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1 Introduction

Let M,, denote the set of all # x #n complex matrices and A = (a;), B = (b;) € M,,. If a;;— by >

0, we say that A > B, and if a;; > 0, we say that A is nonnegative, denoted by A > 0. The

symbol p(A) stands for the spectral radius of A. If A is a nonnegative matrix, the Perron-

Frobenius theorem guarantees that p(A) € o (A), where o (A) denotes the spectrum of A.
If there does not exist a permutation matrix P such that

PTAP = <A1 A12> ,
0 A
where A;, A, are square matrices, then A is called irreducible.

Let A be an irreducible nonnegative matrix. It is well known that there exists a positive
vector u such that Au = p(A)u, u being called a right Perron eigenvector of A.

The Hadamard product of A, B is defined as A o B = (a;b;) € M,,.

Let A > 0, B > 0. By using the Gersgorin theorem, Brauer theorem and Brualdi theo-
rem, respectively, the authors of [1-5] have given some inequalities for the upper bounds
of p(A o B). Audenaert [6], Horn and Zhang [7] proved a beautiful inequality on p(A o B) for
nonnegative matrices A and B, that is, p(A o B) < p(AB). Huang [8] generalized the above
inequality to any k nonnegative matrices, that is, p(A; 0 Ay 0 --+ 0 Ax) < p(A143 - - - Ag).
Motivated by [8] and [1-4, 9, 10], in this paper we propose some inequalities on the up-
per bounds for the spectral radius of the Hadamard product of any k nonnegative matri-
ces. These bounds generalize some existing results, and some comparisons between these
bounds are also considered.

2 Main results

First, we give some lemmas which are useful for obtaining the main results.
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Lemma 2.1 ([11]) Let A € M,, be a nonnegative matrix. If Ay is a principal submatrix of
A, then p(Ax) < p(A). If A is irreducible and Ay # A, then p(Ax) < p(A).

Lemma 2.2 ([11]) If A € M, is an irreducible nonnegative matrix, and Az < kz for a
nonzero nonnegative vector z, then p(A) < k.

Lemma 2.3 ([12]) Let A = (a;) € M,, be a nonnegative matrix. Then

p(A) < mgx 1 {au +aj + |:(a” - a],) + 4Zalk Za,k] }

ki k#j
Lemma 2.4 Let A1, Ay,...,Ax € My, and D1,D,,...,Dy be diagonal matrices of order n,
then
D YA 0Ay0---0Ar)D

= (Di'A1Dy) o (D' AsDs) o -+ o (D ArDy),
where D equals the product of the matrices Dy, Di_1,...,D1, that is, D = Dy - - - Dy D;.

Proof Let d,; be the ith diagonal of D, and a,,; be the (i,j) entry of A, (r = 1,2,..., k). Then
the (i,7) entry of D1 (A; 0 Ay 0 --- 0 A¢)D is

e ld,,Q_l[a”’)HdU H( ! ar,,d,]>,

which coincides with the (i, /) entry of (D;*A1D1) o (D3'A2D5) o - - - o (D' AxDy). The proof
is completed. d

Theorem 2.1 Let Ay, As,...,Ax € M, and A, = (a;) > 0,A3 = (by) > 0,...,Ar = (ki) = 0.
Then
,O(Al OA2 O--- OAk)

< max {a;bi; -+ ki + (p(A1) — ai) (0(A2) — bii) - -~ (p(Ax) — kiz) }. (2.1)

1<i<n

Proof If Ay o Ay o --- o Ay is irreducible, then Aj,A,,...,Ax are all irreducible. From
Lemma 2.1, we have

,O(Al)—dl'l' >0, ,O(Ag)—bii >0, ceey ,O(A]()—kii>0, VieN.

Since A1, A,, ..., A are nonnegative irreducible, there exist k positive vectors u,v,...,w
such that Ayu = p(A1)u, AT v = p(A2)v,...,Af w = p(Ar)w. Thus, we have

a;u; + Zaiju,- = p(Al)u,-, VieN,
J#i

bjv; + Zb,,v, =p(Ay)v;, VjeN,
i7
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cey

k/jo + Zk,-,-w,» = ,O(Ak)W/‘, V] eN.
i7

Thus, we have

b; <

[p(A2) — bjlv; K < [o(Ax) = kjjlw;
y — H LR j = .

Vi ’ wi
Let z be the vector (z;), where

u;

= (0(Ag) = bayvi- (p(Ap) — kyw; 0, VieN.

zZj
We define P=A;0A30---0A. ForanyieN,

(PZ)i = diibii s kiiZi + Zdl‘jbij tee kijZ]'

i7
< aiby - kizi + Zﬂij (p(A2) - by)v; . (p(Ax) — ki)w;
— Vi w;
i
For
Yj
zj= ’
" (p(Az) = by)v; -+ (p(Ax) — kip)w;
we have
(Pz); < aiibyi -k ! >
2)i = Qii0ijj * * * KijZj + aju;
Vl R Wl / 1

i7

= aiibii -+ kizi + (P(AL) — air)u;

i i

= a;ibii - kiizi + (p(A2) = bi) -+ (p(Ax) — ki) (p(A1) — ait)z;

= {diibii N (P(Al) - ﬂu’) (/O(Az) - bii) T (/O(Ak) - ku’) }Zi-

By Lemma 2.2, this shows that

p(Aro---0Ax) < lfillfcgin{tliibﬁ ki + (p(A1) — aii) (p(A2) = big) -+ - (p(Ak) — kir) ).

Zj.

Page 3 of 12

If A 0 Ay o --- 0 Ay is reducible, we denote by P = (p;;) the n x n permutation matrix

with p1p = pa3 = - -+ = p1 = 1, the remaining p;; = 0, then all A, + tP, Ay + tP,..., Ay + tP are

nonnegative irreducible matrices for any chosen positive real numbers ¢. We substitute

A1 +tP,Ay +tP,..., Ax + tP for A1, Ay, ..., Ax, respectively, in the previous case, and then,

letting £ — 0, the result follows by continuity. The proof is completed.

Setting k = 2 in Theorem 2.1, we have the following corollary.

O
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Corollary 2.1 ([1]) Let A;,Ay € M, and A1 > 0, Ay > 0. Then
p(A10Aj) < El?gn{ﬂiibii + (p(A1) — aii) (p(A2) - bii) }.

Theorem 2.2 Let Ay, Ay,...,Ax € M, and A, = (a;) > 0,A5 = (by) > 0,...,Ar = (kjj) = 0.
Then

,O(A1 OA2 O--- OAk)

1
= Hil?jx 3 {ﬂiibii ki + by - K + [(ﬂiz’bii ki = aibyy - - k/’j)z

+4(p(A)) = ai) -+ (p(Ax) — kit) (p(A1) — a) - - (p(Ax) = ky) ] : ). (2.2)

Proof First we assume that A; 0 A o - -+ 0 Ay is irreducible. Obviously, A1,A,,..., Ay are

all irreducible, from Lemma 2.1, we have
,o(Al)—a,','>0, ,O(A2)—bii>0, ooy ,O(Ak)—kii>0, VieN.

For the irreducibility of Aj,As,..., Ay, there exist k positive vectors u = (u;),v =
vi),...,w=(w;) such that Aju = p(A1)u,Av = p(A2)v,...,Arw = p(Ar)w. Thus, we have

Al
a; + Z 27 p(A1), VieN,
— Ui
J#i
byvj .
b + Z ——= =p(A,), VieN,
i

vey

ki'W'
ki+y " = p(Ag), VieN.
j#i

1
Define

U = diag(uy, uy,...,u,), V =diag(vi, va, ..., Va), s

W = diag(wy, wa,..., w,).
Let
A . 1
Ay =(ay) =U"A U= | —ajuy; ),
u;
N o 1
Ay =(by) =V AV —byv ),
Vi

vey

A N 1
Ay = (kij) = W_lAk W(;ki,wj).
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It is easy to show that 1211,1212, ... ,Ak are all nonnegative irreducible matrices, and all the

row sums of A, As, ..., Ay are equal to p(A1), p(A3z),..., p(Ax), respectively.
Let D = W --- VU be the product of k nonsingular diagonal matrices U, V,..., W. Ac-

cording to Lemma 2.4, we have

D YA 0A30---0Ax)D
=(UTAU) o (VI AV) 00 (WA W)

A

:Al oﬁzo---oAk‘

Thus, we have p(A; 0 Az 0---0A;) = ,O(Al 0Aso--- oAk). From Lemma 2.3, we have

,O(Al OAZ O« OA]()

1(. » A A A . A o
fnl?j}jxi{ﬂiibii"'kii"'“/jb;j"'kjj‘"I:(diibii'"kii_ﬂjjbjj"'lﬁj)z
%
+ 4(2 Aibix -+ kik) (Z ajcbjy - - k}k)] }
ki k#j
1 2
SH};}],XE ﬂz’tbii"'kﬁ+6l/jb/j"'kj/+ (ﬂiibz’z’"'kz’z’—a]jb}j"'kjj)
1
Akt ~— bikvi kixwi ajictik ~— bixvi Kikwr \ 1
(e Py ) (57 ik D5
ki Y ki g k4 7 kd k#j Y

1
=maxy {aiibii- ki + aybyy -k + [(@ibii - K = ajby - - k)

+4(p(A1) — i) (p(A2) = bi) -+~ (P(AD) = ki) (0 (A1) — @)
x (p(As) ~ by) -+~ (o) ~ k)] ).

IfAj 0 Ajo---0Agisreducible, the proof is similar to Theorem 2.1. So, the proof is com-
a

pleted.

Setting k = 2 in Theorem 2.2, we have the following corollary.

Corollary 2.2 ([2]) Let Ay,Ay € M, and A1 >0, Ay > 0. Then

1
p(A10Ay) < max 5 {aibii + aybj + [(aibi — azby)®

ST

}.

+4(p(A1) — ai) (p(A2) — bii) (p(A1) — a) (p(A2) — by) |

We next give a simple comparison between the upper bound in (2.1) and the upper

bound in (2.2). Without loss of generality, for i #j, assume that

aiibi; - - - ki + (/O(Al) - tliz’) (,O(Az) - bii) T (,O(Ak) - kii)
> ajbyj--- ki + (0(A1) = aj) (p(As) = by) - (0(Ax) - k).
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Lety =a;b;; - - - ki + ajibj; - - - kj;. From (2.2), we have

aibi - ki + ayby - Ky + [(@ibi - ki — agby - k)
+4(p(A1) — ai) (0(A2) — bi) - - - (p(Ax) — kir) (0(A1) — a7)
x (pA2) = y) -+ (p(Ax) ~ k)|
<y + {(@ubi- - ki — azby - k;)? + 4(p(A1) — ai) - (p(A) - ki)
x [(0(An) ~ @) (p(Aa) ~ ba) -+~ ((AQ) ~ ki) + b K — aghyy -y )2
=y + [(@ubi ki — ayhy - Ky + 2(p(A1) — @) - ((A) - ki)’

=2a;:bii - - kit + 2(p(A1) — ait) (p(A2) — bii) - - (p(Ax) — kir).
Thus, we have

(A1 0Aso- -0 A)

= mgxé{ﬂii sk ek (e ki — a - k) + 4(p(Ar) — aa)
i
x (p(A2) = big) -+ (p(Ak) = ki) (0(A1) — @) (p(A2) = by) - - (p(Ax) — ky) | : }

< max 1[26111‘1%' co ki + 2(p(A1) — aii) -+ (p(Ak) — ki) |

1<i<n

= max [ﬂiibii N (,O(Al) - ﬂu’) (,O(Az) - bii) T (p(Ak) - ku’)]'

1<i<n

Hence, bound (2.2) is better than bound (2.1).
In [8], the author proved that

p(A10Aro---0Ax) < p(A1As - -~ Ay). (2.3)
At present, we cannot give the comparison between bounds (2.1) and (2.3) or bounds

(2.2) and (2.3), but the following numerical example shows that bounds (2.1) and (2.2) are
better than (2.3). Next,we give an example: Consider four 4 x 4 nonnegative matrices

4 1 0 2 1111
0 005 1 1 1111
A= 3 B= )
0 0 4 05 1111
1 05 0 4 1111
2 0 1 1 2 05 05 05
c_ 4 05 05 1 11 1
1 o 3 o5/ “los 0o 2 05
05 1 1 2 o 1 1 2

(i) It is easy to calculate that p(A o B) = 5.4983. By inequalities (2.1) and (2.2), we have

p(AoB) < {Q?S)i{ﬂiibii +(p(A) - ai) (p(B) — byi) } = 16.3949,
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and
o(A o B) < 11.6478.

By inequality (2.3), we have
p(A o B) < p(AB) = 19.05.

(ii) From calculation, we get p(A o B o C) = 12.0014. By inequalities (2.1) and (2.2), we
have

p(AoBoC) < g?ﬁﬁ{aiibiicﬁ +(0(A) — ai) (p(B) — bii) (p(C) — cii) } = 20.8846,
and

p(AoBoC)<17.8268.
By inequality (2.3), we have

p(AoBoC)< p(ABC) = 88.5.

(iii) Let Ao Bo Co D = G = (g;). Then

16 0 O 1 117.25 7875 15575 126
G- 0 02 05 05 , ABCD — 34.3375 23.0625 45.6125 36.9

0 0 24 0.075 75.375 50.625 100.125 81

0 05 O 16 92.125 61.875 122375 99

It is easy to calculate that p(G) = 24.0001. By inequalities (2.1) and (2.2), we have

p(G) < max laibicidi + (p(A) — ai) (p(B) - biy) (p(C) — i) (p(D) — dis) } = 36.6608
and

(6) = max g +. + [(6~g)* + 4(p(A) ~ ) (B) - ) (0(C) ~ )

x (D) = di) (p(4) - a3) (p(B) - by) (0(C) - &) (o(D) ~ )]
= 32.4451.

By inequality (2.3), we have p(G) < p(ABCD) = 339.44.
Next, we will give some other inequalities for p(4; 0 Ay o --- 0 Ag). For A; > 0, write
L, = A, —diag(ai1,...,aum). We denote J4, = DIlLl with Dy = diag(d;;), where

ai;, ifa; #0,
1, if aji = 0.

dij =

Then /4, is nonnegative.
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For A, > 0, let Dy = diag(s;;), ..., for Ay > 0, let Dy = diag(t;) with

by, ifb;#0,

Sii =
1, if b; =0,
; ki, ifk; #0,
"l ifki=o,

respectively. Then the nonnegative matrix /4,,...,/4, can be similarly defined.

Theorem 2.3 Let A1,As,...,Ax € M, and A1 > 0,A, >0,...,Ar > 0. Then

,O(Al OA20~~~OAk)

< max {ﬂiibii ki + digpUa)sipUay) - - - tip (]Ak)}- (2.4)

1<i<n

Proof Let Q=A;0A0---0Ag. First assume that Q is irreducible. Obviously A;,A,, ..., Ax
are all irreducible, and then J4,,/4,,...,/4, are all nonnegative irreducible, so there exist k

positive vectors ,y, ..., such that Ju, x = p(Ja, )%, J4,5 = 0Ua,)y; ... Ja, it = pUa, )1 So, we
have

;X byy; kiih;
> ;C‘] dipUn), Y = =sipUay), i Y ;l.]=fﬁ/0(]Ak)-

e et i

Now let z = (z;) be the vector, where z; = (x;y;---h;) > 0 for all i. For the irreducible

nonnegative matrix Q, we have

(QZ) = 61” i * kzzzz+Zaz} ijc l}

i#
< dubi - Kizi + (Z “u%) (Z bi/%’) o (Z ki;‘h/>
i i i

= aiibii - kizi + (dixipUa,)) (siyipUay)) - - (tihipUay))
= {aiibii- - ki + diipUa,)siipUa,) - - - tipUny) }2i

By Lemma 2.2, this shows that

p(Al 0Ajo- OAk) < max {"Zzz i e Kig + dttp(]Al)sllp(]Az) . tiip(]Ak)}-

1<i<n
The proofis completed. O
Setting k = 2 in Theorem 2.3, we have the following corollary.

Corollary 2.3 ([4]) Let Ay,Ay € M, and A1 >0, Ay > 0. Then

p(A10Ay) < 1H<1ia<7;{ﬂiibii + diip(]Al)Siip(]Az)}~
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Theorem 2.4 Let A1,As,...,Ax € M, and A1 > 0,A2>0,...,Ar > 0. Then
p(Al OA2 O--- OAk)

1
<max o {aiibii -~ kis + ajby -~k + [(@ubi - ki — ayby - k)
i#
1
+4(dysii - - - ti) sy - - - tjj)(p2(]A1),02(]A2) e PZ(]Ak))] > } (2.5)

Proof First we assume that A; 0 Ay o - - - o Ay is irreducible. Obviously, J4,,/4,,...,/4, are
all nonnegative irreducible, then there exist k positive vectors x,y,..., 4 such that Jy,x =
pUa)% T4,y = pUay)ys . Jagh = p(Ja)h. Thus, we have

aix; by, kiih;
Z ;C‘] :diip(]Al); Z 141 =Sii,0(]A2), ceey Z ;14/ = iiP(]Ak)~

j# j# ! A
Define
X = diag(xy,x3,...,%,), Y =diag(y1,¥2,---,¥n)s e

H =diag(hy, hy, ..., hy).
Let

A= (@) =X""AX,  Ay=(by)=Y'AY, ...,  Ap=(kj)=HAH.
From Lemma 2.4, we have

(X"lY_l .. 'H_l)(Al 0Ayo---0A)(H---YX)
= (XA X) o (Y'ArY) 0+ o (H'ArH)

:A~1 oA~20~~~oAk.
Thus, p(A; 0Ayo0---0A) = p(ffl oAy o+ 0Ay). From Lemma 2.3, we have

,0(A~10A~20---0Ak)

1
=max — {ﬂiibii <o ki + by - K + [(ﬂiibii <+ ki — aibjj - - kjj)2

i 2
1
s 4(2 @ik biyx kikhk) (Z axx buyr /<jkhk>] 2 }
P hi JN‘g % hy

1
= max 3 {ﬂttbii ki + by - K + [(ﬂn’bu’ <+ ki = ayibyy - - /97)2

i#j
1
AjgXi bixyx Kixhi AjXk bixyx kixhi \ ]2
o Y am i ki hi Y g Y k% hj

1
= max 5 {@iibii -~ ki + ajby - ki + [(@iibis - kis = aby - - Ky)*

ST

+4(dysii - - tii)(djjsjj s tjj) (:02(],41 )PZ(]AZ) s PZUAk))]
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If A} 0 Ay o --- o A is reducible, then substituting A; + tP,A; + tP,...,Ax + tP for
A1, A, ..., A, respectively, in the previous case, letting ¢ — 0, the result is derived. O

Setting k = 2 in Theorem 2.4, we have the following corollary.

Corollary 2.4 ([1]) Let A;,Ay € My, and A1 >0, Ay > 0. Then

N

}.

1
p(A10A;) < rrgjx 3 {ﬂiibii +ajibj + [(ﬂiibu’ - ﬂjjbjj)z + 4dii5iidjjs/jpz(]A1)pz(]A2)]

We next give a comparison between the upper bound in (2.4) and the upper bound in
(2.5). Without loss of generality, for i #j, assume that

aibi; - - - ki + dyisii - - - tiip(]Al)p(]Az) ce P(]Ak)
> ajibjj- - ki + djisj - - 10U a;)pUaz) - - 0Ua)-
Lety = a;bj; - - - ki + ajibj; - - - kj;. From (2.5), we have
aiibii - - ki + ajbj - - - ki + [(ﬂn‘bii < ki — ajby - - 'kjj)2
1
+ A(disii - ) sy ) (02 Ua) 0 Uay) - 0°Uap)) ]2
=v+ {(ﬂiibii <o ki — ajibjj - - kjj)z +4disii - - tipUay) pUay) - - pUa,)
1
X [diisii < tiipUa)pUay) - pUa) + aighii -+~ ki — ajiby; - - k/}] } ’

1
=Y+ [(ﬂiibn’ < ki — by -+ Ky + 2dsii - ipUay ) pUay) -+ PUAk))2] :
=2a;by; - ki + 2disii - tip(Ja)pUny) - - - pUay)-

Thus, from (2.5) and the above inequality, we have
)O(Al 0A2 O--- OAk)

1
= IIil;le 2 {diibii <ok + ajby - - Ky + [(ﬂn’bu’ <o ki = ajby; - - - k/’j)z

1
< max E(zﬂiibii ki + 2dsii - tipUay ) pUay) - - pUay))

1<i<m

S

+4(dysi; -+ fii)(d;ijj N fjj) (PZUAl ):02(]A2) T ,02 UAk))]

= lriliaz;(ﬂiibii oo ki + digsii - - - tipUa ) pUsy) - - P(]Ak))'
Hence, the upper bound (2.5) is better than bound (2.4). Here too, we could not give the
comparison between (2.4) and (2.3) or (2.5) and (2.3). Next, we give an example which
shows that the results obtained in Theorems 2.3 and 2.4 are better than inequalities (2.3).

Let
2 0 1 1 2 05 05 05
1 4 05 05 1 1 1 1
A = ) B = )
1 0 3 05 05 0 2 05
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4 1 11 1 05 2 05
2 211 1 .

C- ’ Do 0.5 05 0
0 2 2 1 0 05 1 05
1 111 0 1 05 1

Let AoBoCoD=P=(p;). Then

16 0 1 0.25 355 55.75 86 35.75

1 8 025 0 57.75 91.875 139 57.875
P= ) ABCD =

0 0 12 0.075 3025 5725 78 3475

0 1 05 4 34.875 64.125 87.5 38.875

It is easy to calculate that p(P) = 16.0028. By inequalities (2.4) and (2.5), we have
p(P) < max {pi(1 + pUa)pUs)pUc)pUp))} = 36.2262

and

ST

}

1
p(P) < Hl,lgx 3 {pii + i + [i = ) + 4piupjp> Ua) > U) p>Uc) p>Up) ]

= 29.6605.
By inequality (2.3) and Lemma 2.1, we have p(P) < 91.875.

3 Conclusions

In this paper, we have proposed some upper bounds for p(A; o Ay o --- o Ay) of the
Hadamard product of matrices. These bounds generalize some corresponding results of
[1-4].
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