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Abstract
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1 Introduction
Let B(#) (resp. By(#)) be the set of all bounded linear operators (resp. all self-adjoint op-
erators) on a Hilbert space H. A real-valued continuous function f defined on an interval
I is said to be operator convex if f(tA + (1 —t)B) < tf(A) + (1 —t)f(B) for all t € [0,1] and
all self-adjoint operators A, B in B, (H) with spectra contained in /. We recall the Davis-
Choi-Jensen inequality (so-called Jensen’s operator inequality): f(P(A4)) < P(f(A)) for ev-
ery self-adjoint operator A with m < A < M, where f is an operator convex function on
an interval [m, M], and ® : B(H) — B(K) is a unital positive linear mapping (see [1-3]).

Jensen’s inequality is one of the most important inequalities. It has many applications
in mathematics and statistics, and some other well-known inequalities are its particular
cases. There is an extensive literature devoted to Jensen’s operator inequality regarding its
variuous generalizations, refinements, and extensions; see, for example, [3-9].

On the other hand, Mond and Pecari¢ [10, 11] (also see [12, 13]) investigated converses
of Jensen’s inequality. To present these results, we introduce some abbreviations. Let f :
[m,M] — R, m < M. Then a linear function through (m, f(m)) and (M, f(M)) has the form
h(z) = krz + Iy, where

SODSOn) M)~y ()

M-m M—-m W

Using the Mond-Pecari¢ method, a generalized complementary inequality of Jensen’s
operator inequality is presented in [14]. A continuous version of this inequality is pre-
sented in [15]. Also, Mici¢, Pavié, and Pecarié [16] obtained a better bound than that in
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[15] under the assumptions that (x;),c7 is a bounded continuous field of self-adjoint ele-
ments in a unital C*-algebra A with spectra in [m, M], m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure u, and ()7 is a unital field
of positive linear mappings ¢, : A — B from A to another unital C*-algebra B. If m, and
My, my < M,, are the bounds of the self-adjoint operator x = fT Qe(x)du(t), f : [m,M] — R
is convex, g : [my, My] - R, F: U x V — R is bounded and operator monotone in the first
variable, with f ([m,M]) C U, and g([m,, M,]) C V, then

F[ / o0(f () du(m,g( / @(x»du(t))] < Cilg = Clx, @)
T T

where

Ci=C(E.f,g,mM,m, M) = sup F[kfz + lf,g(z)],

My <z<My

C=C(F,f,g.m,M)= sup F[kfz+lf,g(z)].

m<z<M

Moreover, Mi¢i¢, Pecari¢, and Peri¢ [7] obtained a refinement of (2). For convenience, we
introduce abbreviations x and é; as follows:

m+ M

-~ 1 1
xExxt,@(m,M):: 51’C_M—m T¢t Xt —

where m, M, m < M, are scalars such that the spectra of x; are in [m,M], t € T;

L D (o), 3)

8 = 8,(m, M) = f (m) + f(M) - 2f('” ;M> (4)

where f : [m, M] — R is a continuous function. Obviously, ¥ > 0, and §; > 0 for convex f
or 8¢ < 0 for concavef.
Under the above assumptions, they proved in [7] that

F|:‘/T ¢t(f(xt)) du(ﬂ:g(/T be(xe) dﬂ(t)>i|

< F[kf /T Pexe) dpu(t) + Ll - Sfi,g(/T Pre(xe) dﬂ(t)>:|

< sup F[kfz + 1l — (Sfmgc,g(z)]l;g < Cilg <Clg, (5)

My <z<My

where m; is the lower bound of the operator x. More precisely, they obtained the following
improved difference- and radio-type inequalities (for a convex function f):

/ b (f (xr)) dpu(t) §g</ ¢:(xt)du(t))
T T

+ max {kez+ 1l —g(2) 1k — 8%, (6)

my<z<My

/T 6:(Fx) du(t) < max {kf“lf}g( /T @(xt)du(t)) _ 5% @)

my<z<My | g(z)




Mici¢ et al. Journal of Inequalities and Applications (2018) 2018:25 Page 3 of 20

and

/T@(f(xt))du(t)s max {w}g<ﬁ¢t(&)du(t)>, 8)

1My <z<My g(2)

where g > 0 on [m,, M,] in (7) and (8).

In this paper, we obtain some complementary inequalities to Jensen’s operator inequality
for twice differentiable functions. We obtain new inequalities improving the same type
inequalities given in [17]. In particular, we improve inequalities (5), (7), and (8). Applying

the obtained results, we give some inequalities for quasi-arithmetic means.

2 Some auxiliary results without convexity
In this section, we give some results, which we will use in the next sections.

To prove our next result, we need the following lemma.

Lemma A ([7]) Let f be a convex function on an interval I, m,M € I, and p,,p, € [0,1]
such that p1 + py = 1. Then

min{py, p2}dr < p1f (m) + pof (M) — f (prm + p2M) < max{p1, p2}9y, )
where 8¢ :=f(m) + f(M) — 2f(%).
Proof These results follow from [18, Theorem 1, p. 717] for n = 2. For the reader’s conve-

nience, we give an elementary proof.
Since f is convex, we have

(10)

f<ax+ ﬂy> _ /) + A1)

a+pB )~ oa+pf

for all x,y € I and positive weights «, .
Suppose that 0 < p; < p2 < 1, p1 + p2 = 1. Then, applying (10), we obtain

pam + poM

P/ ( 2p;

) —f(p1m + pyM)

(B2 —p1)m + (p1 —pl)M>
2]92 -1

<(2p2 - 1)f(

< (p2 —p1)f(m) + (p1 — p1)f (M)
=pa(f(m) + f(M)) - (p1f (m) + pof (M)).

It follows that

pif (m) + pof (M) — f(prm + paM)

m +

<p2 (f(m) +f(M) - 2f< 2M)> = max{p1, p2}9s,

which gives the second inequality in (9).
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Also, applying (10), we obtain

m+p M
fprm + poM) - 2PJ<I%>
1

(p1—-p1)m + (p2 —Pl)M)
1 —2p1

<@1- 2P1)f<

<(p1-p1)f(m) + (p2 — pr1)f M)
= puf (m) + pof (M) = pr (f (m) + f(M)).

It follows that

pif (m) + pof (M) — f(prm + paM)

m +

Zp1 <f(m) +f(M) - 2f< 2M)> = min{p1, p2}dr,

which gives the first inequality in (9).
If p1 =0, p2 =1, 0r p1 = 1, py =0, then inequality (9) holds, since f is convex. If p; = py =
1/2, then we have an equality in (9). O

Applying Lemma A, we obtain the following inequalities for twice differentiable func-

tions.
Lemma 1 Let A be a self-adjoint operator with o(A) C [m, M] for some m < M, let  :
B(H) — B(K) be a unital positive linear mapping, and let f : [m, M] — R be a twice dif-
ferentiable function.
Ifa <f" on [m,M] for some a € R, then
D(F(A)) < ks D(A) + 15 - %((M + m)®(A) - mM1 - d(A%))
o 5\~
- Sf—Z(M—m) A (11)

and

D(f(A)) = kyD(A) + [ 1xc — %((M + m)®(A) - mM1x — B(A%))

_ <af _ %(M— m)2>(1,C _A), (12)

where k¢, Iy are defined by (1), & is defined by (4), and

A=Au00mM) 1 U ooflamtMy (13)
= m,M):= -1k — - .
A,d 9 I M- 2 H

Iff" < B on [m, M) for some B € R, then the reverse inequalities are valid in (11) and (12)
with B instead of «.
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Proof We prove only the case @ < f”. Using (9), we obtain

p1g(m) + pog(M) — max{p1, p2}5,
< g(p1m + poM) < p1g(m) + pog(M) — min{p,, p,}6, (14)

for every convex function g on [m, M] and p1,p, € [0,1], p1 + p2 = 1. For any z € [m, M],

we can write

M-z z—-m
z= e mm + e mM = p1(2)m + pr(z)M.
By (14) we get
M-z z—-m - -
g(2) < M_mg(m)+M_mg(M)—z8g: 02+ g — 28, (15)
and
M-z z—-m - -
g(z) > e mg(M) t mg(M) —(1-2)8g = kyz + Iy — (1 — 2)8,, (16)
where we denote zZ := % - ﬁ |z — %| and use the equalities
M-z z-m 1 1 m+M|
min , =—- z— =z,
M-m M-m 2 M-m 2
M-z z-m 1 1 m+ M -
max , ==+ - =1-%
M-m M-m 2 M-m 2
Next, since o (A) C [m, M], applying the functional calculus to (15) and (16), we obtain
D(g(A)) < ke D(A) + [ 15 — 5,A (17)
and
D(g(A)) = kg D(A) + g1 — 5,(1 - A), (18)

respectively. Since g, (2) = f(2) — %zz is convex on [m, M], (17) and (18) give
D(f(A)) < %CD(AZ) + ke ®(A) + 1 — %((M + m)®(A) — mM1x)
- <5f - %(M - m)Z);l
and

D(F(A)) > S (A2) + kyD(A) + [f1xc - %((M + m)®(A) — mMl)

N R

_ <5f - %(M - m)2>(1 ~A),

respectively, which give the desired inequalities (11) and (12). O
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Remark 1 (1) Observe that, in (11) and (12), (M + m)®(A) — mM1x — D(A%) > 0,0 <A <
%1;@, %hc <1x —A <1, and 8 —S(M-m)*>0=>8 - %(M— m)?2, since the functions
z+> f(z) - %zz and z — gzz — f(2) are convex on [m, M].
Then, (11) improves the first inequality in [17, Lemma 2.1], that is,
F(D(A)) < kD(A) + [ 1k - %((M + m)®(A) - mM1xc — d(A%))
— (8f - %(M - I’I’l)z);‘
< k@A) + [ Lic = 2 (M + m)OA) - mML - O(42)).

Also, the inequality with 8 improves the second inequality in [17, Lemma 2.1]:
F(PA) = k@A) + [l - g((M +m)®(A) - mM1x — d(A%))
- <af - S(M - m)2>21
> kr®(A) + 1 - g((M +m)®(A) - mM1x — d(A?)).
(2) Using (15), we get
F(PA) < k@A) + [l - %((M +m)®(A) - mM1x — D(A)?)

- <af - %(M - m)2>21, (19)

where A := %1}( - M—fm|<b(A) - m;M 19|. This inequality improves the third inequality in
[17, Lemma 2.1]. Also, using (16), we get its complementary inequality

F(@@) = k@A) + L = S (M + m)P(A) - mML - D(AY)
_ (5f - %(M—m)z)(lic _A).

(3) Combining (19) with the corresponding inequalities with 8 in Lemma 1, we can get
improved inequalities [17, Theorem 2.1]. We omit the details.

3 Main results

In this section, we generalize or improve some inequalities in Section 1 and [17].
Applying Lemma (1) and using the Mond-Pecari¢ method, we present versions of in-

equalities (2) and (5) without convexity and for one operator. We omit the proof.

Lemma 2 Let A, &, m, M, k¢, Ir, 8¢, and A be as in Lemma 1, and let mae) and Mo,
Moy < Moy, be the bounds of the self-adjoint operator ®(A). Let f : [m,M] — R be a
twice differentiable function with f([m,M]) C U, g : [Maw), Maowu] — R be continuous
with g([maeu), Mow)]) SV, and F: U x V — R be bounded and operator monotone in
the first variable.
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Ifa <f" on [m,M] for some a € R, then
F[o(f(4)),g(0(4))]
< F[kfcb(A) # L = 3 (M + m)(A) - mMLy - 0(42)

- <5f - %(M - m)2>2,g(q>(A))i|

a(M + m)z — amM - M,
2

< sup F |:kfz +1l -
@

M 4) <2=Mg

- <8f - %(M - m)2) mx,g(z)} L

a(M +m)z —amM — M;
2

< sup F[kfz +l - ,g(Z)] 1k, (20)
@

WI¢(A)§Z§M¢

where My is the upper bound of the operator a ®(A2), M, < max{am?,aM?}, and my is the
lower bound of the operator A.
Further,

F[2(£(4)).g(®(4))]
> F[kaD(A) # L = (M + m)®(A) - mMLx - O(4%))

- <8f - %(M - m)2)(1;< —Z),g(@b(A))]

(M +m)z —amM — m;
2

> inf Flkiz + 1 —
T M) <2=Moya) [ i
(M - m)?
2T
a(M + m)z —amM — m;
2

> inf F |:kfz +1l -
(4)

—8r(1 — my), 1, (21
me4)<z=Mg f( WIA) g(Z)] * ( )
where m is the lower bound of the operator a ®(A?%), m; < min{am?, aM?}.

However, if f” < B on [m, M] for some B € R, then the reverse inequalities are valid in
(20) and (21) with inf instead of sup, sup instead of inf, B instead of o, M, instead of m;,
m instead of My, and M3 instead of my, where M3 is the upper bound of the operator A

Example 1 To illustrate Lemma 2, let F(u,v) = u — v and f(z) = g(z) = z° on [m, M]. Since
f"(z) = 6z, we can put & = 6m and 8 = 6M. Then & = %(M — m)*(m + M) (he sign which is
not determined) and 8 — (M — m)* = 2(M - m)* > 0.

If m <0 <M, then f is neither convex nor concave on [m,M], and (6) is not in general
valid:

D(A%) £ D(A)® + max

Mo 4)<z=Maoa)

M-z o z-m 5 4
m° + M° -z 1
M-m M-m

- Z(M —m)*(m + M)A, (22)
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but applying the first inequality in (20), we have:

P(A%) <4+  max

Mo (4) SZ=Ma(a)

M-z 5 z-m
m” +
M-m M-m

1\43 —ZB}I)C
—3m((M + m)®(A) - mM1x - d(A?)) - Z(M —m)*A

< B(A)° + max
MeA)<z=Mgpa)

M -2)m?® + (z—m)M?
{ M-m -

- 3m(M + m)(z— M) — Z(M - m)gmg } 1k.

It suffices to put

1 -5 -3 3
A= B -3 -2 3, m = —-4.32147,
3 3 1

M =15127 and <1>((ai,-)1§ivl.§))=(a,-,»)1 .

Then (22) and (23) become

~184 -126\ , 1 (-233 -144
£3 ~19.41331

NS,

-126 -85 -144 -89

0.116574  -0.136402
+71.7032
—-0.136402  0.159602
and
1(-184 -126 1(-233 -144
- <= —19.41331,
4\-126 -85 8\-144 -89
2. 4 3.2
+12.9644 8090 3.28683
-3.28683  3.84587
0.116574 —0.136402
-148.936
—0.136402 0.159602
1 (-233 -144
< = + 76.4341,,
8 \-144 -89
respectively.
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(23)

Applying Lemma 2 to a strictly convex function f, we improve inequalities (2) and (5).

Theorem 3 Let the assumptions of Lemma 2 hold.

Iff is a strictly convex twice differentiable on [m, M] and 0 < o < f”, then

F[®(f(A)),g(®(A))]

a(M + m)z —amM — M;
2

< sup F |:kfz +1l -
)

mcp(A)ngMq,
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o
_ <8f - Z(M - m)z) m;,g(z):| 1k
< sup F[kfz +1r - ((Sf - g(M - m)2) m;,g(z)} 1x
Ma(4) SZ=Map(a) 4

< sup F[kfz + lf,g(z)] 1. (24)

Ma(4) SZ=Mo(a)

Proof Since (M + m)®(A) — mM1 — ®(A?) > 0 and « > 0 gives a(M + m)D(A) — amM —
M; > 0, we have

D(F(A)) < krD(A) + 1 - %((M + m)D(A) - mM1 - b(A%))
_ (af - %(M_m)Z)Z
< ke ®(A) + [l - %(a(M +m)®(A) — amM —Ml)

- <5f - %(M - m)z)mgl;c

<k ®(A) + [l - (5f - %(M—m)2>m;1;¢

< kr®(A) + [r1k.

Since F(-,v) is operator monotone in the first variable and mg4) < ®(A) < Mea), we ob-
tain (24). O

Remark 2 We can easily generalize the above results to a bounded continuous field of
self-adjoint elements in a unital C*-algebra A. Indeed, replacing A with x, and ® with
¢ in (11), integrating, and using the equality fT ¢e(1y) du(t) = 1k, we get the following
inequality:

f 0 (F(x)) din(t) < ks / Gux) dpt) + L
T T

o 2
-2 ((M +m) /T ¢4(e0) dpu(t) — mM1xc — /T 6.(+2) du(ﬂ)

_ <5f - %(M - m)2>56.

Next, using the operator monotonicity of F(-,v) in the first variable, we obtain the desired
inequalities.

3.1 Difference-type inequalities
Applying Lemma 2 to the function F(u,v) = u — v, we can obtain complementary inequal-
ities to Jensen’s operator inequality for neither a convex nor a concave function f. These
are versions of the corresponding inequalities for one operator given in [16] and [7]. We
omit the details.

Next, applying this result to a convex function f, we obtain an improved inequality (6)
and its complementary inequality for one operator.
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Theorem 4 Let A, ®, A, and the bounds be as in Lemma 2.
If g : [mow), Mow)] — R is a continuous function, f : [m,M] — R is a strictly convex

twice differentiable function, and 0 < a <f”, then

D(f(A)) < g(P(A)) + max (A){ <kf - %(M+ m)>z+ I+ w —g(z)}l,g

Mo (4)<z=Mg
_ (6f - %(M - m)2>m;1;c
§g(d>(A)) + max {kfz+lf—g(z)}1;c— 8 — g(M—m)2 myli
me(4) <z<Mep(4) 4

< g(CD(A)) + max {kfz +1f —g(z)}l;g (25)

me4) <z<Me(4)

and

2
oY) zao) +, min, iz -s) -5 (757 1

M) <z=Mg4)
o 9 _
- 6f_Z(M_m) (1 —my)lk

zg(CD(A)) + IllziilM¢(A){ku+lf—g(Z)}1/C —&r(1—my)1x. (26)

M) <2<
Proof Using Theorem 3, we obtain (25). Next, (26) follows from the following inequalities:

o

5 (D(4) + M1 — (M + m)(4)) - <3f - %(M— m)2>(1;c ~ )

> %(CD(A)Z +mM1x — (M + m)®(A)) - (af - %(M— m)z)(l — )1k

- %(@(A) - M)(P(A) —m) - <5f - %(M—m)2>(1 —my)
_ 2
z—%(Mz m) 1o - ((Sf—%(M—m)z)(l—mZ)llc
Z—Sf(l;c—Z). O

Remark 3 (i) Using elementary calculus, we can precisely determine the values of the

constants

C= max {az+b—g(z)},

M 4) <z=Me4)

c= min {uz +b —g(z)} foralla,b € R,

Mme(a) S2=Mg(4)

provided that g is a convex or concave function:

» if g is concave, then

C= max{am@(A) +b—-glmow),aMaeu) +b —g(M¢,(A))} (27)
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and

ama) + b —glmew)) ifg (2) <aforeveryz € (maow), Mow)),

b- if g/ >a>g,
. g(zo0) if g’ (z0) > a > g’ (z0) (28)

for some z € (Me(a), Moa)),

aMoy + b — gMow) if g, (z) > afor every z € (Mew), Mow));

» if g is convex, then C is equal to RHS in (28) with reverse inequality signs, and c is

equal to RHS in (27) with min instead of max.

(ii) Using the same technique as in Remark 2, we can obtain generalizations of the above
results for a bounded continuous field of self-adjoint elements in a unital C*-algebra. We
omit the details.

(iii) If f = g is strictly convex twice differentiable on [, M] and 0 < a < f” on [m, M],
then (25) improves inequality in [16, Theorem 3.4]. If f is operator convex, then Jensen’s
operator inequality holds, but if f is not operator convex, then (26) gives its complemen-
tary inequality.

Applying Lemma 2 and Theorem 4 to the functions f(z) = z” and g(z) = 27 for selected
integers p and ¢, we obtain the following example. These inequalities are generalizations
of some inequalities in [7, Corollary 7] for nonpositive operators.

Example 2 Let A be self-adjoint operator with o (A) C [m, M] for some m <0 <M, & :
B(H) — B(K) be a unital positive linear mapping, A be defined by (13), and let mea),
Moy, mz, Mz, my, and M; be the bounds as before.

(i) Let p > 1 be an odd number (see LHS of Figure 1), and let g > 0 be an integer. Then
f"(z) = p(p — 1)2#7% is a monotone function. So we can take a = f”(m) and B = f"(M) in

Lemma 2 and obtain
1
P(AP) < P(A)T+ C* 1k + 5(M1 +o*mM) 1

a*
- <mp + MP = 2P (m + MY — Z(M—m)2>m;1;c

1
< ®A) + C* 1 + E(M1 + o mM) 1, (29)
f(z)=z
p - odd number
m 0 M \
m o M
f(z)=2
D - even number
Figure 1 The power function f(z) = z° and bounds of a nonpositive self-adjoint operator.
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where a* = p(p — 1)m?2,

kymao) + 1, — mfb(A) if (q/kp)l/(lfq) < M),
C =10+ (q-D(glk,)" D if mow) < (q/k,)"? < Mo, (30)
koMo + 1, — My if (k)"0 = Moa),

ky = MAZ:zp - %'(M +m), and I, := (Mm? — mMP)/(M — m).

Also,

CD(A”) > ®(A) + "1 + %(ml +a*mM)1;C

- (mp +MP 2P (4 M) — %(M - m)z)(l —m)lk (31)
where
= min{kpmcp(A) + lp - m?l)(A)'kPM¢(A) + lp _M?D(A)}' (32)

Moreover, the reverse inequalities are valid in (29) and (31) with ¢* instead of C*, m;
instead of M1, M, instead of m,, C* instead of ¢*, and B* = p(p — 1)M?~? instead of a*.

(ii) Let p > 1 be an even number (see RHS of Figure 1), and let g > 0 be an integer. Then
f"(z) > 0isan even function. So we can put @ = p(p— 1) -min{m2, MP~2} > 0in Theorem 4.
Applying (25) and (26), we obtain

1
D (A?) < P(A)T+ C* 1k + E(M1 +o*mM) 1
- <m1’ + MP — 2P (m + M)P — %(M— m)2>m;;l;<

<A+ Cilk - (mp + MP = 2P (m + M) — %(M—m)2)mgl;c

< ®(A)! + Cilx — (m? + MP =27 (m + MY )mz1x

< ®(A)7 + Ci1k, (33)

where C* and C7 are defined by (30) with &, := Mﬁzzp - “—;(M +m) and kj, := MAZ:ZP, re-

spectively, and

o (M-m\>
CD(AF)2¢(A)q+c*1;C—§( 5 >1K

- <m1” +MP —2YP(m + M)P — %(M— m)2>(1 —-m3) 1k
> O(A) +c* i — (! + MY = 2P (m + M) (1 — mp)1x, (34)
where ¢* is defined by (32).

Remark 4 Applying Theorem 4 to strictly positive operators and the functions f(z) = 2”
and g(z) = z7, p,q € R, we obtain an improvement of inequalities given in [7, Corollary 7].
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Let A be a self-adjoint operator with o (A) < [m, M] for some 0 < m < M.
(i) If p € (—00,0] U [1, 00), then (33) and (34) hold with & = p(p — 1)m?~2. If
q=p € [-1,0] U[1,2], then the inequality ®(A)? < d(A?) is tighter than (34).
(i) If p € (0,1), then the reverse inequalities are valid in (33) and (34) with
a = p(p - 1)MP2 If g = p, then the inequality ®(A?) < O(A)? is tighter than (33).
In all these inequalities the constants C* and ¢* are determined as follows:
» ifg € (—00,0]U[1,00), then C* (or Ct) and c¢* are defined by (30) and (32), respectively.
» if g €(0,1), then C* (or C}) is equal to RHS in (32) with max instead of min and ¢* is

equal to the right side in (30) with reverse inequality signs.

3.2 Ratio-type converse inequalities
Applying Lemma 2, similarly to the previous subsection, we can obtain complementary
inequalities to Jensen’s operator inequality for neither a convex nor a concave function f.
These are versions of the corresponding inequalities for one operator given in [16] and
[7]. We omit the details.

Moreover, applying this result to a convex function f, we improve inequality (7) and

obtain its complementary inequality for one operator.

Theorem 5 Let A, ®, A, and the bounds be as in Lemma 2.
Ifg: [mo)y, Mow)] — (0,00) is a continuous function, f : [m, M] — R is a strictly convex
twice differentiable function, and 0 < a <f”, then

(kf — £(M + m))z + I + <2000

@ : }g (2)

O(fW) = max {

Me(4) <z=Mo4)
o
- <5f -G M- m)2>mA71;c

ku+lf

M) <z<Ma(a) { g(2)

<

Jeto) - (5~ §01-m2 s

kez + Iy
8(2)

< max {
Mo (4) S2=Mga)

}g(d>(A)) (35)

and

2
o)z, min, T o) -5 (F57) 1

mo)<z=Mo) | g(2) 2

_ (af - %(M—m)z)(l — )l

. kfz+lf}
- ®A) = o1 = mz)lr. 36
_mo(A)IPZIBM@(A){ 2(2) g(P(A)) = 8¢(1 —mz)1x (36)

Proof We only prove the first inequality in (35). The function

amM+My

'_)(kf—%(M+m))z+lf+ >

‘ (@)
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is continuous on [Ma), Mo)l, and its global extremes exist. So, there are A € R and

2o € [Mae4), Moa)] such that

ke — S(M + m))z + [ + 2M+M1
fo max {(f 5 ( )z + 1 > }
Mo (4) S2=Me(a) g(2)
) (kp — &(M +m))zo + Iy + 2220
&(z0)
Then
amM+Mq

(kr = S(M +m))z + lr +
g(2)

2

<) forall z € [mauy, Mow))-

Since g > 0, we have

amM + M,

5 -2g(z) <0 forall z € [meu), Maw)l.

(kf— %(M+m)>z+lf+

It follows that

M+ M
max {(kf— %(M+m)>z+lf+ % —Ag(z)} =0.

Mo (4) <z=Mo(a)
Now, applying (25) to the functions f and A - g, we obtain the desired inequality. g

Remark 5 (i) Similarly to Theorem 5, we improve inequality (8) and give its complemen-
tary inequality for one operator. For example, under the assumptions of Lemma 2, if f is

strictly convex and twice differentiable on [, M] and 0 < & < f”, then we have

®(f4) < max {(k-%<M+M>>Z+lf+M—(af—%w_mﬁmz}

Mo (4) S2=Mga) g(2)
x g(®(4))
k lr — 8rmy
<  max { FELY A }g(<b(A)).
M (4) <z<Me4) g(Z)

(ii) Using elementary calculus, we can precisely determine the values of the constants
az+b az+b

K= max {—}, = min :
mouy<z=Mou) | g(2) maa)<z<Mou) | g(2)

} for everya,b e R,

provided that g is a convex or concave function:

» if g >0 is concave, then

(37)

K = max{ ame4) + b ﬂMcD(A) +b }

gmaw)  gMo))
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and
aan)(A)+b
gmaa)) ifg'(2) = az+b ) for every z € (Mo), Mow)),
_ b
k= flgz(%) , if g’ (z) < Zf Zfb < g, (20) for some z € (maa), Mo4)), (38)
ﬂM¢(A)+
Mo a)) ifgl(2) < 35 for every z € (Mo(a), Mon));

» if g > 0is convex, then K is equal to RHS in (38) with reverse inequality signs, and & is

equal to RHS in (37) with min instead of max.

(iii) If f = g is strictly convex twice differentiable on [, M] and 0 < o < f” on [m, M],
then (35) improves [7, Theorem 12, ineq. (37)]. If f is an operator convex function, then
Jensen’s operator inequality is tighter than (36). Otherwise, (36) gives complementary in-
equality to (36).

Applying Lemma 2 and Theorem 5 to the functions f(z) = 22 and g(z) = z7 for selected
integers p and ¢, we can obtain inequalities of ratio type similar to Example 2. If we put
P = q, then we can obtain generalizations of some inequalities in [7, Corollary 13] for non-
positive operators. We omit the details.

Applying Theorem 5 to strictly positive operators and the functions f(z) = g(z) = 2, we
obtain the following corollary, which improves [7, Corollary 13] and [17, Corollary 3.2].

Corollary 6 Let A be a self-adjoint operator with o (A) C [m, M] for some 0 < m < M, and

let ® and the bounds be as before. If p € (0,1), then ®(A?) < ®(A)’,and ifp € [-1,0]U[1,2],
then ®(A)P < O(AP). However, if p € (—00,-1) U (2,00) and a = p(p — 1)mP2, then

(A?) < K7 DAY - (mP +MP = 21P(m + MY - %(M - m)2) mylx

< K*O(AY - (mp + M = 2YP (1 4 M) — %(M - m)2>m;1;c

<K' ®(AY,

where

kpm<1>(A)+lp . p[p
> _
M) v M) =Pk,

K* = { K(m,M,p) if - PP < (1-plky < ”11(’) (39)
kqu,( )+lp f plp 1 p)kp,

P
M a)

= (MP —m?)[(M — m), L, := (Mm? — mMP)/(M — m), and K(m, M, p) is the well-known
Kantorovich constant (see [3, Section 2.7]):

K(m, M, p) :=

mMP —Mm? (p-1 MP—mP P <R
p-1YM-m)\ p mMP—Mmr)’ p

The constant Ky is calculated by (39) replacing k, with k, — 5 (M + m) and 1, with I, +
amM+My
e R
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4 Quasi-arithmetic mean
As a continuation of our previous considerations, we study the order between quasi-

arithmetic operator means defined by

My = Myl ®) = ( [ ®dote) du(t)>, (40)

where (x;);c7 is a bounded continuous field of self-adjoint operators in a C*-algebra B(H)
with spectra in [m, M] for some scalars m < M, (¢;)scr is a unital field of positive linear
mappings ¢, : B(H) — B(K), and ¢ € C([m, M]) is a strictly monotone function.

There is an extensive literature devoted to quasi-arithmetic means; see, for example, 3,
18-29].

First, we recall the operator order between quasi-arithmetic means (see e.g. [27, Theo-
rem 2.1]): Let (x¢)te1, (@Pr)ier be as in the definition of the quasi-arithmetic mean (40), and
let W, ¢ € C([m, M]) be strictly monotone functions. Then

M(p(x! (D) ngj,(x,CD), (4:1)

provided that
(i) ¥ o @71 is operator convex, and ' is operator monotone, or
(ii) ¥ o ¢! is operator concave, and —~" is operator monotone, or

(iii) ¢! is operator convex, and ' is operator concave.

The order (41) without operator convexity or operator concavity is given in [27, Theo-
rem 3.1]) under spectra conditions. In [30], some techniques are used while manipulating
some inequalities related to continuous fields of operators.

Complementary inequalities to (41) are observed in [27]. We give a general result, which
is tighter than that given in [27, Theorem 2.2]: Let (x¢)ier, (¢t)ier, M, and M be as in
the definition of the quasi-arithmetic mean (40), let W, ¢ € C([m, M]) be strictly monotone
functions, and let F : [m, M] x [m, M] — R be a bounded and operator monotone function
in its first variable.

If (i) ¥ o @~ is convex and " is operator monotone, or (i') ¥ o ¢~1 is concave and —y

is operator monotone, then

F[My @, @), Myx, ®)] < sup [y (kpyo@) +lyy) 21k

My <z<M,

< sup F[w_l(k(p,]/,(p(z)+l¢,¢),z]1;<. (42)

m=<z<M
where my, and My, m, < M, are bounds of the mean M, (x, ®), and

Y (M,) - y(m,)
V(M) - plmy)
- <P(M¢W(m¢) - Qo(mw)w(Mgo)
o o(M,) - p(m,) '

’

(43)

Now we will study an extension and improvement of (42).
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For convenience, we introduce some notation corresponding to &y in (4) and A in
(13):

b = o)+ 00 2y ) (2L 0OL)

2
~ o 2
gy =gy — ) (‘/’(Mw) - ¢(Wl¢)) ’ (44)
2o 1 _oMy) + ¢lmy)
i 2 o @t,) - ) “”(M“’) 2 1,<‘.

First, we give a version of Lemma 2 for means. This is an extension of (42) without

convexity or concavity.

Lemma 7 Let (x;)ier, (P1)ier> m, and M be as in the definition of the quasi-arithmetic
mean (40), let V,¢ € C(I) be strictly monotone functions on an interval I D [m,M], let
F : [m, M] x [m, M] — R be a bounded and operator monotone function in its first variable,
and let my, and M,, m, < My, be bounds of M, (x, ).

(i) If ¥ 0 97! is a twice differentiable function such that a < (Y o ¢™1)" for some a € R,

VL is operator monotone, and

o <<’<«z,w alpMy) + <p(m)))¢(z)llC

2

+ (l«w + M)IK + %w(Mw)z - 55%) cy() (45)
forall z € [my,, M,], then
F[My(x, @), M, (x, D)]

< sup |0 (ko - D Yo

my<z<M, 2

ap(M,)p(m,) + My~
¢ ) ¢ ! —S‘p,wm,;(p ,2 (1

< sup F[W‘l<(kw,w—a((p(Mw)W(mw)))w(Z)

my<z<M, 2

+lpy +

M, M
+lw,w+a<p( o)pmy) + 1),2]1;C, (46)

2

where M; is the upper bound of agp(M,)?*, and ms,, is the lower bound of X,,.
1If, in addition,

o <(k«w B a(w(M(p); </J(m¢;)))¢(z)1lC

i (1 + P Y1 S a2 -500-5)) € v )
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for all z € [my,, M) then

F[M¢(x:¢)rM¢(xrq>)]
Z it F[W1<<k¢,w a((pM)+¢(m‘p)) ¢(2)

my<z<M,

a(P(M(p)(P(Wlw) + 7’7’1

+l<p,x// + 5 —S W(l mxw ),Z]

= inf F[lﬁl«kw,w a(wM)w(mw)) ol

my<z<M,

ago(M(p)@(mw) + 7
2

+lpy + —8gy (1 —mz,) ]l;c, (48)
where m is the lower bound of agp(M,,)>.

(i) If (Y 0 ¢™Y)" < B for some B € R and —y~! is operator monotone, then (46) and (48)
are valid with B instead of o, m; instead of]VIl, Z\N/[l instead of my, and Mz, instead ofm;cw,
where My, is the upper bound of .

Proof We prove only case (i).
Replacing A with ¢(M,,) and ® with the identical mapping in (11), we obtain

¢(M¢)—1/f(/\/l¢) ¢(M¢)—1ﬂ(m<p)
o) = plmy) V™ o ,) = plim,)

- S (01,) + 9(m)p(My) = (Mg my) L — 9(M,)’)

Y (My) = v (M)

- (30 = 001 - )" )i,

Next, applying the operator monotonicity of 1! and taking into account (45), we obtain

My <y (kwyt//‘p(Mw) +loy

o

- E (((p(M(p) + (/)(mgo))ﬁD(Mgo) - (/)(Mgo)(P(mw)llC - §0(M<p)2) - Sw,wJNCw)'
Now, by the operator monotonicity of F(-,v), since mlx < m,lic < M, <Myl < Mlg,
we obtain the desired sequence of inequalities (46). d

Example 3 We can apply Lemma 7 for the functions ¢(z) = sinz and ¥(z) = €% and one
operator. We denote the appropriate means by

Miin(A, @) = arcsin(P(sinAd)) and  M.(4, @) = In(P(e?)),

where A is a self-adjoint operator with o (4) C [m, M] for some -7 <m < —% 0<M< 7,

and @ : B(H) — B(K) is a unital p051t1ve linear mapping. Let m; and M, m; < M, be the
bounds of the mean M, and let A be defined by (13).

The function ¥ o ¢~ 1(z) = e™*"% js neither convex nor concave on [-1,1], but the
arcsinz z+v1-z2

A/ (1-22)3
@1 (sinmy) and B = (¥ o 1) (sin My).

function (¥ o ¢™1)"(z) = e is monotone increasing. So we can put « = (¥ o
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Applying Lemma 7 and using a simple operator account, we can obtain a ratio-type order
or difference-type order between these means.

Applying Lemma 7 to a strictly convex function 1 o ¢!, we obtain improvements of
inequality (42) and appropriate inequalities in [26]. We omit the proof.

Theorem 8 Let the assumptions of Lemma 7 hold.
(i) If Y o 71 is a strictly convex twice differentiable function, 0 < o < ( o ¢™1)" for some
a € R, Y1 is operator monotone, and (45) holds, then

F[My(x, @), M, (x, D)]

< sup F[Wl<<k«;,w—a((p(Mw)Hp(mw)))so(Z)

My <z<M, 2

ap(My)p(my) + My <
+lpy + £ £ —Spymz, |,z |1k

2

< sup F[t//_l(k(p,]/,(p(z) +loy — g¢,¢m&¢);2]1K

my<z<M

< sup F[lﬁ’l(k(p,w(p(z)+lW,,),z]1,C. (49)

my<z<M

(ii) If ¥ o ¢! is a strictly concave twice differentiable function, (y o ¢™1)" < B <0, and
—yr~L is operator monotone, then (49) is valid with B instead of o, i, instead of My, and
M;, instead ofm;cw.

5 Results and discussion

In this paper, we obtain some complementary inequalities to Jensen’s inequality for a real-

valued twice differentiable functions f. We obtain a generalization of known inequalities

for a wider class of twice differentiable functions. Also, we obtain a refinement of some

known inequalities for a class of continuous concave or convex functions. Finally, we ob-

tain some complementary inequalities to quasi-arithmetic means with weaker conditions.
Our results have enriched the theory for the complementary inequality to Jensen’s op-

erator inequality.

6 Conclusions
Jensen’s inequality is one of the most important inequalities. It has many applications in
mathematics and statistics and some other well-known inequalities are its particular cases.

This paper conducts a further study to the development of the existing theory of Jensen’s
inequality for self-adjoint operators in a Hilbert space. The main contribution is the ob-
tained complementary to Jensen’s inequality for general real-valued twice differentiable
functions. The numerical examples confirm that the proposed method gives new inequal-
ities for functions that are neither convex nor concave.

Moreover, our method gives improvements of inequalities given in [10—13] for convex
or concave functions. The conditions in this paper are weaker than those in the previous
research.

Finally, using the same method, we obtained new inequalities with quasi-arithmetic
means. For further research, we should study improved inequalities given in [27].
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