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1 Introduction

The linear complementarity problem is to find a vector x € R” such that
x>0, Mx+qg>0, (Mx+q)Tx:O, (1)

where M € R"*" and g € R”. We denote problem (1) and its solution by LCP(M, ¢) and x*,
respectively. The LCP(M, q) often arises from the various scientific areas of computing,
economics and engineering such as quadratic programs, optimal stopping, Nash equilib-
rium points for bimatrix games, network equilibrium problems, contact problems, and
free boundary problems for journal bearing, etc. For more details, see [2—4].

An interesting problem for the LCP(M, g) is to estimate

-1
Jmax, |z-D+DM)|_, 2)

since it can often be used to bound the error ||x — x*|| [5], that is,

2], = ma
del0,1]"

-1

My @)

where Mp =1 -D + DM, D = diag(d;) with0 < d; <1foreachie N, d = [d1,d>,...,d,]" €
[0,1]", and r(x) = min{x, Mx + ¢} in which the min operator denotes the componentwise
minimum of two vectors; for more details, see [1, 6—14] and the references therein.
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In [1], Garcia-Esnaola and Pefia provided an upper bound for (2) when M is a BS-matrix
as a subclass of P-matrices [15], which contains B-matrices. Here a matrix M = [m;] €
R"*" is called a B-matrix [16] if, for eachi e N = {1,2,...,n},

1

Z my >0, and
n

(Z mik) >my; foranyje N andj#i,
keN keN

and a matrix M = [m;] € R"*" is called a BS-matrix [15] if there exists a subset S, with
2 <card(S) <n-—2,such that, foralli,j e N, t € T(i) \ {i}, and k € K(j) \ {j},

RS>0,R >0, and (my—RS)(my - RS) < RERY,

where R? = % > kes Mik, T(@) = {t € S|m;; > R?}and k(j) := {k € Slmy > RIS} with S = N\ {S}.

Theorem 1 ([1, Theorem 2.8]) Let M = [my] € R™" be a BS-matrix, and let X =
diag(x1,x9,...,%,) with

!y, ics,
Xi =

1, otherwise,

such that M := MX is a B-matrix with the form M = B* + C, where

~+ >t >t 7t

myx; —r; s mipXy — 1y ry AR £

D+ 7 . . - .
B" = [bij] = : : ) C= : ’ (3)

=+ ~+ St St

m,,lxl—rn mn,,xn—rn rn rn

and r] = max{0, m;x;|j # i}. Then

- (n — 1) max{y, 1}

max || M7} < = (4)
depo iy P |- min{B,y,1}
where B = min;en{B:} with B; = by — Zj# |Eij|, and
miy — Rs R§
0<)ye ( max 1751, min L s)’ (5)
JENKEKG\GY RS ieN.teT@\G) myy — RS

where max (min) is set to be —oo (00) if K(j) \ {j} =0 (T(i) \ {i} = 9).

Note that for some BS matrices, B can be very small, thus the error bound (4) can be
very large (see examples in Section 3). Hence it is interesting to find an alternative bound
for LCP(M, q) to overcome this drawback. In this paper we provide a new upper bound
for (2) and give a family of examples of BS-matrices that are not B-matrices for which our
bound is a small constant in contrast to bound (4) of [1], which can be arbitrarily large.
Particularly, when the involved matrix is a B-matrix as a special class of BS-matrices, the

new bound is in line with that provided by Li et al. in [13].
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2 Main result
First, recall some definitions and lemmas which will be used later. A matrix M = [m;] €
R™*" is called: (1) a P-matrix if all its principal minors are positive; (2) a strictly diagonally

dominant (SDD) matrix if |m1;;| > Z;;i |my| foralli=1,2,...,n; (3) anonsingular M-matrix

if its inverse is nonnegative and all its off-diagonal entries are nonpositive [2].

Lemma 1 ([1, Theorem 2.3]) Let M = [m;] € R"*" be a BS-matrix. Then there exists a
positive diagonal matrix X = diag(x1, %y, ...,%,) with

y, i€S,
X = i
1, otherwise,

such that M := MX is a B-matrix.

Lemma2 ([1, Lemma2.4]) Let M = [m;] € R bea BS-matrix, and let X be the diagonal
matrix of Lemma 1 such that M := MX is a B-matrix with the form M = B* + C, where

= [Bl-,-] is the matrix of (3). Then B* is strictly diagonally dominant by rows with positive
diagonal entries.

Lemma 3 ([1, Lemma 2.6]) Let M = [m;] € R"™" be a BS-matrix that is not a B-matrix,
then there exist k,i € N with k # i such that

1 n
M > p Z;mij- (6)
]:

Furthermore, ifk € S (resp., k € S), then y < 1 (resp., y > 1), where the parameter y satis-
fies (5).

Lemma 3 will be used in the proof of Corollary 1.

Lemma 4 [17, Theorem 3.2] Let A = [a;] be an n x n row strictly diagonally dominant
M-matrix. Then

i n 1 i-1 1
4~ ”ooflz<a,,(1 i LT u;Aﬂ(A))

where u;(A) = Ia ‘ Z} i1 lails k(A) = maxk<l<n{la " Z, k la;|}, and H/ lm =1if
i=1.

Lemma 5 ([12, Lemma 3]) Let y >0 and n > 0. Then, for any x € [0,1],

1 1
< .
1-x+yx ~ min{y,1}

and

nx
1-x+yx

IA
R |
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Lemma 6 ([11, Lemma 5]) Let A = [a;] € R with a;; > Z;l:m |a;| for each i € N. Then,
forany x; € [0,1],

1-x +aix aj;

< .
1—x+a;x; - Z;;m laglx; — ai;— Z}im |a;|

We now give the main result of this paper by using Lemmas 1, 2, 4, 5, and 6.

Theorem 2 Let M = [m;] e R"™" bea BS-matrix and X = diag(x, %o, ...,%,) with

y, 1€,
Xi = i
1, otherwise,

such that M .= MX is a B-matrix with the form M =B* + C, where B* = [l;ij] is the matrix

of (3). Then
(n — 1) max{y, 1} - N,y
max || M5! ———1 | =, 7
del0,1]" b H 121: m1n{/3,-,x,-} }:_1[ i @)
where B = b — Y r_.., |bulli(B*), and ]_[]’ i f;’ =1ifi=1.

Proof Since X is a positive diagonal matrix and M := MX, it is easy to get that Mp =
I-D+DM = (X - DX + DM)X™. Let Mp = X — DX + DM. Then

Mp=X-DX+DM=X-DX+D(B"+C) =B} +Cp,
where B}, = X — DX + DB* = [b;] with

) xi—dixi + diby, i=},
v dizijr i _T/],

S

and Cp = DC. By Lemma 2, B* is strictly diagonally dominant by rows with positive di-
agonal entries. Similarly to the proof of Theorem 2.2 in [10], we can obtain that B}, is an
SDD matrix with positive diagonal entries and that

M5 = X7 - 1415
<X 10+ (B2) o) e 1(B5) N

<max{y,1}-(n-1)- ” (BB)_I ”oo ®

Next, we give an upper bound for ||(BB)’1 loo- Notice that BE is an SDD Z-matrix with
positive diagonal entries, and thus B,*) is an SDD M-matrix. By Lemma 4, we have

|
—_

-1 - 1 1
I55) ”OO S;((xi—dixi+dii7ii)(1—ui(§5)li(é}5)) 1 - uwi(Bp)}; (BB))

(N
—_

J
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where
= Zn— 1 |Bij|di ~ { Zn:k?/léz”dz
ui(By)=—"""— and [(B}) = max %}
( D) x; — dix; + bd; k( D) k<izn\ x; — dix; + byd;

By Lemma 5, we deduce for each k € N that

Z]}:;k,#ill;ij‘dl
lk(BB) - max{—"% " < max Z |b,}| = lk B+
k<i<n 1- d + ud k<i<n ”] i

and for each i € N that
1 1
(x; — dyxi + dibi) (1 — u; (Bh)L(B;, )) x; — dix; + diby; — Z;l:,u,l |l;ij|dili(Bj+))

1
xi

—di+ S by — YT, 1bylli(BY)

1
< =
a min{bii - Z} i+1 |b11|l (B ) xl}
1
B min{,B\i,xi}. ®

Furthermore, according to Lemma 6, it follows that for each j € N,

1 1_d-+ﬁ?d-

1-u(B}, )l(B) l—dj"'@dj Zk”llk‘dl(Bz))
%j

S

7 n Ejj 7 ~ = 4 (10)
bjj =3 ejur i G(BY) B

A

By (9) and (10), we derive

-

|(Bp) ' < Z, (11)
Z min{ ﬂzrxz} L—l[ )j

O

Now the conclusion follows from (8) and (11).

Remark here that when the matrix M is a B-matrix, then X = I and

mu—ry e My =1y
+ 7 . . .
B' =[b;] = : - : )

+
My =1y 0 My, —7),

which yields

-1
=,
I

n

I1-D+DM)™!
dIeI[lgi(]” ( * a ” 2I:mm{ﬁ,,
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This upper bound is consistent with that provided by Li et al. in [13]. Furthermore, for a
BS-matrix that is not a B-matrix, the following corollary can be obtained easily by Lemma 3

and Theorem 2.

Corollary 1 Let M = [my] € R”X" be a BS-matrix that is not a B-matrix, and let k,i € N
with k # i such that my > o mij Ifk € S, then

n i-1 7

_ (n-Dy 1715
dg[lt;di(]” My ||°° = Z min{B;, 1} %; (12)
’ i=1 vlj=1 F
ifk €S, then

max

-1
Z ﬂ =, (13)
de[0,1]" = mm{ﬁ,, ; i

where y satisfies (5).

Example 1 Consider the family of BS-matrices for S = {1,2}:

2 1 1 1.5

o 1 1
Mm — m+1 m+1 m+1 ,

1 1 2 1

1 1 1 2

where m > 1. Appropriate scaling matrices could be X = diag{y,y, 1,1}, with y € (%, 1.5).
So M,, := M,,X can be written M = Bjn +C, asin (3), with

2y - 1.5 y-15 -05 0

2 1 1
oo | Tmal T W oma O ’
" 0 0 2-y 1-y
0 0 1-y 2-y
and
15 15 15 15
1 11 1
Cm — | m1 m+l mrl m+l

By computations, we have f; = 3y — 3.5, B = m+1 ) Bs = Ba =3 -2y, L(B') =
max{zy 15’ 2(3;:?1/):,1 17 2= }/} ﬂl = 2)/ -15- (2 y)ll(B+) ﬂz = 2)/ - ﬁ) B3 = 32 2)/}/7 and
,34 =2 — y. Obviously, M,, satisfies m > Z j=1 mjjfori=1and k =4 (e S): 1.5 > 1.375,

which implies that M,,, is not a B-matrix. Then bound (12) in Corollary 1 is given by

min{fy,y} min{f,y} fi  min{Bs,y} f1 B min{Bs, ¥} f1 B2 B3
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Table 1 Bound (4) and bound (7) for m = 2,20, 30,...,4+00
m 2 20 30 60 100 +00
Bound (4) 7.3125 51.1875 75.5625 148.6875 246.1875 +00
Bound (7) 48.1089 544704 54.8144 55.1699 55.3155 55.5375

which converges to a constant

( 1 2y -15  22-y)2y —15)
"\3,°35 " By =35y  (3-2y)3y - 3.5)>

with y € (%, 1.5) when m — +00. In contrast, bound (4) in Theorem 1, with the hypothe-
ses that m1 > 2, is

(4-1)max{y,1} 3y
min{ﬁ,y,l} - 2y -1

(m+1)

and it can be arbitrarily large when m — +o0.
In particular, if we choose y = 1.3, then bound (4) and bound (7) for m = 2,20, 30, ...,
+00 can be given as shown in Table 1.

Remark 1 From Example 1, it is easy to see that each bound (4) or (7) can work better
than the other one. This means it is difficult to say in advance which one will work better.
However, for a BS-matrix M with M = B* + C, where the diagonal dominance of B* is weak
(e.g., for a matrix M,, with a large number of m here), we can say that bound (7) is more
effective to estimate max c(o,1) ||Mp' | than bound (4). Therefore, in general case, for the
LCP(M, q) involved with a BS-matrix, one can take the smallest of them:

n

(m — 1) max{y, 1} Z (n — 1) max{y, 1} ﬁ &

max — ) — =
mll’l{ﬂ, J/:l} i=1 mln{ﬁirxi} j=1 ﬁ]

de[0,1]"

MBI || o= min

To measure the sensitivity of the solution of the P-matrix linear complementarity prob-

lem, Chen and Xiang in [5] introduced the following constant for a P-matrix M:

Bp(M) = max |(-D+DM)"'D
del0,1]"

P’

where || - ||, is the matrix norm induced by the vector norm for p > 1.
Similarly to the proof of Theorem 2.4 in [1], we can also give new perturbation bounds
for BS-matrices linear complementarity problems based on Theorem 2.

Theorem 3 Let M = [m;] € R"™" be a BS-matrix and B* = [l;ij] be the matrix given in
Lemma 2. Then

n

BoolM) <Y

i=1

(n— 1) max{y, 1) 1—[ by

—= =,
min{B;, x;} i1 B;

where B; = by; — Y hein |bi|L:(B*), and ]_[]lj %’}i =1ifi=1.

Page 7 of 9
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Similarly, by Corollary 1 and Theorem 3, we can derive the following corollary.

Corollary 2 Let M = [m;;] € R"*" be a BS-matrix that is not a B-matrix, and let k,i € N
with k # i such that my > % ;’:1 my. If k € S, then

n i-1 7
polin) < 3° DY T,

-1 min{ﬁi,l} j=1 j

ifk €S, then

n i-1 7

ot <Y L T2

i=1 min{:Bl" V} j=1 j
where y satisfies (5).

3 Conclusions

In this paper, we give an alternative bound for maxgefo1j» [|(I — D + DM)™||c when M
is a BS-matrix, which improves that provided by Garcia-Esnaola and Pefia [1] in some
cases. We also present new perturbation bounds of BS-matrices linear complementarity
problems.
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