpyerba(cy) %2 — 22| xmerin(Cr), infy, expaccy) 161 — 21l
xperint(Cyp) xprint(Cy)
infy, erini(cy) SUP,, ey 161 — 211l
= max(r(cl),wcz), = ,
SUP,, crini(Cy) IMzyerba(cy) [1%2 — 22|

Infy) erini(Cy) SUPy,ec, %2 — 22|l )
SUP, erini(cy) 10z erva(cy) 161 — 21 |

A(Cy) A(Cz))
T 3(Cy) " S(Cy) )

max(F(Cl), ['(Cy)

4 Conclusion

This study introduces a simple technique and rigorous formulas to facilitate calculating
the asphericity for each set having a nonempty boundary set with respect to the flat space
generated by it. Furthermore, the study gives a formula to determine the center and the
radius of the smallest ball containing a nonempty nonsingleton set C in a linear normed
space, and the center and the radius of the largest ball contained in it, provided that C has
a nonempty boundary set with respect to the flat space generated by it. As an application
we give lower and upper estimations for the asphericity of infinite and finite cross product
of sets in certain spaces, respectively, where each set has a nonempty boundary set with

respect to the flat space generated by it.
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