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Abstract

In this paper, we discuss the Schur convexity, Schur geometric convexity and Schur
harmonic convexity of the generalized geometric Bonferroni mean. Some inequalities
related to the generalized geometric Bonferroni mean are established to illustrate the
applications of the obtained results.
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1 Introduction
The Schur convexity of functions relating to special means is a very significant research
subject and has attracted the interest of many mathematicians. There are numerous ar-
ticles written on this topic in recent years; see [1, 2] and the references therein. As sup-
plements to the Schur convexity of functions, the Schur geometrically convex functions
and Schur harmonically convex functions were investigated by Zhang and Yang [3], Chu,
Zhang and Wang [4], Chu and Xia [5], Chu, Wang and Zhang [6], Shi and Zhang [7, 8],
Meng, Chu and Tang [9], Zheng, Zhang and Zhang [10]. These properties of functions
have been found to be useful in discovering and proving the inequalities for special means
(see [11-14]).

Recently, it has come to our attention that a type of means which is symmetrical on #
variables x1, x5, ..., %, and involves two parameters, it was initially proposed by Bonferroni
[15], as follows:

B (x) = (ﬁ > xfjx;f) , 1)

ij=Lij

where X = (x1,%3,...,%4), %> 0,i=1,2,...,n,p,g>0and p + g # 0.

BP(x) is called the Bonferroni mean. It has important application in multi criteria
decision-making (see [16-21]).
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Beliakov, James and Mordelovd et al. [22] generalized the Bonferroni mean by introduc-

ing three parameters p, g, 1, i.e.,

prqu(x) = (m Z xpx ) ’ (2)

ij.k=1,i#j#k

where X = (x1,%5,...,%,),%;,>0,i=1,2,...,n,p,q,r>0and p+ g +r #0.
Motivated by the Bonferroni mean B”4(x) and the geometric mean G(x) = ]_[le(xi)%,
Xia, Xu and Zhu [23] introduced a new mean which is called the geometric Bonferroni

mean, as follows:
1 1 1
GBM(x) = — ]_[ (i + g2) 70, 3)
i,j=1,ij

where x = (x1,%5,...,%,),%;>0,i=1,2,...,n,p,g>0and p + q #0.
An extension of the geometric Bonferroni mean was given by Park and Kim in [19],

which is called the generalized geometric Bonferroni mean, i.e.,

1

n
1
GBp,q,r(x) — 1_[ (pxi +qx; + I"xk) n(n=1)(n-2) | (4)
prq+r L1
ij,k=1,i#j#k

where X = (x1,%2,...,%,),%;>0,i=1,2,...,n,p,q,r >0and p + g +r #0.

Remark 1 For r =0, it is easy to observe that

1 n n n(n-1)(n-2)
GB*x)=——— [ | [] (oxi+am+0xx0)

p+q+0 ij=1,i%j Lk=1,izj#k
1 " 1
- LT w2

+
p ij=1,ij

=L T g
p+ qz/lz#}

= GB”(x).

Remark 2 If g = 0, r = 0, then the generalized geometric Bonferroni mean reduces to the

geometric mean, i.e.,

GB”%(x) = GBP(x) = — ]_[ (px) T = ]_[ (x:)7 = G(x).

L] Li#j i=1

Remark 3 If x = (x,x,...,x), then

GB??"(x) = GBP?" (x,x,...,%) = x.
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For convenience, throughout the paper R denotes the set of real numbers, x = (x1, x5,
...,%,) denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as

R” = {x = (x1,%2,...,%0) 1% €R,i=1,2,...,n},

R? = {x = (¥1,%2,...,%,) 1, > 0,i=1,2,...,n},

RY, = {x= (1, %0...,%0) 1% >0,i = 1,2,...,n}.
In a recent paper [24], Shi and Wu investigated the Schur m-power convexity of the
geometric Bonferroni mean GB?4(x). The definition of Schur m-power convex function

is as follows:
Letf:R,, — R be a function defined by

x"-1
fw=f o "7

Inx, m=0.

Then a function ¢ : Q C R?, — R is said to be Schur m-power convex on € if

(f(xl))f(xZ)) e 7f(xn)) < (f(y1)7f()’2): e ¢f(yn))

for all (x1,%y,...,%,) € Qand (y1,Y2,...,¥,) € Q implies p(x) < d().
If —¢ is Schur m-power convex, then we say that ¢ is Schur m-power concave.
Shi and Wu [24] obtained the following result.

Proposition 1 For fixed positive real numbers p, q, (i) if m <0 or m = 0, then GB?(x)

is Schur m-power convex on R”; (ii) if m = 1 or m > 2, then GBP9(x) is Schur m-power

concave on R .

In this paper we discuss the Schur convexity, Schur geometric convexity and Schur har-
monic convexity of the generalized geometric Bonferroni mean GB”%"(x). Our main re-
sults are as follows.

Theorem 1 For fixed non-negative real numbers p, q, r with p + q + r # 0, if x =
(1,%2,...,%4), 1 > 3, then GBP?"(x) is Schur concave, Schur geometric convex and Schur
harmonic convex on R’} .

Corollary 1 For fixed non-negative real numbers p, q with p + q # 0, if X = (x1,%2,...,%,),
n > 3, then GBP(x) is Schur concave, Schur geometric convex and Schur harmonic convex

n
onRY,.

2 Preliminaries
We introduce some definitions, lemmas and propositions, which will be used in the proofs
of the main results in subsequent sections.

Definition 1 (see [1]) Let x = (x1,%3,...,%,) and y = (y1,¥2,...,¥4) € R™.
(i) x is said to be majorized by y (in symbols x < y) if 35, x5 < S5y for
k=1,2,...,n—1and Y " x; =Y .,y where x1] > x[2) > - -+ > x5 and
Y] = Yl2] = -+ = Y[y are rearrangements of X and y in a descending order.
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(i) Let 2 c R”,the function ¢: 2 — R is said to be Schur convex on Q if x <y on Q
implies ¢(x) < @(y). ¢ is said to be Schur concave function on < if and only if —¢ is

Schur convex function on .

Definition 2 (see [1]) Let x = (x1,%2,...,%,) and ¥y = (y1,¥2,...,¥,) € R". @ C R" is said to
be a convex setif x,y € 2 and 0 <« <1 imply

ax+(1-a)y= (axl + (1 —a)y,ax+ (1—a)ya,...,ax, + (1 - a)y,,) e Q.

Definition 3 (see [1]) (i) A set @ C R” is called symmetric, if x € Q implies xP € Q for
every n X n permutation matrix P.

(ii) A function ¢ : @ — R is called symmetric if for every permutation matrix P and
¢(xP) = p(x) for all x € Q.

The following proposition is called Schur’s condition. It provides an approach for testing

whether a vector valued function is Schur convex or not.

Proposition 2 (see [1]) Let 2 C R” be symmetric and have a nonempty interior convex
set. Q0 is the interior of Q. ¢ : Q — R is continuous on Q and differentiable in Q°. Then
@ is the Schur convex function (Schur concave function) if and only if ¢ is symmetric on Q
and

dpx)  dp(x)
3961 8x2

(1 —xz)[ } =0 (=0) (5)

holds for any x € Q°.

Definition 4 (see [25]) Let x = (x1,%2,...,%,) and y = (y1,¥2,...,¥.) € R".
(i) € C R is called a geometrically convex set if (x‘fyf,x‘z)‘yg, e ,x‘;‘yﬁ) € Qforall x,
yeQandew, 8 €[0,1] suchthato + 8 =1.
(i) Let € C R”. The function ¢: € — R, is said to be Schur geometrically convex
function on 2 if (logxy,logxy, . ..,logx,) < (logyi,logy,,...,logy,) on © implies
@(X) < ¢(y). The function ¢ is said to be a Schur geometrically concave function on

2 if and only if —¢ is Schur geometrically convex function.

Proposition 3 (see [25]) Let Q2 C R” be a symmetric and geometrically convex set with a
nonempty interior Q0. Let ¢ : Q@ — R, be continuous on Q and differentiable in Q. If ¢ is

symmetric on Q and

It ol

8x1 3x2

(logx; —logx») [xl } >0 (<0) (6)

holds for any x € QO, then ¢ is a Schur geometrically convex (Schur geometrically concave)
function.

Definition 5 (see [26]) Let Q C R”.
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(i) A set Q is said to be harmonically convex if m € Q for every x,y € Q and

A € [0,1], where xy = (x1y1,%2¥2, ..., %,Y,) and

1 1 1 1
Ax+(1-1)y (Axl +(1—x)y1’sz+(1—x)y2""’,\xn+(1—x)yn)'

(ii) A function ¢ : @ — R, is said to be Schur harmonically convex on 2 if}( < Jl,
implies ¢(x) < ¢(y). A function ¢ is said to be a Schur harmonically concave

function on  if and only if —¢ is a Schur harmonically convex function.

Proposition 4 (see [26]) Let @ C R” be a symmetric and harmonically convex set with
inner points, and let ¢ : Q — R, be a continuously symmetric function which is differen-
tiable on Q°. Then ¢ is Schur harmonically convex (Schur harmonically concave) on Q if
and only if

2 0p(X) 5 09p(x)
1 %
8961 8x2

(%1 —xz)[x ] >0 (<0) (7)

holds for any x € Q°.

Remark 4 Propositions 3 and 4 provide analogous Schur’s conditions for determining
Schur geometrically convex functions and Schur harmonically convex functions, respec-
tively.

Lemma 1 (see [1]) Let X = (x1,%3,...,%x,) € R? and A, (x) = 1 Yo xi. Then

n

(An(x), Ap(X),..., Ap(X)) < (¥1,%2, ..., %,). (8)

n

Lemma 2 (see [1]) Ifx;>0,i=1,2,...,n, then, for any non-negative constant c satisfying
0<c< % >, xi, one has

( x1 Xy )<( X1 —¢C X, —C ) ©)
Z?:lxi’m,zlilxi Z?’Zl(xi—c)"”’Z?’Zl(xi—c) .

3 Proof of main result

Proof of Theorem 1 Note that the generalized geometric Bonferroni mean is defined by

1 ‘ T
GB”?"(x) = —— 1_[ (px; + gy + 1) "e-D-2)
PHAT i

taking the natural logarithm gives

1

log GBP?"(x) = 1
8 00 Ogp+q+r+n(n—l)(n—Z)

Qr

where

n
Q= Z [log(px: + qax; + rae) + log(paxa + gy + ) |
jk=3,k
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n
+ Z [log(px; + gx1 + rxi) + log(pax; + qxa + rxi) |
ik=3,i7k

+ Z [log(pxi +qx; + rx1) + log(px; + qx; + rxz)]
1j=3,i7j

+ Z[log(pxl +qxg + rxx) + log(pxy + gx1 + rxk)]
k=3

+ Z[log(pxl + qx; + 1%2) + log(pxy + gy + r%7) |
=3

+ Z[log(pxi +qx1 + rx2) + log(px; + gxo + rxl)]
i=3

n
+ Z log(pux; + gx; + roy).
i,k=3,ijk

Differentiating GB”?"(x) with respect to x1 and x,, respectively, we have

9GBP’(x)  GBP"(x)  9Q

0x1 nn-1)(n-2) ' 0x1
4T i
__GB"(x) { ) N o A
nn-1)(n-2) koag PR A% TR S P+ T
n n

+ Z — Z( P + 1 >

eyl R RN AV R R L CC Ry R A

n

I o)

S \PXLHqE Xy R +qu + 1

n
r
D )|
T3 \PXitqx1+ Xy pXit+gxs + 1%

IGB'(x)  GBP'(x)  9Q

0y T nn-1)n-2) . 0%y

GBP?" (x - -
:n(n—l)(;f(l—)2)|: Z % +chf+rx * Z x; + j]c +7rx
j'kzg’j#kp 2+ qx; k ivkzs,#kp i T gxa k

n n

r q p
Y :
(i DX A% T TX2 TNPXLF X + TR Py qX F T

+Z( P )
px1 + qx, + Xy pr + qx, +rxy

q
" Z(px, +4gxX1 +1rxy " pXxi +qx, +rx1)i|’

It is easy to see that GB”?"(x) is symmetric on R”, . For n > 3, we have

dGB”?"(x) 0GB”?"(x
Ay :=(x1—x2)[ ( )— ( )]

8x1 axz



Shi and Wu Journal of Inequalities and Applications (2018) 2018:8 Page 7 of 11

(%1 - %) GB??(x) - 1 1
~ nn-1)(n-2) PJE: ( B )

j=3 )4k X1+ 4qxj +rxg  px; +qx;j + rxg

N Z ( 1 1 )
q —
=3,k DPXi +gqx1 + rxg X + qxy + rxg

n

& et )

i+ qx; + 7. P+ qx; T
ij=3i% DX+ gxj+ 71Xy pXi +qxj+1xp

n

+Z< P-4 q-p )

=3 X1 +gxy +rxg  pxXo + gxi + rxg

n

o

px1+qxj+rxy  pxy +qxj+rx;

=3
" -r r—
. Z( q . 1 )}
S\ pxi+qxy+1x% pXi+qr + 10
i -x)2CB [ 7
nn-1)(n-2) Faryh (px1 + qx; + ro) (o + gy + rx)
n qz

+

Wyl (pxi + goer + ro)(px; + gxo + rxi)

>y o 4

eyl +qx; + rx1)(px; + gx; + rx7)

+X": (- q)?

= (px1 -+ qxy + 1) (P + gxy + 1)

-1

= (px1 + qj + rx2)(PXo + gx;j + 1%1)

2

n

(q-r)
S ]

~ (pxi + qx1 + 1%2)(pxi + qx + 1%1)

This implies that A; < 0 for x € R, (n > 3). By Proposition 2, we conclude that
GB??"(x) is Schur concave on R, .

In view of the discrimination criterion of Schur geometrically convexity, we start with
the following calculations:

d GBP?"(x d GB”?"(x
A, = (logx; — logxg)[xl &) — X2 ( ):|

8x1 sz

~ (logx; — logxy) GBP?(x)

nn—1)(n-2)
n x x
1 2
o
ik DXL X+ X pXa + g + T

0 5 et e

ey DPXi +qx1 +rxg  px;+gxy + rxg
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n
X1 X2
+r E _
i i+ i it
ey DX+ qxj +rx; px; + qxj+rx

n
X1 — gx X1 — PX
+Z< px1 — qxs N qx1 — pxs )
=3 px1+qxy +rx pxo +gxy + rxg

n
PX1 —1Xy rxy — px»
+ E +
= px1+qxj+rxy  pxst+gxj+rx

n
gqx1 —1rxp rxX1 — gqx;
> +
i3 PXi +qx1 +rxy  pX;+gxs +rxy

(xl - xz)(logxl — log x2) GBp,q,r(x)
n(n—1)(n-2)

% |: Xn: qx; + rxi

ikoaru BxL+ e (P + g+ )

PX; + TXg
(px; + qxy + rx)(px; + gy + ray)

+ i bxi + qx;
By (pxi + gxj + rxey) (px; + qx; + rx2)

“ 2
s Z pq(x1 + %) + rxr(p + q)

= (D1 + qy + 1) (P + gxy + 1)

n

. Z 2rp(x1 + %) + qx;(p + 1)
j=3

(px1 + gy + rx2)(PXo + gx;j + 1%1)

U\ 2qr(xy +x0) + pi(q + )
> .
p (px; + gx1 + 1x2)(px; + gy + 1x1)
Thus, we have Ay > 0 for x € R?, (n > 3). It follows from Proposition 3 that GB”%"(x)
is Schur geometric convex on R”,.
Finally, we discuss the Schur harmonic convexity of GB??"(x). A direct computation

gives

0 GB”?" (x) d GB”?" (x)
Az = (x1 —x2)<x% —x%

_ (%1 = %) GB”(x) Z ( x % )
nn-1)(n-2) pj,k:S,j;!k DX1+qXj + X pXo + qXj + Xk

n
Gl X3
> -
X; +qx1 + X PX; + qx + TX
k=g \PXET XL T PXiE X T

8961 8x2

n
+r -
L \ pxi+qu; +rx pi+ g+ 1

n 2 2 2 2
N Z X1 — gx; + qx7 — pxy
= \DX1 + qXy + TRk DXy + Ky + T
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n
N px? —rx) N rxy — px3
S\px1+qx oy pxa g+

n 2 2 2 2
N Z gxi —rxy N rxy — qx;
i3 Pxi +qx1 +rxy  px;+gxy +rx;

(&1 — x,)? GBP4” (x) [ T (@ + x) (g + ) + prix

n(n-1)(n-2) eyl (px1 + gx; + i) (pxa + gxj + rxg)

n

Z (%1 + %2)(pox; + 1) + goei X
T

X; + gxy + rag)(px; + gxo + rxy)

s i (%1 + %) (px; + goxj) + rx1%
(pxi + g + 1) (px; + g + 1x2)
N i 2pq(3 + &3) + rai (1 + 22) (0 + @) + 2162 (0 + q)°
(px1 + gxo + rxi) (pxa + gx1 + rxk)

k=3
2 2pr(x? +x3) + gxj(x1 + x2)(p + 1) + X102 (p + 7)?

(px1 + gy + 1x2)(PXa + gx; + 1%1)

j=3

n

5y 2qr(x} +3) + pxi(x1 + %)(q + 1) + X1%2(q + 1)’
(pxi + gx1 + r%2)(Px; + gxo + 1X1) ’

i=3

Hence, we obtain A3 > 0 for x € R”, (n > 3). Using Proposition 4 leads to the assertion
that GB??"(x) is Schur harmonic convex on R”, .
The proof of Theorem 1 is completed. O

Remark 5 As a direct consequence of Theorem 1, taking r = 0 in Theorem 1 together
with the identity GB?%°(x) = GB”“(x), we arrive at the assertion of Corollary 1.

4 Applications
As an application of Theorem 1, we establish the following interesting inequalities for

generalized geometric Bonferroni mean.

Theorem 2 Let p, q, r be non-negative real numbers with p + q + r # 0. Then, for arbitrary
xeRY, (n>3),

GBP?"(x) < A, (x). (10)

Proof 1t follows from Theorem 1 that GB”?"(x) is Schur concave on R”, .

Using Lemma 1, one has

(An(x), An(X), ..., An(X)) < (X1, %, ..., %).

n

Thus, we deduce from Definition 1 that

GBP%"(A,(X), A(X), ..., Ay(%)) = GB? (x1, x5, ..., %),
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which implies that
Ap(x) = GBP?7(x).
Theorem 2 is proved. 0
Theorem 3 Let p, q, r be non-negative real numbers with p + q + r # 0, and let c be a
constant satisfying 0 < c < A,(x), (X —¢) = (%1 — ¢,%2 — ¢,...,%, — ¢). Then, for arbitrary

xeRY, (n>3),

C
Au(x)

GB”?"(x —¢) < (1 - ) GB”?"(x). (11)

Proof By the majorization relationship given in Lemma 2,

( x1 Xy ) ( X —cC Xy —¢C )
sensy < yeees )

Z?:l Xi Z?:l Xi Z?:l(xi -0 Z?:l(xi —c)

it follows from Theorem 1 that

X1 Xn

X1 —c X, —C
> GB”"”( )
Yihiw Y x,») Y- Y wi—o))

o

that is,

GB??" (x1,%9,...,%,) GBP?"(x1 —c,%0 —C,..., %, — C)

Do % h Y=o ,

which implies that
c
GB”?""(x —¢) < (1- GB?%"(x).
=02 (1- 355 ) aweo
This completes the proof of Theorem 3. g

5 Conclusion

This paper is a follow-up study of our recent work [24], we generalize the geometric Bon-
ferroni mean by introducing three non-negative parameters p, g, r, under the condition of
p+q+r#0, we prove that the generalized geometric Bonferroni mean GB”?”(x) is Schur
concave, Schur geometric convex and Schur harmonic convex on R, . As an application
of the Schur convexity, we establish two inequalities for generalized geometric Bonferroni
mean. In fact, there have been a large number inequalities for means which originate from
the Schur convexity of functions. For details, we refer the interested reader to [27-32] and
the references therein.
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