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1 Introduction
Ifp>1, —+— =1, amb,>0,0<) <ooand0<zOO bl < 0o, then we have the
followmg Hardy -Hilbert’s inequality (cf. [1]):

X a,b, b4
sz+n s1n(n/p)<z ) (qu)’ M

where the constant factor Sm(’; 7 is the best possible. In 1934, Hardy proved the follow-
ing more accurate inequality of (1) with the same best possible constant factor (cf. Theo-
rem 343 of [2]):

S

) . o\
sz+n 1 Sill(ﬂ’/p) (;a{;) (;bz) . N

We still have the following Mulholland’s inequality with the same best possible constant

factor peES /p (¢f. Theorem 343 of [2], replacing =, b” by a,u, b,):
y 1 ~
o0 o0 o0 b P o0 bn q
— (Y= = 3
- 2 mnn/p)(Zm) (; n) @)

Inequalities (1)-(3) are important in analysis and its applications (cf. [2, 3]). In 2007, Yang
[4] first gave a Hilbert-type integral inequality in the whole plane. Many extensions of this
type inequalities and (1)-(3) were provided in [5-20].
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In 2016, Yang and Chen [21] gave a more accurate Hardy-Hilbert’s inequality in the
whole plane:

i i amb,

_ _ A
o e (=gl +n—n))

o [ i
<2B<x1,xz>[2 |m—s|'”<”l“a€n} [Z In—nlq(”wa} : 4)

lm|=1 In|=1

where the constant factor 2B(A1,A2) (0 < A, Ay <1, A1+ Ay =A, &, € [0,% ) is the best
possible.

In this paper, by introducing independent parameters and applying the weight coeffi-
cients and Hermite-Hadamard’s inequality, we give a new more accurate extension of (3)
in the whole plane with a best possible constant factor similar to (4). Furthermore, we
consider the equivalent forms, the reverses, a few particular cases, and the operator ex-

pressions.

2 Some lemmas

In the following, we agree that p #0, 1, }7 +2=1, A, A >0, A1 + Ay = A,

1
q

a,B e |:arcc0s \/g,yr —arccos\/g] (€ (0,7)),

£,m€(-3,3), satisfying

1 3 -1 3
—— - <& ————+ -, 5)
l-cosy 2 l+cosy 2
and
hy (M) = 2BOa, do)esc’y - (y = a, B). (6)

Note 1 For ,8 = 7, we find &, € [—%,%]. If 0,8 € [arccos\/g,n - arccos\/g], then
&,n = 0 satisfy (5).
For |x|, |y| > %, we set Ag o (%) := |x — & + (x — &) cos a,

By p(») =y —nl+(y—n)cosp,

and

k(x,3) = 1 - : @)
BV I Ae,() + By () 10 Apo@)Bys ()

Definition 1 Define two weight coefficients as follows:

_ i k(m,n)' In™t Ag o (m)
w(xz,m).-l;z Bryt) 2B,y Im| e N\ {1}, ®)
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2 k(m,n) In*? B, s(n)

w (A, 1) = .
! ‘;2 Aé,ot (Wl) lnl_)hl Aé,oz (Vl’l)

» Inl e N\ {1}, )

whereZBTzz...z ]_=°_°227=O2(]=m,n)
Lemma 1 For Ay < 1, we have the following inequalities:
kﬁ()‘l)(]- - 9()"2; Wl)) < w()xz, Wl) < kﬂ(kl); |m| e N \ {1}, (10)

where

In[(2+n)(1+cos B)]

_ lnAéu (m) u)\z—l B 1
0(h2,m) := B(Al,kz)/ e du_o(iln’\zAg,a(m)> €(0,1). (11)

Proof For |m| € N\ {1}, we set

) B 1 3
D e —meos -y Y
) B 1 3
D Ao -mieesp el 77
wherefrom
o 1 3
O S el 77
We find

. —00 (D(m n) In™ Ag,a(m)
@Oy, m) = nX:z (1= n)(cos B — 1) I 2 [(11 — n)(cos f — 1]

ad k@ (m, n) In*1 A, (m)
* ; (m=n)(A +cos B)In'*2[(n — )1 + cos B)]
~ In* Ag o, (m) i kY (m, —n)
~ 1-cosp ~ (n+n) In'=*2[(n + n)(1 - cos B)]
In*t Ag o, (1) k? (m, n)
L cos Zz (n—n)In*72[(n - n)(1 + cos B)] (12

For fixed |m| € N\ {1}, since 1 >0, 0 < X, < 1,we find that, for y > %

d k9 (m, (~1)iy)
- - <0,
dy (y— (1)) I 2 [(y — (=1)in)(L + (~1)i cos )]
& KO, (~1)') .
_ O :112!
B = COm I (= Cm s g o 002
and it follows that
(i) _1)
KO (m, (~1)'y) 1)

(v = (=1)n) In' 2 [(y = (=1)in)(1 + (=1)* cos B)]
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are strict decreasing and strictly convex in (%, 00). By Hermite-Hadamard’s inequality (see
[22]) and (12) we find

In*t Ag o (m) D (m, —y)
w(Ay, m) < Ty
1-cosB Jip (y +1)ln 2[(y +n)(1 - COSﬁ)]
. In™ Ag o (m) k@ (m, y)

L+cosB Jsp (y—n)Int2[(y— n(1+cos,3)]

In view of (5), it follows that (2 + n)(1 ¥ cosp) > 1. Setting u = InlG+n)d-cos p)]

InAg o (m)
In[(y-n) 1+cosf$
InAg o (m)

g 1) 1 1 /°° uldy
,m +
GBI l1-cosB 1+cosB/Jy (A+u)

= 2B(h1, Ag) csc? B = kg(A1).

(u = ) in the first (second) integral, by simplifications we obtain

By monotonicity and (12) we still have

In*! Ay o (m) K (m, —y)
w(hy, m) > / (y+77 nl- ’\2[(y+r] )(1 —cos B)] i

1-cos
LI Aga( k@ (m, y) 4
1+cosﬂ (y—n)In'2[(y — n)(1 + cos B)] i’

1 u "t dy
> -
- <1 - cos;S 1+ cos,B) / [a4lnLe]cos ) (1I+u)*

At

In[(2+|n])(1+]| cos BI)]
mAs m w2 du

T - kg(A1)(1 = 6(hp, m)) >0,

=kg(r1) —2csc2,8/
0

where 0 (), m) is indicated by (11). It follows that 6(Ay,m) < 1 and

In[(2+[n|)(1+| cos B])]

0<0O(Ahg,m) < ————— / R W du
B()‘-lr)\Z)

1 (1n[(2+|n|)(1+|cosﬂ|>]>“
 JaB(A1,A2) InAg o (m)

Hence, (10) and (11) are valid. O
In the same way, we still have the following:

Lemma 2 For Ay < 1, we have the following inequalities:
ka(A1)(1 =001, m)) <@ (hy,m) <ko(1),  |n] € N\ {1}, (13)

where

In[(2+]£]) (1+|C0§0[D]
anﬂ ") I,[)”171

1
9()L1; l’l) B()\q,)\.z) / m du = O<m> € (0, 1) (14)
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Lemma 3 Ifp >0, y € [arccos \/g,n — arccos \/g] (y =, B), and

e )
— + = =Gy ’
_§_1+cosy 2 d 7

1
1-cosy

N w

then for (¢,y) = (&, ) (or (n, B)), we have

o In""[|n—¢| +(n- gleosy] 1 .
Hp(g,y)::‘%:2 PR Py —" (2csc y +0(1)) (0—0%). (15)

Proof By Hermite-Hadamard’s inequality we find

w I’ [(n - 5)(cosy —1)] i In"*[(n - g)(cos y +1)]

Hy(s,y) = (n-c)(cosy — 1) * — (n—¢)(cosy +1)

n=-2

i{ In"' " [(n + ¢)(1 - cos y)] . In"'"[(n - ¢)(cos y +1)] }
~1 (n-g)(1-cosy) (n—¢)(cosy +1)

o ln“"’[(y+§) (1-cosy)] ln‘l"’[(y—g)(cosyﬂ)]}
d
5/ { O-li-cosy) | G-scosy+D |7

1[(In™”[(3 + ¢)(1 - cos y)] ln“’[@ - 6)(1 +cosy)]
_E{ 1-cosy 1+cosy }

+01(1 — 0%).
p(l—cosy 1+cosy il )> ('O )

We still can find that

B [ I P [(n+ g) A —cosy)]  InT"P[(n - g)(cosy +1)]
Hols.y) 22:{ (i-o)l-cosy)  (n-c)lcosy +1) }
Iy + o)A —cosy)] I P(y = g)(cos y +1)] }

d
Z/z { G-o)l-cosy) = (-o)cosy +1) y
1 [In""[2+5)(1—-cosy)]  In""[(2~-¢)(1+cosy)]
_;{ 1-cosy " 1+cosy }

- l( ! + ! + 02(1)) (0 — 0*).

p\l-cosy 1l+cosy

Hence, we have (15). |

3 Main results and the reverses

We also set
K(A1) =l P Ga)BY () = 2B(h1, Ay) esc®? Bese? T a. (16)
Theorem 1 Suppose that p > 1, A, Ay <1, @y, b, >0 (|m|,|n| € N\ {1}), and

®© pPA-r)-1 4 " Indd-22)-1 g
o Seeal) 51' (m) akh, < 0o, 0< Z —fﬁ(n) bl <
(Ag o (m)) 17 (By,p(m))1~1

n|=2

0<
m|=2
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We have the following equivalent inequalities:

I:= i i k(m,n)a,,b,

[n]=2 |m|=2
; 1
0o 1np(1_)x1)—1A5 (m) P ® |pad-22)-1p () 7
<K(r —_— g — g (17
| I)L;Z Aealm)ir \%:z (Byp(m)ta " )
] [Z In?*2- anﬁ(n) (Z K )Pr
= m, }'l
|n]=2 B, p(n) o
1
ad lnp(l_)"l)—l ASa(m) P
<K A i | (18)
. |:ImZ=2 (Ago(m))t»
Inparticular, (i) for §,n € [=3, 3] (& = B = §), we have the following equivalent inequalities:

ZZ k(lm Elln nl)

=2 |m|=2

1 1

00 —Ap)— p[ o —A2)— q

lnp(l A1)-1 |m _E| p lnq(l A2)-1 |}’1 — nl 1
< 2B(A1, A E —_— E — b1, 19
(1 2)|: |m_s|1_p m ‘ |V1—77|1_q n ( )

|m|=2 n|=2

B S ]|

s meml A nt(Im - €l -]

1

. o 1

1A Rt 7R 2 B

- 2l p
<2B(A1,Az)[m§|2 g | (20)

(ii) For «, B € [arccos £, — arccos %] (& =n =0), we have the following equivalent in-

3 )
equalities:

>y b

e = In*[(|m| + mcosa)(|n| + ncos B)]

1
2?7 (1) + mcos ) p:|p
m

<K()»1)|:Z

1-p
o (|m| + mcosa)

1

5 |:i lnq(z‘“)‘l(|n| +1cos ﬂ)bz:| q, 1)
n1=2

|n| + ncos B)1-1

2 10?2 Y (jn| + ncos B) | A ak
{IZ |n| + ncosp |:Z » :|

e o 1D [(|m| + mcosa)(|n| + ncos B)]

1
i lnp(z“)l(lrm + mcosa)a[;n]p' 22)

ey |m| + m cos )1

< I(()\.l)|:
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Proof By Holder’s inequality with weight (cf. [22]) and (9) we find

p )
m) = { Z k(m, n)
|m|=2

) [ In"7" By (n) ””
(Aea (M) In" 7" Ago(m)

1-)

In"7 B,g(n)

(i k(m,n)a

Im|=2

[(Asa(l’n))qln 7 Aéa(m) ]

(Aealm)i I 7 Agulm)
In'™*2 B, 5(n) "

< Y k(m,n)

(1-A2)q

-1
> In" 7 B,g(n) g
X |:Z k(Wl, n)Ag,a(m) lnl—)q Ag,a(m):|

oo

p  (A=2p
(Ago(m))aIn 7

AE,O( (Wl) P

(@ (1, m)P7' B, p(n)
)

Z k(m, n)

e B, 5(n)In'™2 B, 5(n)

By (13) it follows that

~ P (1- xl)p :
(Aga m))7 In Ag o (m) !
JAYIN k ¢
J < kM(xy) _\;N;Z (1, B, 5(n)In' ™2 B, 4(n) ﬂm:|
g Cea) 107" Aealom) :
- kMg k(m, “m
| 1)_|%2‘£ (rm, n) B, s(n)In' “B (1) ]

— 1
° p(1-31)-1 4 p
=k;/q()»1) Z w()\z,m)n—f""(mﬂlfn} )

Page 7 of 15

23
= A am) 29
By (10) and (16) we have (18).
Using Holder’s inequality again, we have
o0 l,;hz
. Z[ (Bys(n)) 7 kan ][mv (), }
In|=2 In#~ 2 B, s (1) e (Byp(m) 7
it lnq(l‘“)‘lB (n)

<J — 0, > 24
[lz By )14 } 2%

and then by (18) we have (17).
On the other hand, assuming that (17) is valid, we set

Aa-1 Pl
b= j;f(” (Z k(m,mam) . IleN\(1)
By, |m|=2

and find

1

oo lnq(l—xz)_l B,] ﬂ(n) 1
= 2 : "By ) |
! |:In|2 By pm)i-a "
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By (23) it follows that J < co. If ] = 0, then (18) is trivially valid; if ] > 0, then we have

>\ In?1*2-L B 4 (n)
0<Y ——— W Tpa -
IX\; Byplm)t-a "

1 1
I(()L ) oo lnp(l—kl)—l Aé,a(m) ) p [ee] lnq(l—kz)—l Bn,ﬁ(”) . q
K| 2 TG | | o B

|m|=2

1 1

X pd1-*2)-1 B,p(n) » o0 lnp(l’“)’lAw(m) 7

= ————p1 KA L a7
! LnX:z Bypm)i=a " <K Z (Ago(m))t-» “m

lm|=2
Hence (18) is valid, which is equivalent to (17). O

Theorem 2 With regards to the assumptions of Theorem 1, the constant factor K(1,) in
(17) and (18) is the best possible.

Proof For 0 < e < ghy, we set A=A+l (> 0), kg =hy— & (e (0,1)), and

I A (m) I A o ()
AE,D( (Wl) AE,O( (Wl)

Ay =

(Im] € N\ {1}),

~ 2B (n) In*2"1B (n)
b, = AL ud NA{1}).
B, (1) B, »(n) (In] e N\ {1})

By (15) and (10) we find

1 1
e i lnp(l’m’lAgya(m)ép b i Ing0-*2)-1 B, 5(n) 2 1
a2 (Ago(m)tr ™" By glm)t-a "

[n]=2

1n“A§a( ) s In™'"* B, 4(n) i
|:m|2 Aga(m) :| |:Z Byp(n)

=2

(2csc o+ 0(1))}’ (2csc® B + 6(1))% (e —>0%),

8
I:= i‘ i k(m, n)aab,

n|=2 |m|=2
i ik( ln“ “1 Ag o (m) I*271 B, 4(n)
e sa(m) Byp(n)
> ~ ln"l ga(Wl) 1 _I_SAS(X(WI)
= (A ,m)— A ) 1 0(hy, m 7’
2 o= ! Z 2

Otn™"%"2) A (m))
Aé,ot (Wl)

B © g1t ., 00
=kﬂ<xl)[z %jm)(m)— )

|m|=2 |m|=2

= %kﬁ(il)(Z csc?a +o(1) — 80(1)).
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If there exists a positive number k < K(X;), such that (17) is still valid when replacing
K (1) by k, then in particular we have

o0 oo
sl=¢ Z Z k(m, n)a,,b, < ekl;.

|n|=2 |m|=2

We obtain from the above results that

»Q\»—‘

1
kg (Al + f) (2csc® o +0(1) - £0(1)) < k(2csc® o +0(1))? (2csc® B +6(1)) 4,
q
and then
2 2
4B(h1,Mp) csc? Besc? o < 2kcesc? acsci f (8 — O*),

namely, K(A1) = 2B(A1,12) csclg’ B csc% o < k. Hence, k = K(1;) is the best value of (17).
The constant factor K(A;) in (18) is still the best possible. Otherwise, we would reach a
contradiction by (24) that the constant factor in (17) is not the best possible. O

Theorem 3 Suppose that 0 <p <1, A, o <1, ay,,b,, > 0 (|m|, |n| € N\ {1}), and

Pl 1)1A$()

o<y 5 B )
(Aga(m))t»

<00, 0< <
(Byp(m)t-a "

m|=2 |n|=2
We have the following equivalent inequalities:
o0 oo
I= Z Z k(m,n)a,,b,
|n|=2 |m|=2
1
& P01 A (m) |7
K(x 1-0(Ay,m))—————a)
> ( 1)|:Z( ( 2 7}’1)) (Ag-‘,a(m))l_p m
|m|=2
(1-22)-1 i
Sl N : M) B
X ——b1 |, (25)

hlp 2 IB,”g Vl) i 1%
= k
J |:|HE "B, ( E (m,n)a ) j|

|m|=2
> lnp(l‘“)‘lAm(m) ’
>I<()\,1)|:|m2=2(1 —9()&2,1’}’1)) Wﬂfn} ) (26)

1
q

In?17 A (m) !
k(m,n
|:2|:2 (1= 6(ho, m))T=LAg () (mX:z o ) ]

1

O n2i-*2)-1 B, 5(n) g

where the constant factor K(A1) in (25), (26), and (27) is the best possible.
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Proof By the reverse Holder inequality with weight (cf. [22]), and (9), we find

o0 p
(Z k(m, n)am)

{ik(w [(Asa(m)zjln 7 Aga(m) m]

|m|=2 In"7 B,g(n)

1-A
[ In 7 B, 5(n) ]}p
X d
1 14

(Aga(m))dIn @ Ag, a(M)

v

Zk( (Asa(M))‘fln a Asa(M)

|m|=2 1 )\ZB /3(”) m
(1-1) -1
pz q By () p
Z k(m, n) 1—)\1’
m|=2 Aéa ) Aé.a(m)

_ (@G, mp” 'Byp(n
In?*271 B, 5(n)

Aéa ))qln q ASa(m)
|r;2k( 0,8(1) In'*2 B n.8(1) “

Since p — 1 < 0, by (13) it follows that

(1-rp)p

]>k;/q(kl){z Zk(m,n)(As,a(Wl))ﬂn a Ag,a(m)afn}p

/=2 |2 By, (n) In'™2 By ()

o0

1
p(1-21)-14 p
= kMa(n) |: Z w(hg,m) L L&) £a(m) a’,’n:| .

=2 (Ago(m)'? (28)

By (10) and (16) we have (26).

Using the reverse Holder’s inequality again, we have

)\zp
. Z[m B, i)

[n|=2 (B,“g(l’l))

[ed] % -2
Z k(m,n)am] |:1n ,3(1’1) n:|
m|=2

(B nﬂ(”l))l’
N X pd(1-22)-1 B, 4(n) L
][Z BT bz} , N

and then by using (26) we have (25).
On the other hand, assuming that (25) is valid, we set

nts T N

In”*271B ﬁ(n)
B, p(n)

p-1
kan ) , |l e N\ {1},

and find

oo lnq(l—xz)_l B,] ﬂ(n) 1
= 2 : "By ) |
! |:In|2 By pm)i-a "
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By (28) it follows that J > 0. If ] = 0o, then (26) is trivially valid; if 0 < J < 0o, then we have

] lnq(l—lz)—l Bn,ﬂ(”) .
(Bn.ﬁ (n))l_q "

|n|=2
=/ =]
> lnp(l_h)_lAg,o,(Wl) P% 00 lnq(l—kz)—lB (ﬂ)
>1<(x1)[2(1_9(x2,m)) A )17 ﬁi} Ll 2—(3,7,3(”))1 7 } :

ln”(l‘“)‘lAg,o,(m) »

|m]=2
00 |pai-t2)-1 ’ -
n Bn’ﬂ(”)bz} >K(A1)|:Z(1—9(?»2,m))Wd’”}

J- T Bapln)
|:In=2 (By,p ()1~ jm|=2

Hence (26) is valid, which is equivalent to (25).
By the reverse Holder inequality with weight (cf. [22]), and (9) we find

00 02/ 4, (m) -1
(Zk(m,n)bn> |:Zk(m,n) i ufB (n)}

=2 =2
(B,,ﬂ(n))q/pln —*2)alp g ﬂ(n)b

x Zk(m, e a
|n|=2 1A,, ( )
q (=2)q
_ (@, m) " A o (m Zk( (n)?In 7 nﬁ(”)bq
A;’:a(m)hll g Aga(m)

In"1 1A‘f (m) %

Since g < 0, by (10) it follows that

~A)q 1

q (1 1

o (Byp(m)? In" 7" B, s(n) "

L>kP( k(rm, )~ 18\ g
> (ﬂ ( 1)|:Z Z ((Wl 71) Ag,a(m) 11117)"1 Ag,a(m) n

|n|=2|m|=2
ad In?(-*2)-1 g (n) P
=kP0.0) @ (A, 1) — P
0| 27 O e

By (13) and (16) we have (27).
In the same way, we find

o0 1
11n7 " Ag o (m) :|

I= Z [(l—e(kg,m))PWam

[e¢]

’—1+M
y [ In'a ™ Ag o (m) Z k(m, Vl)bn:|

(1= 0(hy, m))? (Ag o ()14 (o755

= A (m) |7
> |:|m2_:2(1 —9()\.2, m))Wﬂfn L,

and then we can prove that (27) and (25) are equivalent.

(30)



Zhong et al. Journal of Inequalities and Applications (2017) 2017:315 Page 12 of 15

For 0 < & < min{pA1, |g|A1}, we set A1 = A; —;; (€(0,1)), Ay = Ay + £ (> 0), and

o ln“_ﬁ"lAg'a(m) ~ lnil*lAg,a(m)

Aea(m)  Aga(m) (Iml €N\ {1}),
~ ln)‘27%*1 Bn ;3(71) 1H5LZ_E_1 Bn /3(71)
n = ‘ = ) N .
B,,(n) B ENA)
By (15) and (13) we find

e Acalmpiz (B,

1 1
(e 9} - — P o - - q
. WA (m) |7 27 B, 4(m) - |
L= [Z (1=000,m) ————ah | | Y =
=2

S5, O“““‘“”“As,a<m>>]‘l’ b w}
Aéa( )

T I e T Acalm) PR

= é(ZCSCZ(X +o(1) - 80(1))1% (2esc® B+ 6(1))% (e — 0Y),

S - * X 171 A, (m) In*27571 B, 5(n)
I= Z Z k(m, n)ab, = Z Zk(m, n) 1 e

inl=2 =2 12 =2 Agalm) Byp(m)

Z @ (1, 1) _ (1) Z L In” " Byl

=2 (n) a n]=2 Byp(n)

- %kadl)(zcs&ﬂ +o(D)).

If there exists a positive number k > K();), such that (25) is still valid when replacing
K(X1) by k, then in particular we have

81—82 Z m, namb > ekls.
|m|=2 |n]=2

‘We obtain from the above results that

kg (Al + 5) (2csc®a +0(1)) > k(2esc® o + o(1) - eO(l))}’ (2csc® B + 5(1))%,

and then
) ) 2 2
4B(\1, Xa) csc” Besc? o > 2kcsc? acscd B (5 —0%),

2 2
namely, K(A1) = 2B(Xq,A2) csc? Bescd o > k. Hence, k = K(11) is the best value of (25)
The constant factor K(11) in (26) is still the best possible. Otherwise, we would reach a
contradiction by (30) that the constant factor in (25) is not the best possible

In the same way, by (30) we can proved that the constant factor K(A;) in (27) is still the
best possible.

O
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4 Operator expressions

(1 Ap)-1

Setting ¢(m) := %7'45“”" (Jm] € N\ {1}), and ¥ (n) := W;—))B”,f("), wherefrom
Ao —1

Y1P(n) = W (In| € N\ {1}), we define the real weighted normed function spaces
ub

as follows:

1
2
<X ¢,

Lo = {b: (b} 23 16l gy = (Z wmnw) < oo},

In|=2

lp,w = {(l = {ﬂm}\o:ﬂ:Q; ”a”p,w = (Z <P(Wl)|ﬂm|p>

|m]=2

1
00 b
lp,wl—p = {C = {Cn}mzz; llellpy1-r = (Z I/fljy(”l”cn |p> < OO}

|n|=2

For a = {am}};-, € by putting ¢, = ZTZ\ , k(m,n)a,, and c = {c,}};_,, it follows by (18)
that |[c|l, y1-» < K(*1)llallp,y, namely ¢ € [, j1-p.

Definition 2 Define the Mulholland-type operator T': [, , — [ )y 1-p2S follows: For a,, > 0,
a = {am} )2 € lp,y, there exists a unique representation 7a = ¢ € [, ,1-». We also define the
following formal inner product of 7z and b = {b,,}f;’l=2 €lgy (b, =0):

(Ta,b):= Y Y k(m,m)anb,. (31)
|n]=2 |m|=2

Hence, we may rewrite (17) and (18) in the following operator expressions:

(Ta, b) < K(x1)llallpe D]l gy (32)
I Tall,,y1-» < K1)l allpg- (33)

It follows that the operator T is bounded by

I Tal 1
ITN:= sup ——2LZ <K(u). (34)
a(#0)€ly,y llallpe

Since the constant factor K(A1) in (18) is the best possible, we have
[T = K(r1) = 2B(A1, A2) csc?? B esc? . (35)

Remark 1
(i) For& =n=01n (19), we have the following new inequality:

DI

|n|=2 |m|=2

1 1
1?3071 >, In?12-1 |y 1
< 23(}\.],)\‘2)|:Z Wﬂm Z |n|—1—qbz . (36)
nl=2

m|=2

In* |mn|

It follows that (19) is a more accurate inequalitythan (36); so is (17).
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(i) Ifa_, =am, b_,, =b, (m,ne N\ {1}), &,n €0, %], then (19) reduces to the
following inequality:

ZZ[W[(M_ Y- I [om— &)+ )]

+ X 1 + i ! ]ﬂmbn
In*[(m+&)n—n)] In*[(m+&)(n+n)

i[mpﬂ-m-l(m &) W on 5)} , }'i

e e mroir |

< 23()\1,)»2)1

X [n?172-1(p — ) In?072-1 (5 4 ) 7
: {2[ -t (me)i ]bz ' &7
(iii) fA=1,A1 = %, Aoy = }7, E=nel0, %], then (37) reduces to
;%[W—S)m—s) T in(m-£)(n +£)
1 1 b
inm+E)n-8) 1n(m+s)(n+s)}“’” "
m | & 1 1 ;
* sin(%) i%Lm—s)lP " m +s)”’]“€”}
. 1 :
" {g[o«—s)w ' (n+s>1q]bz} ' >

For & = 0, (38) reduces to (3). Hence, (17) is a more accurate extension of (3).

5 Conclusions

In this paper, by introducing independent parameters and applying the weight coefficients
and Hermite-Hadamard’s inequality we give a more accurate Mulholland-type inequality
in the whole plane with a best possible constant factor in Theorems 1-2. Furthermore,
the equivalent forms, the reverses in Theorem 3, a few particular cases, and the operator
expressions are considered. The method of real analysis is very important, which is the key
to prove the equivalent inequalities with the best possible constant factor. The lemmas and

theorems provide an extensive account of this type inequalities.
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