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Abstract

Let {£,/ € Z} be a stationary LNQD sequence of random variables with zero means
and finite variance. In this paper, by the Kolmogorov type maximal inequality and
Stein's method, we establish the result of the law of the iterated logarithm for LNQD
sequence with less restriction of moment conditions. We also prove the law of the
iterated logarithm for a linear process generated by an LNQD sequence with the
coefficients satisfying Y= . 1ai| < oo by a Beveridge and Nelson decomposition.
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1 Introduction

Two random variables X and Y are said to be negatively quadrant dependent (NQD, for
short), if P(X <x,Y <y) - P(X <x)P(Y <y) <O0forall v,y € R. A sequence {Xy, k € Z} is
said to be linear negatively quadrant dependent (LNQD, for short) if for any disjoint finite
subsets A, B C Z and any positive real numbers r;, 3, 7:X; and ) ;5 1;X; are NQD. It is
obvious that LNQD implies NQD. The definitions of NQD and LNQD can be found in
Lehmann [1] and Newman [2].

A much stronger concept than LNQD was introduced by Joag-Dev and Proschan [3]:
for a finite index set I, the r.v.s. {Xj,i € I} are said to be negatively associated (NA, for
short), if for any disjoint nonempty subsets A and B of I, and any coordinatewise non-
decreasing function G and H with G:R* — R and H : R — R and EG*(X,,i € A) < 00,
EH*(Xj,j € B) < 00, we have Cov(G(X;,i € A), H(X),j € B)) < 0. An infinite family is NA if
every finite subfamily is NA.

Some applications for LNQD sequence have been found. For example, Newman [2]
established the central limit theorem for a strictly stationary LNQD process, Dong and
Yang [4] provided the almost sure central limit theorem for an LNQD sequence, Wang
and Zhang [5] provided uniform rates of convergence in the central limit theorem for
LNQD sequence, Li and Wang [6] obtained the asymptotic distribution for products sums
of LNQD sequence, Ko et al. [7] studied the strong convergence for weighted sums of
LNQD arrays, Ko et al. [8] obtained the Hoeffding-type inequality for LNQD sequence,
Zhang et al. [9] established an almost sure central limit theorem for products sums of
partial sums under LNQD sequence, Wang et al. [10] discussed the exponential inequal-
ities and complete convergence for an LNQD sequence, Choi [11] obtained the Limsup
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results and a uniform LIL for partial sums of an LNQD sequence, Wang and Wu [12] ob-
tained the strong laws of large numbers for arrays of rowwise NA and LNQD random
variables, Wang and Wu [13] established the central limit theorem for stationary linear
processes generated by LNQD sequence, Li et al. [14] established some inequalities for
LNQD sequence, Shen et al. [15] proved the complete convergence for weighted sums of
LNQD sequence, and so forth. It is easily seen that independent random variables and
NA random variables are LNQD. Since LNQD random variables are much weaker than
independent random variables and NA random variables, studying the limit theorems for
LNQD sequence is of interest.

The main purpose of this paper is to discuss the limit theory for LNQD sequence. In
Section 2, by the Kolmogorov type maximal inequalities and Stein’s method, we obtain the
law of the iterated logarithm for strictly stationary LNQD sequence with finite variance.
In Section 3, we prove the law of the iterated logarithm for linear process generated by
LNQD sequence with less restrictions by Beveridge and Nelson decomposition for linear
process.

Throughout the paper, C denotes a positive constant, which may take different values

whenever it appears in different expressions. We have logx = Inmax{e, x}.

2 Main results
We will need the following property.
(H1) (Hoeffding equality): For any absolutely continuous functions f and g on R! and
for any random variables X and Y satisfying Ef?(X) + Eg*(Y) < 0o, we have

Cov(f(X),g(Y))

= /oo/wf’(x)g’(y){P(X >xY >y) - P(X >x)P(Y > y)} dxdy.

Now we state the law of iterated logarithm for LNQD sequence.

Theorem 2.1 Let {£;,i > 1} be a strictly stationary LNQD sequence with E€; = 0, EE? < 0o
and 0* =E§} +2% 7, E€&>0.Put S, =Y ", &. Then

Sn

lim sup =1 as (2.1)

n—soo (202nloglog n)t/2
Remark 2.2 Our theorem extends the corresponding results of Corollary 1.2 in Choi [11].
Choi established a law of the iterated logarithm for LNQD sequence with E|&; |**® < oo for
some § > 0 and variance coefficients decaying polynomially. But our theorem only restricts
the finite variance.

The proof of Theorem 2.1 is based on the following lemmas.

Lemma 2.3 (Lehmann [1]) Let random variables X and Y be NQD, then
1. EXY <EXEY;
2. PX>xY>y) <PX>x)P(Y >y);
3. iff and g are both nondecreasing (or both nonincreasing) functions, then f(X) and
g(Y) are NQD.
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Lemma 2.4 Let {&,1 <1 < n} be an LNQD sequence of random variables with mean zero
and finite second moments. Let S, = Y . & and B, =Y -, EE?. Then, for all x >0, a >0

and 0 < a < 1, we know

P( max Sy > x)

1<k<n
1 o 2 ax
§P<max5;‘k>a)+ exp| - 1+-logll+ —
1<k<n l-« 2(ax + B,) 3 B,
- P( : ) 1 x’a 22)
max & >a) + exp| - , .
= "\izkzn l-« P 2(ax + B,)

P( max |Sg| > x)

1<k<n

2 2o 2 ax
§2P(max |§k|>a)+ expl ————11+ =-log| 1+ —
1<k<n l1-«o 2(ax + B,) 3 B,

2 xla 2.3)
—a eXp(_Z(ax+B,,))' '

< 2P( max > zz) +
= 2P( max |€] 1
In particular, we have

P( max |Si| > x)

1<k<n

xz B x/(12a)
< 2P< ) 4 - ) +4 ——— . 2.4
- 112’?5);” Sl >a )+ exp( 8B, ) ’ (4(ax + Bn)) @4)

Proof By Lemma 2.3, following the proof of Theorem 3 in Shao [16], we can easily get the

results of Lemma 2.4. O

Lemma 2.5 Let {Y;,1 <i < n} be an LNQD sequence of random variables with EY; = 0
and E|Y;|® < 0o. Define T, =y -, Y; and B2 = Y| EY?. Then, for any x > 0,

n
P(T, >xB,) > (1 - ®(x +1)) + 6B,> Z E(YY;) - 12B;} ZE|Y,-|3,
1<iZj<n i=1

where ® is the standard normal distribution function.

Proof We will apply the Stein method. Let X be a standard normal random variable and

define
0, for w < x,
gw)=qw-x, forx<w=<x+1,
1, forw>x+ 1.

Let f be the unique bounded solution of the Stein equation

f'w) —wf(w) = g(w) - Eg(X). (2.5)



Zhang Journal of Inequalities and Applications (2018) 2018:11 Page 4 of 17

The solution f is given by

s =e [ o0~ Eg0}e " .

—00

It is well known that (see Stein [17])

fwl<2,  |[fmw]=2  |[f'w|<2 (2.6)

Let §i= Yi/Bnr W = Z?:l Cis W(i) =W- Cis

-1, for¢i<-1,
{in=1¢ for-1<¢<1,
1, for¢gi>1,

&i+1, forgi<-1,
in=1310, for-1<¢, <1,
¢i—1, forg>1.

Obviously, ¢; = i1 + &ia. Write
n

E(WFN) = Y E(af (W) + Y Efa o) - £(w )

i=1

:IRl +R2 +R3 +R4, (27)

where

RSBV, Re= Y Elalfn - f(w )],

i=1 i=1

R; = ZE{Ci,l[f(W(i) + i+ 932) _f(W(i) + Ci,l)]},
i=1

Ry = ZE{Cz’,l W+ 1) - (WD)}
i=1

By the definition of LNQD, we know ¢; and W are NQD, then by (H1) and (2.6) we have

IRyl <) | Cov(f(W?))| <2) | Cov(e, W) ==2B,> >~ E(V:Y).
i=1

i=1 1=<ij=n

By (2.6), we obtain
n n n
IRyl <4 Elgiol <4 Elgl®* =4B.> Y E|Yi,
i=1 i=1 i=1

n n n
IR3| <2 "ElGingial <2 ElGial < 2B, Y E[Yif’.

i=1 i=1 i=1
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To estimate Ry, let K;(t) = E(£;11{0 <t < &1} — ¢i11{¢i1 < £ < 0}). Rewrite R, as
n gia )
R4= ZE{Q’I/‘ f/(W(l)+t)dt}

i=1 0
nooa1

=y f E{f (WD + 0)[cial{0 < ¢ < g1} = ¢l {5y <t < 0}]} dt
i=1 771
n 1 n 1

= Z/ E{f’(W(i) +t) }Ki(t) dt + Z/ Cov(f (W + 1), 51 1{0 < ¢t < ¢;1)) dt
=171 i=1 V0

n 0
— Z/ COV(f/(W(i) + t), {,-,11{;“,»,1 < t< 0}) dt
i=1 /1
=: R4,1 + R4,2 + R4,3.

For fixed 0 <t < 1, xI{0 < t < x} is a nondecreasing functions of x, by the definition of
LNQD and Lemma 2.3, £;1/{0 < ¢ < ¢;1} and W® are NQD. Then by (H1) and (2.7),

nooa1
[Ry2| < 22/ | Cov(W®, g1 {0 < t < g;1})| dt
i=1 V0

n 1 n
< 22/0 | Cov(W?, ;)| dt = 22 | Cov(W®, )| = -2B,? Z E(V;Y)).
i=1 i=1

1<i#j<n

Similarly,

IRys| <-2B,> Y E(Y;Y)).

1<i#j<n

Let Rs = |Ry| + |Ry| + |R3| + |Ryz2| + |Ry3]. Observe that

1 1
1
[ K-k and [ i - il
-1 -1
It follows from (2.6) that

P(T, > xB,) — (1 - ®(1 +x)) > Eg(W) — Eg(X)
= Ef' (W) - EWf(W)
=Ef' (W) —Ry1 —R1 — Ry — R3 — Rys — Ry3

> —Rs + Ef' (W) (1 - ZE;%’I) + 3 ECHEF (W) - Ray

i=1 i=1

=—Rs + Ef'(W) ZE(CiZ - fi%l)

i=1

; ZE{ [ j{f’(W“) £ 2) £ (W9 4 )} dt}
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>—Rs -2 EgI{|ci| > 1}

i=1

—2ZEU &l + ) Kt )dt}
>-Rs -2 ElgP-4) Elt
i=1 i=1

n
= —Rs-6B,> > E|Yi|’.
i=1

Finally, by putting the above inequalities together, we complete the proof of Lemma 2.5. [J

Proof of Theorem 2.1 It suffices to show that for 0 < & < &

30
lim sup L <1+8¢ as. (2.8)
n—soo (202nloglogmn)t/2 —
and
limsu IS—n|>l—88 a.s (2.9)
P (202nloglogn)t/2 — - '
Let m be an integer such that
m
= E& +2) E&iE <o’(1+e). (2.10)

i=2
Put a; = 0 (i/loglogi)'/?/m. Define

a1(a,x) = x1{|x| < a} +al{x > a} — al{x < —a},
oa,x) = x—a)l{x>a}+ (x+a)l{x<-a},
i
Yii =giai &) - Eglan &), Syu=Y Yy, forl=1,2,

j=1
im i
> v and Ui=) w, i=12....

j=(i-1)m+1 j=1

It is obvious that S, = S,;1 + Sy,2. By the same argument as of equation (2.2) from de Acosta
[18], it is easy to check that

> Elg|I{|&] > a:}/(iloglogi)'* < CEE] < oc. (2.11)
i=1

Hence, by Kronecker’s lemma

— 0 a.s.

|&il1{15:] > ai} + E|&:l1{|5:] > ai}
>

— (nloglog n)l/2
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and
Sua/(nloglogn)’> - 0 as. (2.12)
Observe that
min{n,im}
max |S;;] < max |U;]+ max Y;
15i§n| l’1|_1sis[n/m]| | 1<i<l+[n/m] Z Yl
j=(i-1)m+1
< max |Uj|+ma, < max |Uj|+eo(nloglogn)/? (2.13)
1<i<[n/m] 1<i<[n/m]

for every n sufficiently large,
Eu/(mo)) -1 asi— oo

and

[n/m]
Z Eu}l(no}) —1 asn— oc.
i-1

Hence, by (2.10)

[n/m]
Z Eu? <o?(1+28)n (2.14)

i=1

provided that # is sufficiently large.

By the definition of LNQD and Lemma 2.3, we know {u;,i > 1} are also LNQD ran-
dom variables with Eu; = 0 and |i;| < 2may, for every i. By Lemma 2.4 (with @ = 1 — ¢,
a = 2ma,), (2.13) and (2.14), we get

P(max [Si1] = (1 + 88)(202n10g10gn)1/2)

1<i<nmn

< P( max |U;] > (1 + 78)(202n10glogn)1/2)

1<i<[n/m]
- ( (1-¢)(1+7¢)*c%nloglogn >
< Zexp( -
€ (1 + 7¢)(202nloglog n)'?2ma,, + ZEZ/I”’] Eu?

2 (1-¢)(1+7¢)*loglogn
< Zexp( -
& 41+78)e +1+2¢
2
< =exp(—(1 + ¢)loglogn) (2.15)
e

for every sufficiently large . By using the standard subsequence method, (2.15) yields

limsup |S,,1 |/(202n10g10g rz)l/2 <1+8¢ as. (2.16)

n—00

Now (2.8) follows by (2.12) and (2.16).
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To prove (2.9), let
l+e 1+e
mj = [2/( ]) Pk = [k_22k ]; ny = (mk +Pk)k4'

It suffices to show that

oo
ZP(S,,,(,I > (1 -7¢)(20°ny loglog nk)l/z) = 00. (2.17)
k=1

In fact, by Lemma 2.4, similar to the proof of (2.15), we obtain

[e¢]

> P(Sy 11 = (20 mcloglog ) %) < oo.
k=1

Then by (2.17), we have

[o¢]

ZP(S,,,(J =Sy 1= (1- 88)(20’2}’1k loglog nk)l/z)
k=1

oo
>3 P(Syn = (1= 76) (202 m loglog ) ™)
k=1
o0

- ZP(Snkfl,l = 8(202nk loglog nk)l/z)
k=1

- c0. (2.18)

By the definition of LNQD and Lemma 2.3, we see that {S,,,1 — Sy, _,,1,k > 1} is an LNQD
sequence, then, for any x > 0, y > 0, k #},

P(Snk,l - Snk,l,l > X, Sn]',l - Sn,-_l,l = y) =< P(Snk,l - Snk,l,l > x)P(Snj,l - Sn/_l,l Zy)

Hence, by the generalized Borel-Cantelli lemma (see, e.g., Kochen and Stone [19]), (2.18)
yields

Snk,l - Snk,l,l

lim su >1-8¢ as,
) (202 loglog m) 12 =

which together with (2.8) and (2.12) gives

lim su S >1-8¢ as
k—>oop (2g2y[k10glognk)l/2 e .S.

and hence (2.9) holds.
To verify (2.17), set

(i=1)(my+pg) +my i(my+pi)
. 4
Vi1 = E Y1 Vip = E Y1, 1<i<k’,
j=(i~1)(mg+pg)+1 Jj=(i=1)(mg+pg)+my+1

k* k*
Ty1= Z Vil Ty = ZWJ
-1 i1
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Obviously, S;,1 = Tx,1 + Tx2. Then by Lemma 2.4, similar to the proof of (2.15), we obtain
oo
ZP(T/(,Z > ¢(20%ni loglog nk)m) < 00.
k=1

Thus, we only need to show that

o]

ZP(Tk,l > (1 - 6¢)(20*n loglog nk)m) = 00. (2.19)
k=1

It is easy to see that

4
B, B

k4 _Z A
ngo? — no?

—1 ask— oo.

From Lemma 2.5, we obtain

P(Tr1 > (1-6¢)(20%ni loglog nk)m)

> (1- (1 +(1-5¢)(2loglogni)'’?)) = Ji1 = Ji2s (2.20)
where
k4-
Jor=6Bg > |Evivial,  Ja=12B3” ) Elviil’, Bii= Z‘Ev,1
1<izj<k* i=1

Obviously, we have
Z (1-®(1+(1-5¢)(2loglogm)''?)) = co. (2.21)
k=1

Noting that {v;1,1 < i < k*} is an LNQD sequence and by (H1), we get

-1 4
Jk1 < Cny, Z K*|Evi,1vja]

2<j<k*

<Gkt Y Y (Eyl

1<i<my mp+py <j<ni

<C > IEgl.

PkSj<ng

By the fact that nz_; = o(px), we see that

ka1<cz Y. IEagl<C. (2.22)

k=1 nj_1<j<mi
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Finally, we estimate Ji ». By the Rosenthal type maximal inequality for an LNQD sequence,
which can be proved easily as the proof of Theorem 2 from Shao [16], thus we have

Ve

]k,2 < Cn;3/2 Z{(mk)?)/Z + mk(£|£1|3[{|§1| < nk/Z}) + nlli/ZP(E | > n1/2)}
i=1

< C{k? + mPEIG PI{ & < 2} + mP(1&:] > ny?) ).

Observe that with 79 =0

o0 o0
Z —1/2E|g1|3[ |§1| < n1/2 Z -1/2 ZE|§ |3I 1/2 T < |S | < n1/2}
k=1 =1 j=1

k=1
o0 o0
ZZ” 1/2E|€: |31 1/2 < |E1| <n1/2}

=1 k

o0
CZ” 1/2E|g |3] 1/2 < |El| 1/2}
j=1

~.
~.

< CZEWI 1< 1&1] <nf?} < CEl | < oc.
j=1

Similarly,
anp &1 > m*) < 00

Putting the above inequalities together yields

> Jka < 0. (2.23)
k,
This proves (2.19), by combining the above inequalities (2.20)-(2.23). O

3 The LIL for linear processes generated by LNQD sequence
In this section, we will discuss the law of iterated logarithm (LIL, for short) for linear
processes generated by LNQD sequence with finite variance.

The linear processes are of special importance in time series analysis and they arise in
wide variety of concepts (see, e.g., Hannan [20], Chapter 6). Applications to economics,
engineering, and physical science are extremely broad and a vast amount of literature is
devoted to the study of the theorems for linear processes under various conditions. For the
linear processes, Fakhre-Zakeri and Farshidi [21] established CLT under the i.i.d. assump-
tions and Fakhre-Zakeri and Lee [22] proved a FCLT under the strong mixing conditions.
Kim and Baek [23] obtained a central limit theorem for stationary linear processes gener-
ated by linearly positively quadrant dependent process. Peligrad and Utev [24] established
the central limit theorem for linear processes with dependent innovations including mar-
tingales and mixingale. Qiu and Lin [25] discussed the functional central limit theorem for
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linear processes with strong near-epoch dependent innovations. Dedecker et al. [26] pro-
vided the invariance principles for linear processes generated by dependent innovations.

We will prove the following theorem.

Theorem 3.1 Let {&;,i € Z} be a strictly stationary LNQD sequence with E€; = 0, EE? < 0o
and 0% = EE? +2 Y E&16:>0. {a;,j € Z} be a sequence of real numbers with Yr olajl <
0. Define the linear processes X; =y - ai&ri. Then

"X
lim sup 2 Xl 2 X =

= .S. 3.1
nooo (202nloglogn)t/2 s 61)

oo
2.4
j=—o00

The proof of Theorem 3.1 is based on the following lemmas.

Lemma3.2 Let{&;,i € 7} be a strictly sequence of random variables, {a,,,n > 1} be a mono-

tone decreasing sequence of nonnegative real numbers. Then Vj € Z,

sup

n>1

n
an Zgi—j
i=1

n
ap Z &i
i=1

d
= sup
n>1

Proof Let Yj=sup,-; lay ) i &jl, Y =sup,., la, Y i, &l. Obviously

)
)

_)

By the strictly stationarity, we know (§1_;, &>, ..., &) d (61,&2,...,&), then, for every Borel
set D e R?,

o]
P(Y; <) :P<ﬂ <1n<1ta<xk

k=1

t
a Z §ij
i1

t
at Z &ij
i=1

= lim P| max
k— o0 1<t<k

similarly,

t
llthi

—00 1<t<k -
i=1

P(Y <x) :klim P(max

P{(61,62 s, &) € D} = P{ (€1, ..., &) € D).

In particular, if we take D = {(x1,%y,...,%,) : maXj<,< |a; > ., &| < x}, then the result of

Lemma 3.2 can be obtained by the above statements. O

Lemma 3.3 Let {§;,i € Z} be a strictly stationary LNQD sequence of random variables
with E& = 0, E§12 < 00,02 = E&% +2) 7, E&1£;> 0. Then

Y &< oo, (3.2)

Esup(2nloglog n)_%
" k=1
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Proof Let b, = (2nloglog n)%, Dok /bops1 — g (k — 00), then there exists C; > 0, such that
forall k > 0, byk /byrs1 > Cy. Let m, 02, a;, gi(ai, &), Yis, Sis» wi» U; be defined as in the proof
of Theorem 2.1. Note that > ;_; &k = Sy,1 + Sy2. Then

Esup(anoglogn

Z%‘k

< sup(2nloglog n)’7 |S,1] + Esup(2nloglog n)’% |Sn2l. (3.3)

In order to prove (3.2), it is sufficient to prove

1
Esup(2nloglogn)~21S,]| < oo, (3.4)
Esup(2nloglog n)’% |S)2] < 00. (3.5)
Note that

Esup(2nloglog n)_% 1Sz

n

= Esup(2nloglog n)_% (22(ax, &) — Ega(ax, &)

k=1
[o¢]
<EZ 82(ax, &) — Egolar, 60| _ Z E|&x| {16k > ax}
1 (2kloglogk)2 Py 2k10glogk)7
< CE£? < 0. (3.6)

The last inequalities can be induced by the same argument as in (2.11).
Finally, in order to prove (3.2), it remains to check that (3.4) holds by combining the
above inequalities. We have

Esup(2nloglog n)‘% [Si1]
n

-E |Sn 1|
=Esup max ——————
k=0 2% <n<2k1 (2ploglog n)?

o |Sn 1|
=/ Plsup max ————— >xpdx
0 k=0 2¢<n<2k*1 (2ploglog n)2

© [Sn1l
<B+ P{sup max ————— >x;dx, (3.7)
B k=0 2k <n<21 (2n1og log )2

where B will be given later. Noting the choice of C;, we have
o S
/ P{sup max A x} dx
B k=028 <n<2**1 (2;loglog n) 2

oY) Sn
< / ZP{ max |71|1 > x} dx
B o 2k=n<2*! (2nloglogn)2
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o0 00 1
52/ P{ max |S,,1| >x(2.2k-1oglog2k)f}dx
o B 2k5n<2k+1
o0 00 1
< 2/ P{ max [S,1]>xCy(2- 2k+1 ~10g10g2k+1)2 } dx.
o B 15”52/«1
It is easy to check that
min(25+1 im)
max [S,1| < max |U;]+ max Z |Y1]
n<2k+1 1<i<[2Kk+1/m] 1<i<[2kl/m] .
j=(i-1)m+1

< max |U| +2mayn
1<i<[2k+1/m]

1
< max |U]+2¢e0 (2k+1 -loglog 2’”1) 2,
1=<i<[2%*+1/m)

By the same argument as of (2.14), there exists ko, such that, for every k > ko,
[2k+1 /m]

> Euf <o’ (1+26) 250

i=1
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(3.8)

(3.9)

(3.10)

By the definition of LNQD and Lemma 2.3, we know {u;,i > 1} are also LNQD ran-
dom variables with Eu; = 0 and |i;| < 2may, for every i. By Lemma 2.4 (with @ = 1 — ¢,

a = 2ma,k.1), then by (3.9) and (3.10), observing that 0 < € < ~/2§GC1 , we have

00 00 1
Z/ P[ max  |S,1|>xC; (2 L ok+l loglog 2k+1)7 } dx
B

1§n§2k+1

oo
= Z/ P{ max U] > (xC1«/§—286)(2k+1 -loglog2k+1)%}dx
/B

1<i<[2k+1/m]

o0 [eS) 1
=3[P max (1> (CvE-2en(2 loglog 2 ) d
B

1<i<[2k+1/m]

24 [ (Cl\/§—280)2(1 —8)(2k+1 . 10g10g2"+1)x2
It Z exp( - e i
’ ? deo - 24U C1V2-2e0)x+2Y 2 " Eu?

2 ko 00 2 o0 00
=- / eiAkx dx + — Z / e—D(loglogzkH).x dx
Ce B £ 5
k=0 k=ko+1
ko -
2 o0 4 2 1
== e dx + — <o,
€ Z/B eD Z log ((k + 1) log 2)((k + 1) log 2)BD
k=0 k=ko+1
where
(C1v/2 = 2e0)*(1 — £)(2%*1 - loglog 2K+1)
Ai= >0,

4gc - 201(C1/2 - 260) + 23 M By 2

(V22001 -)
- 480 (C1v/2 —260) + 202 - (1 + 2¢)

(3.11)
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and choose B sufficiently large such that BD > 1. Thus (3.4) holds by combining the above
inequalities together. g

Proof of Theorem 3.1 By a Beveridge and Nelson decomposition for a linear process, for
m,n,t €N, let

n m

Yn = (2nloglogn)~2 Z ai&j,

t=1 j=

—

m
n=0, =) a j=01,..,m-1,

i=j+1
j-1
Z,m:O, 2,: a, j=-m+1l,-m+2,...,0,
i=—m
~ il =~ 0 ~
t= ZE/St—}r é:t = Z E]St—]
j=0 Jj=—m

Obviously

-m

Yo = (Z @) (2nloglogn)~2 (Za) + nloglogn) 3 Bo &y + £,y —£1), (3.12)
ji= t=1
(2nloglog n)‘% ZXt =Y., + (2nloglog n)‘% (Z Z 61/5:,). (3.13)
t=1 t=1 |jl>m

By the strictly stationarity, for every ¢ > 0, we have
oo 1 (o)
ZP{I&H_/I/Qn loglogn)? > 8} < ZP{|$0|2 > 282nloglogn} < CE|&|? < o0. (3.14)

n=1 n=1

Then by the Borel-Cantelli lemma, for any j > 0,
(2nloglog n)‘%gn_, —0 as.n— oo.

Therefore

Nl

m
(2nloglog n)_% -&, = (2nloglogn)” szsn_j — 0 as.n— oo.
j=0

Similarly, we obtain

(2nlog10gn)’% £ —> 0 as.n— oo,
(2nloglog n)_% -?1 —0 as.n— oo,

(2nloglog n)‘% -EM —0 as.n— oo.
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By the above statement, we have

(2nloglogn)_%(go —g,, +&,1 —?1) —0 as.n— oo. (3.15)

By Theorem 2.1
lim sup(2#1loglog n)’% Zét =0 as.
n—00 t=1

From the definition of LNQD and Lemma 2.3, it is easy to check that {-§;;i € Z} is an
LNQD sequence of random variables. Then, by Theorem 2.1,

lim sup(2nlog log n)_% Z (&) =0 as.

n—00 t=1

Thus

lim sup(2nloglog n)’% =0 as. (3.16)

n— 00

Y&
t=1

Let S, =), ; X;, combining (3.12)-(3.16), then

lim sup(2# log log Vl)_% 1S,

n—00

= lim sup

n—00

Yiuu + Z aj(2nloglog n)’% ZEH
t=1

ljl>m

n

Y &

t=1

D &y
=1

Z aj|(2nloglog n)‘%

j=—m

<limsup
n—0o0

+ lim sup Z |a;|(2nloglog n)‘%
n—0oQ |/‘>m

Z a; a.s. (3.17)

Jj=—m

-

Y &y
t=1

o+ a;| sup(2nloglo n)‘%
> laj| sup(2nloglog
n

ljl>m

Then by the strictly stationarity, Lemma 3.2 and Lemma 3.3, we know

Esup(2nloglog n)‘% Z &,_j| = Esup(2nloglog n)‘% Z &l < o0. (3.18)
n t=1 " t=1
Then, by (3.18),
sup(2nloglog n)‘% ZEH <00 as. (3.19)
" t=1
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By (3.19), letting m — oo in (3.17), we have

o0
lim sup(2#1oglog n)_% 1S, <4 Z ajlo  as. (3.20)

n—0oQ
j=—00

On the other hand, by (3.13), (3.15) and (3.16), we obtain

lim sup(2nloglog n)’% |S,]

n

" 1
> limsu a;|(2nloglogn)~2
msup| ) aj|(2nloglogn) | ) &

- Jj=—m t=1

. 1~ ~ =~ =~
- lim (2nloglogn)™2(8 — & +§,,1 — &1

n

1
- Z |aj| sup(2nloglog n)~2 Zét—j

[fjl>m t=1
= Z aj|o — Z |a;| sup(2nloglog n)’% ZSH a.s. (3.21)
j=—m ljl>m " =1

Then, letting m — oo,

[e¢]
lim sup(2nloglog n)’% |S,| > Z ajlo  as. (3.22)
n—00 o0
Hence from (3.20) and (3.22) the desired conclusion (3.1) follows. O

4 Conclusions

In this paper, using the Kolmogorov type maximal inequality and Stein’s method, the law of
the iterated logarithm for LNQD sequence is established with less restriction of moment
conditions, this improves the results of Choi [11] from E|&; |>*® < 0o to E|&;|* < 0. We also
prove the law of the iterated logarithm for a linear process generated by LNQD sequence
with the coefficients satisfying Y > |a;| < oo by the Beveridge and Nelson decomposi-
tion, this extends the law of iterated logarithm for a linear process with the innovations
from i.i.d. and NA cases to LNQD random variables.

Acknowledgements

The author greatly appreciates both the editors and the referees for their valuable comments and some helpful
suggestions that improved the clarity and readability of this paper. The paper is supported by NSFC (Grant No. 11771178);
the Science and Technology Development Program of Jilin Province (Grant No. 20170101152JC).

Competing interests
The author declares to have no competing interests.

Authors’ contributions
This is a single-authored paper. The author read and approved the final manuscript.
Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 22 September 2017 Accepted: 28 December 2017 Published online: 08 January 2018



Zhang Journal of Inequalities and Applications (2018) 2018:11 Page 17 of 17

References

1.
2.

w

18.
19.
20.
21.
22.
23.

24.
25.

26.

Lehmann, EL: Some concepts of dependence. Ann. Math. Stat. 37(5), 1137-1153 (1966)

Newman, CM: Asymptotic independence and limit theorems for positively and negatively dependent random
variables. In: Tong, YL (ed.) Inequalities in Statistics and Probability, pp. 127-140. Institute of Mathematical Statistics,
Hayward (1984)

. Joag-Dev, K, Proschan, F: Negative association of random variables with applications. Ann. Stat. 11, 286-295 (1983)
. Dong, ZS, Yang, XY: An almost sure central limit theorem for NA and LNQD random variables. Acta Math. Sin. 47(3),

593-600 (2004)

. Wang, JF, Zhang, LX: A Berry-Esseen theorem for weakly negatively dependent random variables and its applications.

Acta Math. Hung. 110(4), 293-308 (2006)

. Li, YX, Wang, JF: Asymptotic distribution for products of sums under dependence. Metrika 66, 75-87 (2007)
. Ko, MH, Ryu, DH, Kim, TS: Limiting behaviors of weighted sums for linearly negative quadrant dependent random

variables. Taiwan. J. Math. 11(2), 511-522 (2007)

. Ko, MH, Choi, YK, Choi, YS: Exponential probability inequality for linearly negative quadrant dependent random

variables. Commun. Korean Math. Soc. 22(1), 137-143 (2007)

. Zhang, Y, Yang, XY, Dong, ZS: An almost sure central limit theorem for products sums of partial sums under

association. J. Math. Anal. Appl. 355(2), 708-716 (2009)

. Wang, XJ, Hu, SH, Yang, WZ, Li, XQ: Exponential inequalities and complete convergence for a LNQD sequence.

J. Korean Stat. Soc. 39(4), 555-564 (2010)

. Choi, YK: Limsup results and a uniform LIL for partial sums of an LNQD sequence. Appl. Math. Lett. 24(2), 138-144

(2011)

. Wang, JF, Wu, QY: Strong laws of large numbers for arrays of rowwise NA and LNQD random variables. J. Probab. Stat.

2011, Article ID 708087 (2011)

. Wang, JF, Wu, QY: Central limit theorem for stationary linear processes generated by linearly negative

quadrant-dependent sequence. J. Inequal. Appl. 2012, Article ID 45 (2012)

Li, YM, Guo, JH, Li, NY: Some inequalities for a LNQD sequence with applications. J. Inequal. Appl. 2012, Article ID 216
(2012)

Shen, AT, Zhu, HY, Wu, RC, Zhang, Y: Complete convergence for weighted sums of LNQD random variables.
Stochastics 87(1), 160-169 (2015)

. Shao, QM: A comparison theorem on moment inequalities between negatively associated and independent random

variables. J. Theor. Probab. 13(2), 343-356 (2000)

. Stein, C: Approximate Computation of Expectations. Institute of Mathematical Statistics Lecture Notes - Monograph

Series, vol. 7. Institute of Mathematical Statistics, Hayward (1986)

de Acosta, A: A new proof of the Hartman-Wintner law of the iterated logarithm. Ann. Probab. 11, 270-276 (1983)
Kochen, S, Stone, C: A note on the Borel-Cantelli lemma. Ill. J. Math. 8, 248-251 (1964)

Hannan, EJ: Multivariate Time Series. Wiley, New York (1970)

Fakhre-Zakeri, I, Farshidi, J: A central limit theorem with random indices for stationary linear processes. Stat. Probab.
Lett. 17,91-95 (1993)

Fakhre-Zakeri, |, Lee, S: A random functional central limit theorem for stationary linear processes generated by
matingales. Stat. Probab. Lett. 35, 417-422 (1997)

Kim, TS, Baek, JI: A central limit theorem for stationary linear processes generated by linearly positively quadrant
dependent process. Stat. Probab. Lett. 51, 299-305 (2001)

Peligrad, M, Utev, S: A central limit theorem for stationary linear processes. Ann. Probab. 34(2), 1608-1622 (2006)
Qiu, J, Lin, ZY: The functional central limit theorem for linear processes with strong near-epoch dependent
innovations. J. Math. Anal. Appl. 376(1), 373-382 (2011)

Dedecker, J, Merlevéde, F, Peligrad, M: Invariance principles for linear processes with application to isotonic
regression. Bernoulli 17(1),88-113 (2011)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	The law of the iterated logarithm for LNQD sequences
	Abstract
	Keywords

	Introduction
	Main results
	The LIL for linear processes generated by LNQD sequence
	Conclusions
	Acknowledgements
	Competing interests
	Authors' contributions
	Publisher's Note
	References


