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1 Introduction and preliminaries
Let p and g be two integers such that d = p? — 4q # 0 (to exclude a degenerate case). We
set two integer sequences U, and V,, by

u,= un( :61) =pl,.1—ql,_ and V, = Vn( »61) =pVi1-qVuia (1)

for n > 2 with initial values Uy = 0, U; = 1 and V; = 2, V] = p. The characteristic equation

of (1) is x* — px + g = 0, and hence its roots are

d —d
:p+\/_ and =2 \/— 2)
2 2
Their Binet formulas are
L[,,:a P and V,=a"+ 8" (3)
a-f

for n> 0.

Note that, in (1), U,(1,-1) = F,, Fibonacci numbers (sequence A000045 in OEIS),
V,.(1,-1) = L,,, Lucas numbers (sequence A000032 in OEIS), U,(2,-1) = P,, Pell numbers
(sequence A000129 in OEIS), and V},(2,-1) = Q,, Pell-Lucas numbers (sequence A002203
in OEIS) (for further details, see [1-6]).

Balancing numbers have been defined in [7] and [8]. A positive integer # is called a
balancing number if the Diophantine equation

1424+ m-1)=m+ )+ (nn+2)+---+(n+r) (4)
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holds for some positive integer r, which is called a cobalancing number. From (4) we have
(n-1)n r(r+1)

T:rn+T,andso

—2n+1)++/8n2+1 d 2r+1++/8r2+8r+1
r = an = .

2 " 2 ®)

Let B, denote the nth balancing number, and let b, denote the nth cobalancing num-
ber. Then by (5) B, is a balancing number if and only if 8B> + 1 is a perfect square,
and b, is a cobalancing number if and only if 86> + 8b, + 1 is a perfect square. So

C, =+/8B% +1and ¢, = /8b2 + 8D, + 1 are integers, called the nth Lucas-balancing and

nth Lucas-cobalancing number, respectively. The Binet formulas for balancing numbers
B _ a2n7ﬂ2n b _ a2n—17[32n—1 1 C _ a2"+62” O[2;1—1+l‘;32;1—1

aeby=—m =" T2 —

o =1++/2and B =1 - /2 (for further details, see [9-12]).

Later balancing numbers were generalized to the ¢-balancing numbers (see [13]) for an

,and ¢, = , respectively, where

integer ¢ > 2. A positive integer # is called a ¢-balancing number if
142+ +n=m+1+)+ m+2+t)+ -+ (n+r+t) (6)

for some positive integer r, which is called a ¢-cobalancing number. From (6) we observe
that

-2n+2t+1) +\/8n2+8n(1 +1)+ (2t + 1)
V=
2

2r-1)++/8r2 +8tr+1
3 .

’

7)

n=

Let B! denote the nth ¢-balancing number, and let %, denote the nth ¢-cobalancing
number. Then from (7) we see that B!, is a ¢-balancing number if and only if 8(B%)* +
8B! (1 +1t) + (2t + 1) is a perfect square and that & is a £-cobalancing number if and only
if 8(b%)* + 8tb!, + 1 is a perfect square. So

Cl= \/S(Bf,)2 +8BL(1+1t)+(2t+1)2 and ¢, = ,/8(195,)2 +8tht, + 1 (8)

are integers, which are called the nth Lucas ¢-balancing and the nth Lucas ¢-cobalancing

number (for further details, see [14]).
Santana and Diaz-Barrero [15], setting a sequence in Lemma 2 as

ay =P2n +P2n+17 (9)

proved that it was a generalized Fibonacci sequence given by a,,,1 = 6a, — a,_; for n > 1,

with initial values o = 1 and a1 = 7. Since P,, = O‘::gn for @ =1 ++/2 and B=1- V2, we

get

a2n+1 + '32n+1

= g (10)

for n > 0. We can easily see that the sum of the first # nonzero terms of 4, is

n
5a,-a,.1—-6
X;ai:%. (11)
i=
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It is proved in [15, Thm. 1] that the sum of the first 4# + 1 nonzero terms of Pell numbers

is
4n+1 c(2n+1 + ,32n+1 2
I e
, 2
i=1
We conclude that the sum of the first 4z + 1 nonzero terms of Pell numbers is

4n+1

E Pi = dfl.
i=1

Moreover, Santana and Diaz-Barrero [15] proved that the sum of the first 4n + 1 nonzero

terms of Pell numbers is a perfect square:
4n+1 n 2
2n+1
2 P; = 2 2" .
i l ( ( 2r ) )
i=1 r=0

Later, Tekcan and Tayat [16] proved that the sum of the first 2x7 + 1 nonzero terms of Pell
numbers is a perfect square if 7 is even or half of a perfect square if # is odd. They proved
that the sum of the first 2z + 1 nonzero terms of Pell numbers is

n+l  pn+l
241 (“—=E)? forevenn>2,
Z Pi = (a”+1—ﬂ”+1 )2 (12)
-1 — 2~ foroddn>1,

2

where & = 1+ +/2 and 8 = 1 — /2. Considering (12) and setting two integer sequences

n+l + n+l n+l _ pn+l
x, =P d v, e (13)
2 V2

for n > 0, they proved that the sum of the first 4n + 1 nonzero terms of Pell numbers is

4n+1

ZPi = [2X3 - 2Xn Yn—l + (_1)”+1]2
i=1

forn > 1.
In this paper, we give several results on the sequences a,, X, Y, By, by, Qp, including
sums, divisibility properties, perfect squares, and integer solutions of some specific Pell

equations.

2 Results and discussion
In this section, we derive our main results.

2.1 Sums and divisibility properties
In this subsection, we deal with the sums and divisibility properties of numbers men-

tioned. First, we reformulate (11) in terms of Pell and Pell-Lucas numbers as follows.
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Theorem 1 The sum of the first n nonzero terms of a,, is

17Py,;,_ 1+7P2n 92— 3

Z ai =
5Q2n+2Q2n 1- 6

Proof Since ay +ay + -+- +a, = w

deduce that

by (11) and since a, = Py, + Payi1 by (9), we

Za —ﬂn 1—6
i

5(Poy + Popi1) — (Pon—z + Poyy) —

4
5Py +5(2Pyy + Py1) = Payo — Pyy1 -6
4

_ 15(2P2u_1 + Pyy3) + 4Poyy — Popy — 6

4
_ 17P2n,1 + 7P2n,2 -3
= 5 .

The second result can be proved similarly. O

Theorem 2 For the sequences a,, X,, Y,,, By, by, Q,, and P, we have:
(1) X, =Pyy1 + Py, for n >0, and the sum of the first n nonzero terms of X, is

n
in =P, + 2P, - 2.
i=1

Moreover, Y, = Py,5 — Py, for n > 0, and the sum of the first n nonzero terms of Y, is

n
anpn+spn+1 -3.
i=1

(2) an=Xa, for n>0ora, =Xy + Yoy for n > 1; Qu1 = 2X,, and Qpyz — Qui1 = 2Y,

. Q2n+1 PnQn PpQu-1+Py-1Qn=2
i ’ n —_ .
forn=0;a,= and B, = forn=>0,andb, = 1 forn>1
Proof (1) Let
Xn = Tl()ln + Tgﬁn (14-)

for some T7 and T5. If we take n = 0 and # = 1, then we have the system of equations

Ty + To =1 and Ti + T2 B = 3. This system of equations has the solution T; = ‘”;3 and
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T, = ;ﬁ__ﬁl So (14) becomes

X, = Ty + T B"

B a+1 " -B-1 "
‘<a—ﬂ)°‘ +<a—ﬂ>ﬂ

_(a+Da" - (B+1)B"

oa-p
an+1 _ IBVH—I o — IBn
= +
a-p a-p
=Ly + Pn;
as we wanted. Since X, =P, + P,,; and Py + Py + -+ -+ P, = %, we easily deduce that

n n
in = Z(P,» +DPi1) =Py +2P,1 — 2.

i=1 i=1

Similarly, it can be shown that Y, = P, — P, forn > 0and Y1+ Yy +-- -+ Y, = P, +3P,,; - 3.

2n+1 p2n+1 n+l | gn+l
(2) Since a,, = % and X, = ¢ ;ﬂ , we get

a2n+1 + ﬁ2n+1

in = f =day.

Similarly, since X, = P41 + P, and Y, = Py — Py, we get X, + Yy, = Ppy1 + Py, and hence
Xon-1+ You_1 = Poy + Poyy1 = ay.
The remaining cases can be proved similarly. O

Theorem 3 Let P, denote the nth Pell number.
(1) If n>2iseven, then

2n-1 ”
“ ()2,

i1 (2By +2by +1)?,
and if n > 1 is odd, then

2n-1 "
i (22,

Y-t
i=1

(buwss —Bust —Bua —bua)?.
2 2 2 2

(2) If n>2iseven, then

4n+1

Y Pi= (2P, ~2P2 1),
i=1
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and if n > 1 is odd, then

4n+1

> Pi= (2P, ~2P2 +1)"
i=1

Proof (1) Let n be even, say n = 2k for some positive integer k. Since Py + Py + --- + P,

Py+Pyi1—1 .
il we easily get

2n-1
Py, 1+Py, -1
1+ ZPI =1+ %
i=1
_ P2n—1 +P2n +1
N 2
otk-1_gak-1 ak_gik
242
2
(@l +1)+ B¥(=B1-1)+242
42
~ Ol4k +:34k +2(C(ﬁ)2k
- 4

0l2k+/32k 2
=)

(2 2
@

The other cases can be proved similarly. O

Theorem 4 For the sequences mentioned, we have

2n+1 2n

E a; = apQu,1, E a; = 4By,1 Py,

i=1 i=1

2n+1 2n

E Bi = anBrHlv E Y2i+1 = 2ﬂnp2n+2;

i=1 i=0
2n+1 2n+1

s das (ay 2,  neven,
E Qi =2(Pyp2 — 1), E P;=

i=1 i=1 Y Pui1, n odd,

2P,P,.1, neven,

a%l)(,,, n odd,

2n 2n
E Py = a,,Pyy, E P; =
i=1 i=1

2n 2n
ZXZi = 8ann+le ZBz = aan:
i=1 i=1

2n

2n
Z Qi = 4bn+lr ZBZi = P2nP2n+1X2nCnr
i=1

i=1
2n 2n

E Ysi-1 = 2a,P,,, E a1 = a2, P2 X1,

i=1 i=1
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2n 2n
ZPZHI = a,Poys1, ZXZi—l = Poyi1You-1,
i=0 i=1
2n 2n
Z Pi1 = Xon_1Poy, Z @241 = AnPoyi1Xans2,
i=1 i=0

2n 2n
E ayi = Bonaoni, E Qi = 2P2y11 Y21
i=1 i=1

Proof Since 3" a; = 29n=50m126 1y (11), we get

2+l Ol4n+1+ﬂ4”+l a4n—1+ﬁ4n—l

29( 2 )_5( 2 )_6
a; =

4

a®(29a — 5a71) + B4*(298 - 5871) - 12
8
oa™(17 +124/2) + (17 - 124/2) - 6
4
Qi ﬁ4n+4 _6
4

a4n+4 + '34n+4 _ (aﬁ)2n+l(ﬁ2 + 012)

4

a2n+1 +ﬂ2n+1 O[2;'1+3 +ﬁ2n+3
2 2

= Anlpsl-

The other cases can be proved similarly. O
From Theorem 4 we have the following result.

Theorem 5 For the divisibility properties, we have
(1) Ifnis even, then ay| leffl P, P,| 212:1 P;, and Py.1| 212:1 P;, and if n is odd, then
Yol S0 Pry Pyt | 0 Py s | Y00 Piy and X, X7 P
(2) Foreveryn=>1,

2n 2n 2n 2n

an Zdzm, Pypi1 Zﬂzm, KXant2 Zﬂzm, Aon ZﬂZi—lx
i=0 i=0 i=0 i=1
2n+1 2n+1 2n+1 2n+1

a

BN

E a;, Aps1 E a; ay E B, B, g B;,
-1 i-1 i-1

i=1

2n 2n 2n 2n
an § Bi’ Bn+l E ai, P2n § a;, Bn E Bi!
i-1 i-1 i-1 i-1
2n 2n 2n 2n
A2l E ai, by E Qi ay E Xoir1s Py, E a1,
i1 i-1 i=0 i-1
2n 2n 2n 2n
Xon-1 E a1, a, E Py;, Py, E Py;, By, E ay;,
i-1 i-1 i-1 i-1



Karadeniz Gozeri Journal of Inequalities and Applications (2018) 2018:3

P2n

2n
E Qoi-1, ay
i=1
2n
E Xoi-1, ay
i=1

You1

P2n

2n

E Yai1, Pyyiq
i-1

2n

E By, Py
i-1

2n
E XZi: Pn+1
i=1

P2n+l

X

Finally, we give the following result.

2n
§ Q2i+1;
i=0

2n
Y Xu, B,
i=1

P2n+1

2n
E BZi—l;
i=1

2n
§ X2i—1, Pn
i=1
2n
E Y2i+1: ay
i=0

P2n+2

2n
E Yoi 1,
i-1

Ay

2n
E BZi—l,
i=1

2n

E Bais1, Xno1
i=0

2n

E Qai» P,
i-1

2n 2n

E Xois Xon E By;.
i-1 i=1

You1

2n
E Bzi;
i=1

Theorem 6 For the sequences ay,, X,, Yy, By, Q,, and P, we have

2n
Ziz() azi+l
—o T T Adne2s
Yoo Paint
2 2
Y Qu Y Y
2 - 2 -
Zi:nl X2i—1 Zi:n] P2i

2.2 Perfect squares

212:1 ai-1 —a
2331 Py

2n 2
Zi:o Byin _ P2n+1
- ’

212:0 Q2i+1 2

Page 8 of 16

We see in (5) that B,, is a balancing number if and only if 88> + 1 is a perfect square and
that b, is a cobalancing number if and only if 852 + 8b,, + 1 is a perfect square. Similarly,

we can give the following result.

Theorem 7 Foreveryn > 1,

) % is a perfect square and

Ap;

2) 2P%, | - lis a perfect square, and \/2P5, | —1=a, 1;

(
(3) 2P3, + 1 is a perfect square, and \/2P3, + 1 = C,;
(

4) P3|+ Py,Po,,; is a perfect square, and | P3,.| + PauPonsa = Xou;

(5) P}, +P3, | + Py, —1isaperfect square, and /P35 + P3| + Py, —1= Yo, ;.

Proof (1) Applying the Binet formulas, we deduce that

odn+2 + Ig4n+2 + 2(0(,3)2”*1

\/Q4n+2_2 ~ \/a4n+2+ﬂ4n+2_2
4 4

4

a2n+1 + ﬂ2n+1

(a2n+1 + ﬁ2n+1

2

=dap,
2

as claimed. The other cases can be proved similarly.

As in Theorem 7, we can give the following result.
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Theorem 8 For the sequences a,, X,,, By, by, Q,, and P, we have

2n

E BZi+1 = ﬂnp2n+1,

i=0

lezno Q2i+1
Vo

2n_52n

2n

> By =2C,Xp1 Py
i=1

2n
Z Qai—1 = 2Py,
i1

a2n+1 Jr/32n+1

n_pn
P,=%L" anda, = 3

: _
Proof Since B, = WA

WA , we get

2n
ZBzm = \/Bl +B3+ -+ By
i=0

062 _ /32 (16 _ ,36 a8n+2 _ ﬂ8n+2
= + + - +
4/2 42 4/2

1 a8n+6 _ 062 I38n+6 _ ‘32
i 4ﬁ< ot-1 -1 )

\/a8n+4 -1 138;1+4 -1
R Y

) \/<a4n+2 4 pine2 _2(aﬂ)2n+l)((¥4n+2 + B2 4 2(04/3)2”*1)
- 8 4

a2l 4 gl 2 a2+l _ g2n+l 2
B ( 2 )( 242 >

= anPoy,1.

The other cases can be proved similarly.

2.3 Continued fraction expansion

Theorem 9 The continued fraction expansion of “*L is
n

Ap+l

=[5(1,4)4-1,1,6]

n

for n>1 (here (x); means that there are k successive terms x).

Proof Let n=1. Then

ap, 41 1
2= =54 ——=[516.
ai 7 1+E

Page 9 of 16
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Let us assume that it is satisfied for n — 1, that is, -2 = [5;(1,4),_2,1,6]. Then we get

ap-1

a 1
= = [55(1,4)-1,1,6] = 5 + -
ay 1+
4+ 1
1+
1
1+ 5
1 1
=5+ T =5+ T
1+ T 1+ T
-1+5+ 1s -4z,
1
1+ 5
1 ay, — Ay_ 6a, —a,_
_ 5 + — _ 5 n n n-1 _ n n 1‘
1+ a—n_”;n_l a, a,
So it is true for all # > 1 since a,,1 = 6a, — a,_1. O

2.4 Companion matrix
The companion matrix for Pell numbers is [f é] It is known that

n
P P 2 1
n+l n _ . (15)
P, P, 1 0
So PP, — Pﬁ = (-1)", which known as the Cassini identity, is an immediate conse-

quence of the matrix formula [17]. If we take the nth power of the matrix in the left side

of (15), then we can give the following theorem, which can be proved by induction on n.

Theorem 10 For the Pell numbers P,, we have

n
P,.. P, _ Pp,, Pp
P, P, P, Pp,
forn=>1.

2.5 Pythagorean triples
It is known that the Pell numbers P, have a close connection with square triangular num-
bers, that is,

Pr1 + P)X(Pre1 + P)? = (-1)0)

((Prer + Pk)Pk)2 ! 5

(16)

Note that the left side of (16) describes a square number, whereas the right side describes
a triangular number, so the result is a square triangular number (see [18]). Notice that if a
right triangle has integer side lengths 4, b, ¢ (necessarily satisfying the Pythagorean theo-
rem a® + b? = ¢%), then (a, b, ¢) is known as a Pythagorean triple. As Martin [19] described,

Pell numbers can be used to form Pythagorean triples in which a and b are one unit apart,
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corresponding to right triangles that are nearly isosceles. For instance,

(2P,Pys1, Poyy — PL P2, +P2)

n+l

is a Pythagorean triple. Now we can give the following theorem related to Pythagorean
triples.

Theorem 11 /2B, Py, 1 + Py, and By, + by, + 1 form a Pythagorean triple, that is,
(V2B2)* + (Pan-1 + P2y)* = (Bau + bow + 1)%,

and (P,Q, + 2b, + 1)> — 8B2, /2Py, and X,,,_1 form a Pythagorean triple, that is,
[(P.Q, +2b, +1)* —8B2]" + (V2P,)* = X3, .

Proof Applying the Binet formulas, we deduce that

(v/2Ba,)* + (Pyy1 + Py,)?

a4n_[34~n 2 a2n—1_l32n—1 a2n_ﬁ2n 2
[ﬂ( 42 ﬂ +< NN )

a8n _ 2(0[,3)2n + IBSn 2a4n + 4(0[,3)2}1 + 2[34}1
+
16 8
- (054" +134n)2 +4(a4n +ﬁ4n) +4
- 16
B (a4”(1 ra ) -+ p) 1)2
= 4ﬁ 2
dn _ pin 4n-1 _ p4n-1 2
= ((x & + 2 & E + 1)
442 42 2
= (B2n + b2n + 1)2

The other case can be proved similarly. O

2.6 The Pell equation
Let d be any positive nonsquare integer, and let N be any fixed integer. Then the equation

x> —dy* =£N (17)

is known as a Pell-type equation; x> — dy? = N is the positive Pell-type equation, and
x? —dy? = —N is the negative Pell-type equation. It is named after John Pell (1611-1685), a
mathematician who searched for integer solutions to equations of this type in the seven-
teenth century. Ironically, Pell was not the first to work on this problem, nor did he con-
tribute to our knowledge for solving it. Euler (1707-1783), who brought us the v -function,
accidentally named the equation after Pell, and the name stuck.

For N = 1, the Pell equation x*> — dy? = &1 is known as the classical Pell equation. The
Pell equation x? — dy* = 1 was first studied by Brahmagupta (598-670) and Bhaskara (1114-
1185). Its complete theory was worked out by Lagrange (1736-1813), not Pell. It is often
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said that Euler (1707-1783) mistakenly attributed Brouncker’s (1620-1684) work on this
equation to Pell. However, the equation appears in a book by Rahn (1622-1676), which
was certainly written with Pell’s help: some say that it is entirely written by Pell. Perhaps
Euler knew what he was doing in naming the equation. In 1657, Fermat stated (without
giving proof) that the positive Pell equation x> — dy? = 1 has an infinite number of solu-

2

tions. If (m, n) is a solution, that is, m?* — dn® = 1, then (m? + dn?, 2mn) is also a solution

since
(m* + dn2)2 - d(2mn)* = (m* - dn2)2 =1.

So the Pell equation x> — dy? = 1 has infinitely many integer solutions. Later, in 1766, La-
grange proved that the Pell equation x? — dy? = 1 has an infinite number of solutions if
d is positive and nonsquare. The first nontrivial solution (x1,y1) # (£1,0) of this equa-
tion is called the fundamental solution from which all others are easily computed since
X, + yn\/g = (%1 + )1 Jd)" for n > 1 can be found using, for example, the cyclic method
[20], known in India in the 12th century, or using the slightly less efficient but more reg-
ular English method [20] (17th century). There are other methods to compute this so-
called fundamental solution, some of which are based on a continued fraction expansion
of the square root of d given as follows. Let d = [mg; iy, 73, .-, ;] denote the contin-
ued fraction expansion of period length /. Set A_» =0, A_; = 1, Ay = m A1 + Ax—2 and
B_;=1,B_1 =0, By = mBj_1 + Bx_y for nonnegative integers k. Then Cy = 2—’; is the kth
convergent of V/d, and the fundamental solution of x> — dy* = 1is (x1,91) = (Ar_1,Bi_1)
if [ is even or (Ay_1,Bq_1) if [ is odd. Also, if [ is odd, then the the fundamental solu-
tion of x2 — dy* = 1 is (x1,91) = (A;_1, B;_1) (for further details on Pell equations, see [21—
23]).

It is known that there is a connection between integer sequences and Pell equations. For
instance, Olajas [9] gave the integer solutions to x? — 5y% = 44 as follows.

Theorem 12 ([9, Thm. 2.17]) The only solutions of the equation x> —5y> = 4 arex = £L,,
and y = £F,,, where L,, and F,, are the mth terms of the Lucas and Fibonacci sequences,
respectively.

For integers A and B such that A? — 4B # 0 (to exclude a degenerate case), R = {R;}%, =
R(A, B, Ro, R,y) is a second-order linear recurrence if the recurrence relation for i > 2

R;=AR,1 —BR;_» (18)

holds for its terms and Ry, R are fixed integers. For the Pell equation x> — 8y? = 1, Liptai
[24] proved the following:

Theorem 13 ([24, Thm. 1]) The terms of the second-order linear recurrence R(6,-1,1,6)
are the solutions of the equation z* — 8y* = 1 for some integer z.

Now we can return to our main problem. We consider the integer solutions of the Pell
equations

X -8y =1, x*—2y* =44, and x*-8y* = +4.



Karadeniz Gozeri Journal of Inequalities and Applications (2018) 2018:3 Page 13 0of 16

Theorem 14
(1) For the positive Pell equation x* — 8y* = 1, we have:
(@) The integer solutions are (x,,y,) = (%, %)for n>1.

(b) The integer solutions satisfy the recurrence relation

X, = 5(Q2n—2 + QZn—4) - Q2n—6

_ 5(Pa-2 + Pay-4) = Pans
n 2 -

2

and vy,

forn=>3.
(2) The negative Pell equation x> — 8y* = -1 has no integer solutions.
(3) For the positive Pell equation x> — 2y* = 4, we have:
(@) The integer solutions are (x,,y,) = (Qon, You-1) for n > 1.

(b) The integer solutions (x,,y,) satisfy the recurrence relation
X = 5(Qau—z + Quu-a) — Qaus  and ¥, =5(Y2,_3 + Yo,.5) — Youy

forn=>4.
(4) For the negative Pell equation x> — 2y* = —4, we have:
(@) The integer solutions are (X, yu) = (Qau-1, Yau—2) for n > 1.

(b) The integer solutions (x,,y,) satisfy the recurrence relation

%0 =5(Qan-3 + Quus) — Quu—z  and  y, =5You_a + You_6) — Yous

forn=>4.
(5) For the positive Pell equation x* — 8y* = 4, we have:
(@) The integer solutions are (x,,y,) = (Qan, Pay) for n> 1.
(b) The integer solutions (x,,y) satisfy the recurrence relation

%n = 5(Qop-2 + Qoy-a) — Quu—s  and ¥y, =5(Pay_3 + Pry_sa) — Pays

forn>3.
(6) For the negative Pell equation x* — 8y* = —4, we have:
(@) The integer solutions are (x,,y,) = (Qoy-1,Poy-1) for n > 1.

(b) The integer solutions (x,,y,) satisfy the recurrence relation

%n = 5(Qap-s + Qau_s) — Quu—y  and ¥, =5(Poy_3 + Poy_5) — Poy_7

forn=>4.
Proof (1a) Notice that Q, =a” + 8" and P, = “;:/‘;n .So
2 2 (a2n + ﬁ2n)2 _ 8(012”—132” )2
2 8}12 _ Qo _3 lﬁ _ 22
2 2 4

~ O[4n + 2(0513)2n + /34;1 _ (a4~n _2(a/3)2n + ﬁ4n)
- 4
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4y
4

=1

since a8 = —1.
(1b)

5(Qan-2 + Qon-a) — Qo 5Qau—2 + 5Q2—a — (2Q2u—5 + Qau—g) + 2Q24—5

2 2
~ 5Qap2 + 2(2Q2p-4 + Qop5)
2
_ 2Q2u-1 + Q2u2
2

_ Q2n

2
=%,.

5(Poy—2+Pon-4)~Pay-6
3 .

(2) The negative Pell equation x*> — 8y> = —1 has no integer solutions since +/8 = [2;1,4],

Similarly, it can be shown that y,, =

that is, the length of 2, which is even.
(3a) Notice that Q, =" + " and Y}, =

0,”‘*'1,'3””‘1

7 .So

X2 _2y2 - Q2 _2Y2 - (azn +ﬂ2”)2 _2(M)2
2n -1 ﬁ
— a4 Z(Gﬁ)zn + /34n _ ((:\{4” _ 2(0{,3)2” + ﬂ4n)
= 4(0[;3)2”

=4.
(3b) Similarly, we get

5(Qan2 + Qana) — Qan6 = 5Q2u-2 + 5Qay-a — (2Q25 + Qa6) + 2Qay5
= 5Qau-2 +2(2Qa-4 + Q245)
=4Qo2 + Qon2 +2Qa43
=2(2Qon-2 + Qau-3) + Qann
=2Qou-1 + Qau2
= Qu

= x}‘l
The other cases can be proved similarly. O

It is known that there are a number of applications of Pell and Fibonacci sequences on
the theory of numbers. For instance, Sellers proved in [25, Thm. 2.1] that the number of
domino tilings of the graph W, x P,_; equals the product of the nth Fibonacci and Pell
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numbers for all # > 2. Also, there has been a connection between Diophantine quadruples
and Fibonacci numbers. Recall that a set of m positive integers {a;,ay,...,d,,} is called a
Diophantine m-tuble if ¢;a; + 1 is a perfect square for all 1 < i <j < m and is called a D(n)-
m-tuble (or a Diophantine m-tuble with the property D(n)) if a;a; + n is a perfect square
foralll <i<j<m.

Cassini’s identity for Fibonacci number is F,F,,5 + (-1)" = F,fﬂ and is the basis for the
construction of so-called Hoggatt-Bergum’s quadruple. Hoggatt and Bergum [26] proved
that, for any positive integer k, the set

{Faks Fok+2, Fokrar 4F o1 Fokso Fok3)

is a Diophantine quadruple. Later Morgado [27] and Horadam [28] generalized this result.
The identity

2
Fy3FxoFx1Fxs1FraaFras + L = [Fk (2Fk-1Fa1 — F;f)]

is known as the Morgado identity.
Using Fibonacci numbers, Dujella [29] defined the elliptic curve (see [30])

Ei:y* = (Fopx + 1)(Fagyox + 1)(Fogsax + 1)

and determined the integer points on it by terms of Fibonacci numbers when the rank of

Ek(Q) is 1.
It is known that there are several identities on Fibonacci and Lucas numbers. Some of

them can be given as 4F_1Fi,1 + F = L} and 4F_1FpFyy1 + 1 = (F7 + Fi_1Fya1)*. Using
these, Dujella [31] obtained some quantities on D(F7)-quadruples
{2Fi-1,2F k1, 2F Fes1 Firzs 2F ki1 FiroFras (2F, — FR)
{Fio1,4F a1, FraFi1 Fin (2F; — Ff ), FiFrnFras)s (19)
{4F -1, Fior, FeoaFok-2Foi-1, FR LicLics1 }.
Asin (19), the set
{Fi-sFiaFiar, FirFraaFros, FiLi, AF; \FiFRy (2Fi 1 Fron — F7) )
is a D(L})-quadruple.
Dujella and Ramasamy [32] considered the Fibonacci numbers and D(4)-quadruple.
They proved that the set
{Fak, 5F2k, 4F k2, 4Lk Fakra}
is a D(4)-quadruple. Also, they considered integer solutions of the Pell equations by using
a D(4)-quadruple.

In the future work, we are planing to study D(#n)-quadruples for the sequences men-
tioned for some 7.
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3 Conclusion

In this work, we deduced some new results on Pell, Pell-Lucas, and balancing numbers
including sums, divisibility properties, perfect squares, and integer solutions of some spe-
cific Pell equations.
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