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Abstract

M-eigenvalues of fourth-order partially symmetric tensors play an important role in
many real fields such as quantum entanglement and nonlinear elastic materials
analysis. In this paper, we give two bounds for the maximal absolute value of all the
M-eigenvalues (called the M-spectral radius) of a fourth-order partially symmetric
tensor and discuss the relation of them. A numerical example is given to explain the
proposed results.
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1 Introduction
A fourth-order real tensor A = (a;,jy5i,) € R™*"™*" is called partially symmetric [1] if it

has the following symmetry:
Aitinizia = Riginitia = Rijigizin» Vil’ i3 € [m]!ViZI i4 € [}’l],

where [m] ={1,2,...,m}and [#] = {1,2,...,n}. Such a tensor often arises in nonlinear elas-
tic materials analysis [2, 3] and entanglement studies in quantum physics [4—6]. For this
tensor, there are many kinds of eigenvalues such as H-eigenvalues, Z-eigenvalues, and D-

eigenvalues [7, 8]; here we only discuss its M-eigenvalues [1, 9].

Definition 1 ([9]) Let A = (a;,5yi5i,) € R”"*"*" be a partially symmetric tensor, and let
A € R. Suppose that there are real vectors x € R” and y € R” such that

A-yxy = Ax,
Axyx- = Ay,
xTx=1,
yy=1,

where A - yxy € R” and Axyx- € R” with ith components

(A . yx)/)z = Z Z AiinizigYinXiz Vi

ig€[m] ig,ig€ln]
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and

(Axyoc)i= D" Y igigisiti Vi iy

i1,i3€[m] ipe[n]
Then 1 is called an M-eigenvalue of A with left M-eigenvector x and right M-eigenvector y.

Note that M-eigenvalues of a fourth-order partially symmetric tensor always exist [1].
They have a close relation to many problems in the theory of elasticity and quantum
physics [1, 9, 10]. For example, the largest M-eigenvalue of A = (a;,4yi5;,) € R™""™*",
denoted by

A" =max{A : A is an M-eigenvalue of A},

is the optimum solution of the problem (for details, see [9])

m n
max  f(x,y) = § E : AiyigizigXiy VioXiz Vig»

i1,i3=11ip,ig=1
T, _ T, _ m n
st. x'x=1, yy=1 xeR",yeR"
The outer product Ax o y o x 0 y, where

()‘-x oyox oy)i1i2i3i4 = )‘-xilyizxigyi4: Vily i3 € [m])Vi21 i4 € [Vl]

and A is an M-eigenvalue with the maximal absolute value of A = (a;,;yi;,) € R"™>"*"
with left M-eigenvector x € R” and right M-eigenvector y € R”, is a partially symmetric
best rank-one approximation of A4 [1], which has wide applications in signal and image
processing, wireless communication systems, and independent component analysis [11—
14]. The M-spectral radius of A = (a;,,i,) € R™*"*", denoted by

om(A) = max{ [A] : A is an M-eigenvalue of A},

has significant impacts on identifying nonsingular .# -tensors, which satisfy the strong
ellipticity condition [10].

To our knowledge, there are few results about bounds for the M-spectral radius of a
fourth-order partially symmetric tensor. In this paper, we present two bounds for the M-
spectral radius and discuss their relation. A numerical example is also given to explain the
proposed results.

2 Two bounds for the M-spectral radius
In this section, we give two bounds for the M-spectral radius of fourth-order partially
symmetric tensors and discuss their relation.

Theorem 1 Let A = (aj,iy45i,) € R™*""™*" be a partially symmetric tensor. Then

puld) =[x R} max{ A @
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where

Ri(A) = Z Z | @iinigi s Ci(A) = Z Z @iy inisil-

ig€[m] ig,ig€ln] i1,i3€[m] ip€ln]

Proof Suppose that X is an M-eigenvalue of A and that x € R” and y € R” are associated
left M-eigenvector and right M-eigenvector. Then (1) holds. Let

xp = max{lxd}, g =max{lyd}.

Since x”x = 1 and yy = 1, we have
0<lrxpl <1,  O0<lyl=<1 3

The pth equation of A - yxy = Ax is

Axp = Z Z ApiyizigYizXizViy- (4)

ig€[m] iz is€(n]

Taking the absolute values on both sides of (4) and using the triangle inequality give

Ml < D0 Y pigisia 1y 163 1y |

ige[m] ip,ize[n]

<Y D il

ig€[m] ig,izeln]

= Ry(A)lyl. (5)

Similarly, by the gth equation of Axyx- = 1y we have

Mgl < )" > Maiiyisgllx 11701

i1,ig€[m] ipe[n]

< YD g%l

i1,igelm] ipe[n]

= Cy(Aly . (6)
Multiplying (5) and (6) gives
A1 1yg ] < Ry(A)Cy( Aty l1yg],
which, together with (3), yields

AP < Ry(A)Cy(A) < max {Ri(AC(A)}. )

ie[m],le[n]

Since (7) holds for all M-eigenvalues of A, we have

o) = [ max {R(ACA)} = \/maX{Ri(A)}'maX{CI(A)},

ie[m],le[n] ie[m] le[n]

and the conclusion follows. O
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Theorem 2 Let A = (aj,iyizi,) € R ™" be a partially symmetric tensor, and let o be
any subset of [m] and B be any subset of [n]. Then

om(A) < minfug, po}, (8)

where

J1 = min { max {%(RZ(A) + \/Rg(A)Z +4(R,(A) - Rg(A))Cq(A)) } },

aC[m] | pelml.qeln]

Mo = min { max {%(Cﬁ(A) + \/Cf; (A)2 + 4(Cq(A) - C,’;(A))Rp(.A)) } },

BE(n] | plml.qeln]

and

REA) =D > lapiiniah CEHA =Y D aniisgl-

i3€a ip,igeln] ip€B iy,ize[m]

Proof Assume that A is an M-eigenvalue of A and that x € R” and y € R” are the corre-
sponding left M-eigenvector and right M-eigenvector. Then (1) holds. Let

e :/?;[E:Z(]“xk”: 14l =5<I;=[g§{|ykl}.

Then (3) holds. The pth equation of A - yxy = Ax can be rewritten as

Axp = Z Z Apiyizia)inXizYiy + Z Z ApiyizisYixXizVia- )

i3€a ig,ig€ln] i3éa ig,igeln]

By the technique for the inequality in Theorem 1, we obtain from (9) that

Ml <Y D w516 19il + Y Y 1pinisis | i | 135 1]

izea ip,igeln] i3¢a ig,is€[n]
<D0 apiimiallpl + > > Iapigisiy | 1ygl
i3€a ip,ige(n] iz¢a iy,ige(n]

= R (A)lxy| + (Rp(A) = R (A)) ygl,
that is,
(1M = RE(A)) x| < (Rp(A) = RS (A)) ygl- (10)

In addition, by the gth equation of Axyx- = Ay we have

Mlygl = D0 Y lannisgl 6yl = Co(A)la . (11)

i1,ige[m] izeln]

Multiplying (10) with (11) and using (3) yield

(11 = RE(A) 1] < (Ry(A) = RE(A) Cy(A). (12)
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Then

Il < %(R;‘(A) b JRE(A? + 4(R,(A) — R(A)C, ()

1

< max
E

= pelmlgeln]

(RS (A) + \/Rg (A)? +4(R,(A) — R%(A)) C4(A)) } (13)
Note that (13) holds for all M-eigenvalues of A and any « € [m]. Hence

om(A) < . (14)

On the other hand, for the gth equation of Axyx- = Ay, we have

}‘yq:Z Z ailizisqxilyizxi_%"'z Z Aiyiyizg¥iy Yip iz - (15)

ip€p iy,iz€[m] in€p iy,iz€[m]
Then
Mgl <37 Y Naniingllyg + > D laniiglla|
ir€p iy,izelm] ip¢piy,ize[m]
= CE(A)lygl + (Co(A) - CE(A) I,
that is,
(1A = CE(A)ygl < (Co(A) = CE(A) I, . (16)

By the pth equation of A - yxy = Ax we have

Ml < D0 D 1apigisial1¥gl = Rp(A)lygl- (17)

ize[m] iy izeln]

Multiplying (16) with (17) and using (3), we derive
(1M = CE(A)) 2] < (C4(A) - CE(A))R,(A). (18)

Hence

A < %(C;;(A) + \/ Ch (A +4(Cy(A) - CE(A)R,(A))

< _max [n]{ ! (CHA) + \/ Ch(A)? +4(Cy(A) - C5(A)R,(A)) } (19)

= pelm), 2

Since (19) holds for all M-eigenvalues of A and any 8 C [#], we have
om(A) < . (20)
From (14) and (20) we have

pm(A) < min{uy, uo}.

The proof is completed. d
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Remark 1 Since

max { %(R;(A) + \/R;(A)Z +4(R,(A) - Ra(A)) Cy(A)) }

pelmlgeln]
= max M{ % (CEA) + \/ Ch(A)? +4(Cy(A) - CL(A)R,(A)) }

= \/max {Rp(A)} . qe?ﬁ{cq(A)}

peE(m]

when « = @ and 8 = &, we have

min{jan, ) < \/;“fin] (B(A)] - max[C,(A)

Therefore, the bound in (8) is tighter than the bound in (2) for the M-spectral radius ppm(.A)

of a given tensor A.

Remark 2 Although the bound in (8) is tighter than the bound in (2), it is easier to com-
pute the bound in (2) for the M-spectral radius of a given tensor.

Next, we use a numerical example to show the effectiveness of the bounds in Theorems
1 and 2.

Example 1 Consider the partially symmetric tensor A; = (a4, 1,i,1,) € R*>***3*3 with

aiiil = 1.1112, ais3ll = 61096, asiil = 0.3032, an121 = 14125,
azz1 = 1, a1z = 0.0788, axm =1, azy = 0.6032,

asn3) = 03657, ai1313 = 2, al323 = 06226, a3333 = 03,

and the remaining zero elements. By Theorem 1 we have
om(AL) < 12.6843.
By Theorem 2 we have
om(A1) < 10.2397.
In fact, pp(A;) ~ 7.6841.
3 Conclusions
In this paper, we have presented two bounds for the M-spectral radius of a fourth-order

partially symmetric tensor and have indicated their relation. To show the effectiveness of

the proposed results, a numerical example is also given.
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