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Abstract

The purpose of this paper is to introduce the notion of weighted almost convergence
of a sequence and prove that this sequence endowed with the sup-norm || - || is a
BK-space. We also define the notions of weighted almost conservative and regular
matrices and obtain necessary and sufficient conditions for these matrix classes.
Moreover, we define a weighted almost A-summable sequence and prove the related
interesting result.
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1 Introduction and preliminaries

Let @ denote the space of all complex sequences s = (s; ;?jo (or simply write s = (s;)). Any
vector subspace of w is called a sequence space. By N we denote the set of natural numbers,
and by R the set of real numbers. We use the standard notation £, ¢ and ¢y to denote the
sets of all bounded, convergent and null sequences of real numbers, respectively, where
each of the sets is a Banach space with the sup-norm ||| defined by |[|s|lcc = supjey [s;-

We write the space ¢, of all absolutely p-summable series by

o0
Zp:{sew:lej|p<oo(1§p<oo)}.

Jj=0

Clearly, £, is a Banach space with the following norm:

00 1/p
Isll, = (Z |s,|P) :
j=0

For p = 1, we obtain the set /; of all absolutely summable sequences. For any sequence
s =(sj), let st = Z;;o sje; be its n-section, where ¢; is the sequence with 1 in place j and 0
elsewhereande=(1,1,1,...).

A sequence space X is called a BK-space if it is a Banach space with continuous coordi-
nates p; : X — C, the set of complex fields, and p;(s) = s; for all s = (s;) € X and every j € N.
A BK-space X D v, the set of all finite sequences that terminate in zeros, is said to have

AK if every sequence s = (s;) € X has a unique representation s = Z;fo sjej.
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Let X and Y be two sequence spaces, and let A = (a,,x) be an infinite matrix. If, for each

s = (s¢) in X, the series

o0
Aus = aniSc= Y anisk 1)
k k=0

converges for each # € N and the sequence As = (4,s) belongs to Y, then we say that matrix
A maps X into Y. By the symbol (X, Y) we denote the set of all such matrices which map
X into Y. The series in (1) is called A-transform of s whenever the series converges for
n=0,1,.... Wesay that s = (s) is A-summable to the limit X if A,s converges to A (n — 00).

The sequence s = (sx) of £ is said to be almost convergent, denoted by f, if all of its Ba-
nach limits [1] are equal. We denote such a class by the symbol f, and one writes f-lims = A
if A is the common value of all Banach limits of the sequence s = (s¢). For a bounded se-

quence s = (sx), Lorentz [2] proved that f-lims = A if and only if

SmtSmel + -t Sk _

lim

A
k—00 k+1

uniformly in m. This notion was later used to (i) define and study conservative and regu-
lar matrices [3]; (ii) introduce related sequence spaces derived by the domain of matrices
[4—6]; (iii) study some related matrix transformations [7-9]; (iv) define related sequence
spaces derived as the domain of the generalized weighted mean and determine duals of
these spaces [10, 11]. As an extension of the notion of almost convergence, Kayaduman
and Sengoniil [12, 13] defined Cesaro and Riesz almost convergence and established re-
lated core theorems. The almost strongly regular matrices for single sequences were intro-
duced and characterized [14], and for double sequences they were studied by Mursaleen
[15] (also refer to [16—19]). As an application of almost convergence, Mohiuddine [20]
proved a Korovkin-type approximation theorem for a sequence of linear positive opera-
tors and also obtained some of its generalizations. Basar and Kirisci [21] determined the
duals of the sequence space f and other related spaces/series and investigated some useful
characterizations.

We now recall the following result.

Lemma 1.1 ([22]) Let X and Y be BK-spaces. (i) Then (X,Y) C B(X,Y), that is, every A €
(X, Y) defines an operator L4 € B(X,Y) by L4(x) = Ax for all x € X, where B(X, Y) denotes
the set of all bounded linear operators from X into Y. (ii) Then A € (X, ) if and only if
lA Il x,00) = SUP,, A4l x < 00. Moreover, if A € (X, €x), then || Lall = 1Al (x,600)-

2 Weighted almost convergence

Definition 2.1 Let ¢ = () be a given sequence of nonnegative numbers such that
liminfy £ >0 and T, = ,'(":_01 ty # 0 for all m > 1. Then the bounded sequence s = (sk)
of real or complex numbers is said to be weighted almost convergent, shortly f(N)-

convergent, to A if and only if

r+m-1
lim — Z tksk = A uniformly in r.
m—o0 T, P
=r
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We shall use the notation f(N) for the space of all sequences which are f(N)-convergent,

that is,
r+m-1
fN)=1s€lx:ILeC> lim — Z xSk = A uniformly in ;A = f(N)-lims ;. (2)
m—00 Tm —

We remark that if we take t; = 1 for all k, then (2) is reduced to the notion of almost
convergence introduced by Lorentz [2]. Clearly, a convergent sequence is f (N)-convergent
to the same limit, but its converse is not always true.

Example 2.2 Consider a sequence s = (sx) defined by s; = 1 if k is odd and 0 for even k.
Also, let t; = 1 for all k. Then we see that s = (s) is f(\)-convergent to 1/2 but not con-
vergent.

Definition 2.3 The matrix A (or a matrix map A) is said to be weighted almost conserva-
tive if As € f(N) for all s = (s;) € c. One denotes this by A € (¢,f(N)). If A € (c,f(N)) with
f(N)-1lim As = lims, then we say that A is weighted almost regular matrix; one denotes such
matrices by A € (¢, f(N))z.

Theorem 2.4 The space f(N) of weighted almost convergence endowed with the norm
II - lls is a BK-space.

Proof To prove our results, first we have to prove that f(N) is a Banach space normed by

”SH_f(N) = Sup“l’m,r(s) , (3)
m,r

where

r+m-1

1
“Ijm,r(s) = T_ Z LicSk-
m
k=r

It is easy to verify that (3) defines a norm on f(N). We have to show that f(N) is complete.
For this, we need to show that every Cauchy sequence in f(N) converges to some number
in f(N). Let (s*) be a Cauchy sequence in f(N). Then (sllf ) is a Cauchy sequence in R (for
eachj=1,2,...). By using the notion of the norm of f(N), it is easy to see that (s*) — s.
We have only to show that s € f(N).

Let € > 0 be given. Since (s) is a Cauchy sequence in f(N), there exists M € N (depending
on €) such that

||sk - || <e€/3 forallk,i>M,
which yields

sup|W (s* — )| < €/3.
nm,r

Therefore we have | W (s* —s)| < €/3. Taking the limit as m — oo gives that [\¥— 1’| < /3 for
each m, r and k,i > M, where A¥ = f(N)-1lim,,, s* and A’ = f(N)-lim,, s". Let A = lim, o, A’.
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Letting i — o0, one obtains
|, (s ~5')| <€/3 and A% -2 <e/3 (4)

for each m, r and k > M. Now, for fixed k, the above inequality holds. Since ske f (N ), for
fixed k, we get

lim W, (sk) =k uniformly in 7.
m—> 00

For given € > 0, there exists positive integers M, (independent of r, but dependent upon
¢€) such that

’lllm,(sk) - )»k‘ <e€/3 (5)
for m > My and for all r. It follows from (4) and (5) that

| Wyir(8) = A = [ W) = Wi (°) + W (5) = 2K + 2K — L |

= {q/mr(s) _\pmr(sk)’ + |\I"mr(sk) _)\k| + |)\'k —L| < €.

This proves that f(N) is a Banach space normed by (3).

Since ¢ C f (N) C I, there exist positive real numbers « and 8 with o < 8 such that
o|s]loo < ||s||f(1;,) < BlIs|loo- That is to say, two norms || - ||, and || - ||f(];,) are equivalent. It
is well known that the spaces ¢ and I/, endowed with the norm || - ||, are BK-spaces, and

hence the space f(N) endowed with the norm | - ||, is also a BK-space. O
We prove the following characterization of weighted almost conservative matrices.

Theorem 2.5 The matrix A = (a,) is weighted almost conservative, that is, A € (c,f(N))
if and only if

r+m-1

Z Lnlnk

n=r

wnl3

k=0 =™

:meZ*}<oo; (6)

r+m-1

lim — Z tyank = ¢ exists (k=0,1,2,...) uniformly in r; 7)
m—o0 T, —

r+m-1 oo

o1 . . ;
W}I—Igo I Z kz Lyl =) exists uniformly inr. (8)
n=r k=0

Proof Necessity. Let A € (c,f(N)). Since the sequences e and ¢ both are convergent, so
A-transforms of the sequences e; and e belong to f(N) and exist uniformly in r. It follows

that (7) and (8) are valid. Let r be any nonnegative integer. One writes

r+m-1

1
Po(s) = = D tuctuls),



Mohiuddine and Alotaibi Journal of Inequalities and Applications (2018) 2018:15 Page 5 of 10

where

oo
Wu(s) =D angsk.
k=0

It follows that «, € ¢’ for all n € Ny := N U {0} and this yields ®,, € ¢ (m > 1). Since
A€ (c.f(N)),

lim ®,,(s) = ®(s) exists uniformly in r.
m—00
Itis clear that (®,,,(s)) is bounded for s = (s) € c and fixed r. Hence, by the uniform bound-
edness principle, (|| ®,,,||) is bounded. For each p € Z* (the positive integers), the sequence

x = (x4) is defined by

sgny ™ Ytane ifO<k<p,
0 ifk > p.

Xk =

Then a sequence x € ¢, ||x|| =1 and

r+m-1
|q)mr(x)| Z Z Lnlnk |- )
Therefore, we obtain
| e ()| < Pl 1] = | Pl (10)

Equations (9) and (10) give that

r+m-1

Z L@k

n=r

12
T2

k=0

< [Pl < 00,

it follows that (6) is valid.
Sufficiency. Let conditions (6)-(8) hold. Let r be any nonnegative integer, and let s € c.
Then

which gives

r+m-1

Z tnﬂn k

[ee]

|q)mr(5)| == Z

lIsl-

It follows from hypothesis (6) that |®,,,(s)| < B,||s||, where B, is a constant independent
of . Thus we have ®,,, € ¢’ for each m > 1, which gives that a sequence (|| ®,||) is bounded
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for each nonnegative integer r. Hypotheses (7) and (8) imply that the limit of ®,,,(ex) and
®,,,(e) must exist for all nonnegative integers k and r. Since {e, ep, €1, ...} is a fundamental
set in ¢, it follows from [23, p. 252] that lim,,, ®,,,,(s) = ®,(s) exists and @, € ¢’. Therefore
®, has the following form (see [23, p. 205]):

D,(s) = & <d>r(e> > <1>,<ek>> + ) 5P, (er),

k=0 k=0

where & = lims,. From (7) and (8), we see that ®,(ex) = A« for a nonnegative integer k and

®,(e) = A. Therefore, for each s € ¢ and a nonnegative integer r, we have
lim ®,,,(s) = ®(s)
m— 00

with the following expression:

D(s) = £ (A - Zxk> + ) sk (11)
k=0 k=0

Since ®,,, € ¢, so it has the representation

cbmr(s) = E (q)mr(e) - Z cDnﬂ(ek)) + Zskq>mr(ek)~ (12)
k=0 k=0

We observe from (11) and (12) that the convergence of ®,,,(s) to ®(s) is uniform since
limy,;—, 00 @r(ex) = Ak and lim,,, o ®,r(e) = A uniformly in . Hence, A is a weighted al-
most conservative matrix. O

In the following theorem, we obtain the characterization of weighted almost regular

matrices.

Theorem 2.6 The matrix A € (c,f(N))z if and only if

00 1 r+m-1
SUP{Z— Z tnan,k :m€Z+} < 003 (13)
k=0 T n=r
r+m-1
W}Lmoo T_m HZV: tyanx =0 uniformly inr (k € Np); (14)
r+m-1 oo
T, tunk =1 uniformlyinr. 15
oo T, MZV: kX:O: nlnk uniformly in r (15)

Proof Necessity. Let A € (c,f(N))z. We see that condition (13) holds by using the fact that
A is also weighted almost conservative. Take e, e € c. Then A-transforms of the sequences
ex and e are weighted almost convergent to 0 and 1, respectively, since e, — 0 and e — 1.
Hence ey € ¢ gives condition (14) and e € ¢ proves the validity of (15).

Sufficiency. Let conditions (13)-(15) hold. It is easy to see that A is weighted almost

conservative. So, for each (s¢) € ¢, limy,—, 00 Pyr(s) = P(s) uniformly in 7. Thus we obtain

Page 6 of 10
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from (11) and our hypotheses (13)-(15) that ®(s) = & = lims. This yields A is weighted
almost regular. O

We now obtain necessary and sufficient conditions for the matrix A which transform
the absolutely convergent series into the space of weighted almost convergence.

Theorem 2.7 The matrix A € (Iy,f(N)) if and only if

r+m-1
sup | — Z Ly | < 00, (16)
k,m,r m
r+m-1
lim — Z thlni = Mk exists for each k € Ny uniformly inr. 17)

m—o0 T, —

Proof Necessity. Let A € (I1,f(N)). Condition (17) follows since e; € [;. Let ®,,, be a con-
tinuous linear functional on /; defined by

r+m-1

1 &
D,(s) = T_mz X:: Ln@n kSk-

k=0 n=r

Then we have

r+m-1

Ztank

| @, ()] < sup| .- lisll1,

which yields
r+m-1
| @l < sup| 7 Z tulnk|. (18)
For any fixed k € Ny, we define a sequence s = (s;) by
sgn an tuany ifj=k,
sj=
"o ifj k.
Then we have ||s||; =1 and
r+m-1 r+m-1
|®yr(s)] = Z bl kS| = Z tudnilIs1,
S0
r+m-1
| @l 2 sup| - Z tulnk|. (19)

We obtain from (18) and (19) that

r+m-1

Z Ly@n k|-

1 ®yrll = Sup| 7~




Mohiuddine and Alotaibi Journal of Inequalities and Applications (2018) 2018:15 Page 8 of 10

Since A € (I1,f(N)), for any s € [}, we have

1 oo r+m-1
sup|d>m,(s)| = sup T_ Z Z Ly@niSk| < 00. (20)
m,r
k=0 n=r

By using the uniform boundedness theorem, Equation (20) becomes

r+m-1

thnk

sup 1]l = sup| - < 00.

k,m,r

This proves the validity of (16).
Sufficiency. Let conditions (16) and (17) hold, and let s = (sx) € /;. In virtue of these

conditions, we see that

1 oo r+m-1
W}gnoo — Z Z LnGn Sk = Z AkSx  uniformly in r, (21)
Ton k=0 n=r k=0

r+m-—

it also converges absolutely. Furthermore, T Yo "t a5k converges absolutely

for each m and r.
Let € > 0 be given. Then there exists ky € N such that

Z |sk| < €. (22)

k>ko

By condition (17), we can find some 1 € N such that

<€ (23)

1 r+m-1
Z |:T_ Z tnan,k - )"k:| Sk

k<koL =™ n=r

for all m > mg uniformly in r. Now

r+m-1
Z|: Z tnank_)‘-k:|sk
m

r+m-1
Z |: Z tnank - )‘-k:|5k

k=0 k<ko
r+m-1
Z Z btk = i |Isk] (24)
k>ko

for all m > mg uniformly in 7. By using Equations (22) and (23) and our hypotheses in the
above inequality, we see that (21) holds, and hence the sufficiency part. O

Theorem 2.8 If the matrix A in (I1,f(N)), then || L4| = || A]l.

Proof Let A € (I;,f(N)). Then we have

r+m-1

Ztank

1£4s)| = sup ISkl

1 o0 r+m—
T_Z Z LA kSk
=r

Wlk: n

<supZ
k=0
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which gives || L4(s)|| < |A|||ls|l1. This implies that || 4]l < ||A|l. Also, L4 € B(l1,f(N)) gives
||CA(S) H = |Asll < ILallllsll1

Taking s = (ex) and using the fact that ||ex||; = 1 Vk, one obtains ||A|| < ||£4]. Hence we
conclude that || L4]| = ||A]l. a

Definition 2.9 Let ¢ = (f)xey be a given sequence of nonnegative numbers such that
liminfy £ >0and T, = ka:_ol tx #0 for all m > 1. A sequence s = (s) is said to be weighted
almost A-summable to L € C if the A-transform of sequence s = (si) is weighted almost

convergent to A; equivalently, we can write

limo,,(s) =A uniformlyinr,
m

where
r+m-1 oo
Gmr(s):T_ E E tnﬂn,ksk'
m. ey k=0

In the applications of summability theory to function theory, it is important to know
the region in which S = (Sk(z)), the sequence of partial sums of the geometric series is
A-summable to %_z for a given matrix A. In the following theorem, we find the region in

which S is weighted almost A-summable to li_z

Theorem 2.10 Let A = (a,x) be a matrix such that (15) holds. The sequence (Sk(z)) is
weighted almost A-summable to %_z if and only if z € R, where

R= {z = (zk) :lim 0, (2) = O uniformly in r}.

Proof One writes

1 r+m-1 oo
Omr = T_ Z Ztnﬂn,ksk(z)
M p=r k=0
1 r+m-1 oo l_ZkJrl
=7 2 Dt
Ty — = 1-z
1 r+m-1 oo z r+m-1 oo
k
= — Z Ztnan,k_ P — Z Ztnﬂn,kz .
(1 _Z)Tm n=r k=0 (1 _Z)Tm n=r k=0

Taking the limit as m — 0o in the above equality and using condition (15), one obtains

1
lim o, = 1 uniformly in r
-z

m— 00

if and only if z € R. This completes the proof. d
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