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Abstract
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1 Introduction
If p > 1, 1

p + 1
q = 1, am, bn ≥ 0, 0 <

∑∞
m=1 ap

m < ∞ and 0 <
∑∞

n=1 bq
n < ∞, then we have the

following Hardy-Hilbert’s inequality (cf. [1]):

∞∑

n=1

∞∑

m=1

ambn

m + n
<

π

sin(π/p)

( ∞∑

m=1

ap
m

) 1
p
( ∞∑

n=1

bq
n

) 1
q

, (1)

where the constant factor π
sin(π/p) is the best possible. In 1934, Hardy proved the follow-

ing more accurate inequality of (1) with the same best possible constant factor (cf. Theo-
rem 343 of [2]):

∞∑

n=1

∞∑

m=1

ambn

m + n – 1
<

π

sin(π/p)

( ∞∑

m=1

ap
m

) 1
p
( ∞∑

n=1

bq
n

) 1
q

. (2)

We still have the following Mulholland’s inequality with the same best possible constant
factor π

sin(π/p) (cf. Theorem 343 of [2], replacing am
m , bn

n by am, bn):

∞∑

n=2

∞∑

m=2

ambn

ln mn
<

π

sin(π/p)

( ∞∑

m=2

ap
m

m

) 1
p
( ∞∑

n=2

bq
n

n

) 1
q

. (3)

Inequalities (1)-(3) are important in analysis and its applications (cf. [2, 3]). In 2007, Yang
[4] first gave a Hilbert-type integral inequality in the whole plane. Many extensions of this
type inequalities and (1)-(3) were provided in [5–20].
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In 2016, Yang and Chen [21] gave a more accurate Hardy-Hilbert’s inequality in the
whole plane:

∞∑

|n|=1

∞∑

|m|=1

ambn

(|m – ξ | + |n – η|)λ

< 2B(λ1,λ2)

[ ∞∑

|m|=1

|m – ξ |p(1–λ1)–1ap
m

] 1
p
[ ∞∑

|n|=1

|n – η|q(1–λ2)–1bq
n

] 1
q

, (4)

where the constant factor 2B(λ1,λ2) (0 < λ1,λ2 ≤ 1, λ1 + λ2 = λ, ξ ,η ∈ [0, 1
2 ]) is the best

possible.
In this paper, by introducing independent parameters and applying the weight coeffi-

cients and Hermite-Hadamard’s inequality, we give a new more accurate extension of (3)
in the whole plane with a best possible constant factor similar to (4). Furthermore, we
consider the equivalent forms, the reverses, a few particular cases, and the operator ex-
pressions.

2 Some lemmas
In the following, we agree that p �= 0, 1, 1

p + 1
q = 1, λ1,λ2 > 0, λ1 + λ2 = λ,

α,β ∈
[

arccos

√
1
3

,π – arccos

√
1
3

]
(⊆ (0,π )

)
,

ξ ,η ∈ (– 3
2 , 3

2 ), satisfying

1
1 – cosγ

–
3
2

≤ ξ ,η ≤ –1
1 + cosγ

+
3
2

, (5)

and

hγ (λ1) := 2B(λ1,λ2) csc2 γ (γ = α,β). (6)

Note 1 For α,β = π
2 , we find ξ ,η ∈ [– 1

2 , 1
2 ]. If α,β ∈ [arccos

√
1
3 ,π – arccos

√
1
3 ], then

ξ ,η = 0 satisfy (5).
For |x|, |y| ≥ 3

2 , we set Aξ ,α(x) := |x – ξ | + (x – ξ ) cosα,

Bη,β (y) := |y – η| + (y – η) cosβ ,

and

k(x, y) :=
1

(ln Aξ ,α(x) + ln Bη,β (y))λ
=

1
lnλ Aξ ,α(x)Bη,β(y)

. (7)

Definition 1 Define two weight coefficients as follows:

ω(λ2, m) :=
∞∑

|n|=2

k(m, n)
Bη,β(n)

· lnλ1 Aξ ,α(m)
ln1–λ2 Bη,β(n)

, |m| ∈N \ {1}, (8)
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 (λ1, n) :=
∞∑

|m|=2

k(m, n)
Aξ ,α(m)

· lnλ2 Bη,β (n)
ln1–λ1 Aξ ,α(m)

, |n| ∈N \ {1}, (9)

where
∑∞

|j|=2 · · · =
∑–∞

j=–2 · · ·∑∞
j=2 · · · (j = m, n).

Lemma 1 For λ2 ≤ 1, we have the following inequalities:

kβ (λ1)
(
1 – θ (λ2, m)

)
< ω(λ2, m) < kβ (λ1), |m| ∈N \ {1}, (10)

where

θ (λ2, m) :=
1

B(λ1,λ2)

∫ ln[(2+η)(1+cosβ)]
ln Aξ ,α (m)

0

uλ2–1

(1 + u)λ
du = O

(
1

lnλ2 Aξ ,α(m)

)

∈ (0, 1). (11)

Proof For |m| ∈N \ {1}, we set

k(1)(m, y) :=
1

lnλ[Aξ ,α(m)(y – η)(cosβ – 1)]
, y < –

3
2

,

k(2)(m, y) :=
1

lnλ[Aξ ,α(m)(y – η)(cosβ + 1)]
, y >

3
2

,

wherefrom

h(1)(m, –y) =
1

lnλ[Aξ ,α(m)(y + η)(1 – cosβ)]
, y >

3
2

.

We find

ω(λ2, m) =
–∞∑

n=–2

k(1)(m, n) lnλ1 Aξ ,α(m)
(n – η)(cosβ – 1) ln1–λ2 [(n – η)(cosβ – 1)]

+
∞∑

n=2

k(2)(m, n) lnλ1 Aξ ,α(m)
(n – η)(1 + cosβ) ln1–λ2 [(n – η)(1 + cosβ)]

=
lnλ1 Aξ ,α(m)

1 – cosβ

∞∑

n=2

k(1)(m, –n)
(n + η) ln1–λ2 [(n + η)(1 – cosβ)]

+
lnλ1 Aξ ,α(m)

1 + cosβ

∞∑

n=2

k(2)(m, n)
(n – η) ln1–λ2 [(n – η)(1 + cosβ)]

. (12)

For fixed |m| ∈N \ {1}, since λ > 0, 0 < λ2 ≤ 1,we find that, for y > 3
2 ,

d
dy

k(i)(m, (–1)iy)
(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]

< 0,

d2

dy2
k(i)(m, (–1)iy)

(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]
> 0 (i = 1, 2),

and it follows that

k(i)(m, (–1)iy)
(y – (–1)iη) ln1–λ2 [(y – (–1)iη)(1 + (–1)i cosβ)]

(i = 1, 2)
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are strict decreasing and strictly convex in ( 3
2 ,∞). By Hermite-Hadamard’s inequality (see

[22]) and (12) we find

ω(λ2, m) <
lnλ1 Aξ ,α(m)

1 – cosβ

∫ ∞

3/2

k(1)(m, –y)
(y + η) ln1–λ2 [(y + η)(1 – cosβ)]

dy

+
lnλ1 Aξ ,α(m)

1 + cosβ

∫ ∞

3/2

k(2)(m, y)
(y – η) ln1–λ2 [(y – η)(1 + cosβ)]

dy.

In view of (5), it follows that ( 3
2 ± η)(1 ∓ cosβ) ≥ 1. Setting u = ln[(y+η)(1–cosβ)]

ln Aξ ,α (m)

(u = ln[(y–η)(1+cosβ)]
ln Aξ ,α (m) ) in the first (second) integral, by simplifications we obtain

ω(λ2, m) <
(

1
1 – cosβ

+
1

1 + cosβ

)∫ ∞

0

uλ2–1 du
(1 + u)λ

= 2B(λ1,λ2) csc2 β = kβ (λ1).

By monotonicity and (12) we still have

ω(λ2, m) >
lnλ1 Aξ ,α(m)

1 – cosβ

∫ ∞

2

k(1)(m, –y)
(y + η) ln1–λ2 [(y + η)(1 – cosβ)]

dy

+
lnλ1 Aξ ,α(m)

1 + cosβ

∫ ∞

2

k(2)(m, y)
(y – η) ln1–λ2 [(y – η)(1 + cosβ)]

dy

≥
(

1
1 – cosβ

+
1

1 + cosβ

)∫ ∞

ln[(2+|η|)(1+| cosβ|)]
ln Aξ ,α (m)

uλ2–1 du
(1 + u)λ

= kβ (λ1) – 2 csc2 β

∫ ln[(2+|η|)(1+| cosβ|)]
ln Aξ ,α (m)

0

uλ2–1 du
(1 + u)λ

= kβ (λ1)
(
1 – θ (λ2, m)

)
> 0,

where θ (λ2, m) is indicated by (11). It follows that θ (λ2, m) < 1 and

0 < θ (λ2, m) <
1

B(λ1,λ2)

∫ ln[(2+|η|)(1+| cosβ|)]
ln Aξ ,α (m)

0
uλ2–1 du

=
1

λ2B(λ1,λ2)

(
ln[(2 + |η|)(1 + | cosβ|)]

ln Aξ ,α(m)

)λ2

.

Hence, (10) and (11) are valid. �

In the same way, we still have the following:

Lemma 2 For λ1 ≤ 1, we have the following inequalities:

kα(λ1)
(
1 – θ̃ (λ1, n)

)
< 
 (λ1, n) < kα(λ1), |n| ∈ N \ {1}, (13)

where

θ̃ (λ1, n) :=
1

B(λ1,λ2)

∫ ln[(2+|ξ |)(1+| cosα|)]
ln Bη,β (n)

0

uλ1–1

(1 + u)λ
du = O

(
1

lnλ1 Bη,β (n)

)

∈ (0, 1). (14)
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Lemma 3 If ρ > 0, γ ∈ [arccos
√

1
3 ,π – arccos

√
1
3 ] (γ = α,β), and

1
1 – cosγ

–
3
2

≤ ς ≤ –1
1 + cosγ

+
3
2

(ς = ξ ,η),

then for (ς ,γ ) = (ξ ,α) (or (η,β)), we have

Hρ(ς ,γ ) :=
∞∑

|n|=2

ln–1–ρ[|n – ς | + (n – ς ) cosγ ]
|n – ς | + (n – ς ) cosγ

=
1
ρ

(
2 csc2 γ + o(1)

) (
ρ → 0+)

. (15)

Proof By Hermite-Hadamard’s inequality we find

Hρ(ς ,γ ) =
–∞∑

n=–2

ln–1–ρ[(n – ς )(cosγ – 1)]
(n – ς )(cosγ – 1)

+
∞∑

n=2

ln–1–ρ[(n – ς )(cosγ + 1)]
(n – ς )(cosγ + 1)

=
∞∑

n=2

{
ln–1–ρ[(n + ς )(1 – cosγ )]

(n – ς )(1 – cosγ )
+

ln–1–ρ[(n – ς )(cosγ + 1)]
(n – ς )(cosγ + 1)

}

≤
∫ ∞

3
2

{
ln–1–ρ[(y + ς )(1 – cosγ )]

(y – ς )(1 – cosγ )
+

ln–1–ρ[(y – ς )(cosγ + 1)]
(y – ς )(cosγ + 1)

}

dy

=
1
ρ

{
ln–ρ[( 3

2 + ς )(1 – cosγ )]
1 – cosγ

+
ln–ρ[( 3

2 – ς )(1 + cosγ )]
1 + cosγ

}

=
1
ρ

(
1

1 – cosγ
+

1
1 + cosγ

+ o1(1)
)

(
ρ → 0+)

.

We still can find that

Hρ(ς ,γ ) =
∞∑

n=2

{
ln–1–ρ[(n + ς )(1 – cosγ )]

(n – ς )(1 – cosγ )
+

ln–1–ρ[(n – ς )(cosγ + 1)]
(n – ς )(cosγ + 1)

}

≥
∫ ∞

2

{
ln–1–ρ[(y + ς )(1 – cosγ )]

(y – ς )(1 – cosγ )
+

ln–1–ρ[(y – ς )(cosγ + 1)]
(y – ς )(cosγ + 1)

}

dy

=
1
ρ

{
ln–ρ[(2 + ς )(1 – cosγ )]

1 – cosγ
+

ln–ρ[(2 – ς )(1 + cosγ )]
1 + cosγ

}

=
1
ρ

(
1

1 – cosγ
+

1
1 + cosγ

+ o2(1)
)

(
ρ → 0+)

.

Hence, we have (15). �

3 Main results and the reverses
We also set

K(λ1) := h1/p
β (λ1)h1/q

α (λ1) = 2B(λ1,λ2) csc2/p β csc2/q α. (16)

Theorem 1 Suppose that p > 1, λ1,λ2 ≤ 1, am, bn ≥ 0 (|m|, |n| ∈N \ {1}), and

0 <
∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m < ∞, 0 <
∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β(n))1–q bq

n < ∞.
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We have the following equivalent inequalities:

I :=
∞∑

|n|=2

∞∑

|m|=2

k(m, n)ambn

< K(λ1)

[ ∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
q

, (17)

J :=

[ ∞∑

|n|=2

lnpλ2–1 Bη,β (n)
Bη,β(n)

( ∞∑

|m|=2

k(m, n)am

)p] 1
p

< K(λ1)

[ ∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

. (18)

In particular, (i) for ξ ,η ∈ [– 1
2 , 1

2 ] (α = β = π
2 ), we have the following equivalent inequalities:

∞∑

|n|=2

∞∑

|m|=2

ambn

lnλ(|m – ξ ||n – η|)

< 2B(λ1,λ2)

[ ∞∑

|m|=2

lnp(1–λ1)–1 |m – ξ |
|m – ξ |1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 |n – η|
|n – η|1–q bq

n

] 1
q

, (19)

{ ∞∑

|n|=2

lnpλ2–1 |n – η|
|n – η|

[ ∞∑

|m|=2

am

lnλ(|m – ξ ||n – η|)

]p} 1
p

< 2B(λ1,λ2)

[ ∞∑

|m|=2

lnp(1–λ1)–1 |m – ξ |
|m – ξ |1–p ap

m

] 1
p

. (20)

(ii) For α,β ∈ [arccos 1
3 ,π – arccos 1

3 ] (ξ = η = 0), we have the following equivalent in-
equalities:

∞∑

|n|=2

∞∑

|m|=2

ambn

lnλ[(|m| + m cosα)(|n| + n cosβ)]

< K(λ1)

[ ∞∑

|m|=2

lnp(1–λ1)–1(|m| + m cosα)
(|m| + m cosα)1–p ap

m

] 1
p

×
[ ∞∑

|n|=2

lnq(1–λ2)–1(|n| + n cosβ)
(|n| + n cosβ)1–q bq

n

] 1
q

, (21)

{ ∞∑

|n|=2

lnpλ2–1(|n| + n cosβ)
|n| + n cosβ

[ ∞∑

|m|=2

am

lnλ[(|m| + m cosα)(|n| + n cosβ)]

]p} 1
p

< K(λ1)

[ ∞∑

|m|=2

lnp(1–λ1)–1(|m| + m cosα)
(|m| + m cosα)1–p ap

m

] 1
p

. (22)
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Proof By Hölder’s inequality with weight (cf. [22]) and (9) we find

( ∞∑

|m|=2

k(m, n)am

)p

=

{ ∞∑

|m|=2

k(m, n)
[

(Aξ ,α(m))
1
q ln

1–λ1
q Aξ ,α(m)

ln
1–λ2

p Bη,β (n)
am

]

×
[

ln
1–λ2

p Bη,β(n)

(Aξ ,α(m))
1
q ln

1–λ1
q Aξ ,α(m)

]}p

≤
∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

ln1–λ2 Bη,β (n)
ap

m

×
[ ∞∑

|m|=2

k(m, n)
ln

(1–λ2)q
p Bη,β (n)

Aξ ,α(m) ln1–λ1 Aξ ,α(m)

]p–1

=
(
 (λ1, n))p–1Bη,β (n)

lnpλ2–1 Bη,β (n)

∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Bη,β (n) ln1–λ2 Bη,β (n)
ap

m.

By (13) it follows that

J < k1/q
α (λ1)

[ ∞∑

|n|=2

∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Bη,β (n) ln1–λ2 Bη,β (n)
ap

m

] 1
p

= k1/q
α (λ1)

[ ∞∑

|m|=2

∞∑

|n|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Bη,β(n) ln1–λ2 Bη,β (n)
ap

m

] 1
p

= k1/q
α (λ1)

[ ∞∑

|m|=2

ω(λ2, m)
np(1–λ1)–1Aξ ,α(m)

(Aξ ,α(m))1–p ap
m

] 1
p

. (23)

By (10) and (16) we have (18).
Using Hölder’s inequality again, we have

I =
∞∑

|n|=2

[
(Bη,β(n))

–1
p

ln
1
p –λ2 Bη,β (n)

∞∑

|m|=2

k(m, n)am

][
ln

1
p –λ2 Bη,β (n)

(Bη,β(n))
–1
p

bn

]

≤ J

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
q

, (24)

and then by (18) we have (17).
On the other hand, assuming that (17) is valid, we set

bn :=
lnpλ2–1 Bη,β(n)

Bη,β(n)

( ∞∑

|m|=2

k(m, n)am

)p–1

, |n| ∈N \ {1},

and find

J =

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
p

.



Zhong et al. Journal of Inequalities and Applications  (2017) 2017:315 Page 8 of 15

By (23) it follows that J < ∞. If J = 0, then (18) is trivially valid; if J > 0, then we have

0 <
∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β(n))1–q bq

n = Jp = I

< K(λ1)

[ ∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β(n))1–q bq

n

] 1
q

,

J =

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
p

< K(λ1)

[ ∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

.

Hence (18) is valid, which is equivalent to (17). �

Theorem 2 With regards to the assumptions of Theorem 1, the constant factor K(λ1) in
(17) and (18) is the best possible.

Proof For 0 < ε < qλ2, we set λ̃1 = λ1 + ε
q (> 0), λ̃2 = λ2 – ε

q (∈ (0, 1)), and

ãm :=
lnλ1– ε

p –1 Aξ ,α(m)
Aξ ,α(m)

=
lnλ̃1–ε–1 Aξ ,α(m)

Aξ ,α(m)
(|m| ∈N \ {1}),

b̃n :=
lnλ2– ε

q –1 Bη,β(n)
Bη,β (n)

=
lnλ̃2–1 Bη,β (n)

Bη,β (n)
(|n| ∈N \ {1}).

By (15) and (10) we find

Ĩ1 :=

[ ∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ãp

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q b̃q

n

] 1
q

=

[ ∞∑

|m|=2

ln–1–ε Aξ ,α(m)
Aξ ,α(m)

] 1
p
[ ∞∑

|n|=2

ln–1–ε Bη,β (n)
Bη,β (n)

] 1
q

=
1
ε

(
2 csc2 α + o(1)

) 1
p
(
2 csc2 β + õ(1)

) 1
q

(
ε → 0+)

,

Ĩ :=
∞∑

|n|=2

∞∑

|m|=2

k(m, n)ãmb̃n

=
∞∑

|m|=2

∞∑

|n|=2

k(m, n)
lnλ̃1–ε–1 Aξ ,α(m)

Aξ ,α(m)
lnλ̃2–1 Bη,β (n)

Bη,β (n)

=
∞∑

|m|=2

ω(λ̃2, m)
ln–1–ε Aξ ,α(m)

Aξ ,α(m)
≥ kβ (λ̃1)

∞∑

|m|=2

(
1 – θ (λ̃2, m)

) ln–1–ε Aξ ,α(m)
Aξ ,α(m)

= kβ (λ̃1)

[ ∞∑

|m|=2

ln–1–ε Aξ ,α(m)
Aξ ,α(m)

–
∞∑

|m|=2

O(ln–1–( ε
p +λ2) Aξ ,α(m))

Aξ ,α(m)

]

=
1
ε

kβ (λ̃1)
(
2 csc2 α + o(1) – εO(1)

)
.
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If there exists a positive number k ≤ K(λ1), such that (17) is still valid when replacing
K(λ1) by k, then in particular we have

εĨ = ε

∞∑

|n|=2

∞∑

|m|=2

k(m, n)ãmb̃n < εkĨ1.

We obtain from the above results that

kβ

(

λ1 +
ε

q

)
(
2 csc2 α + o(1) – εO(1)

)
< k

(
2 csc2 α + o(1)

) 1
p
(
2 csc2 β + õ(1)

) 1
q ,

and then

4B(λ1,λ2) csc2 β csc2 α ≤ 2k csc
2
p α csc

2
q β

(
ε → 0+)

,

namely, K(λ1) = 2B(λ1,λ2) csc
2
p β csc

2
q α ≤ k. Hence, k = K(λ1) is the best value of (17).

The constant factor K(λ1) in (18) is still the best possible. Otherwise, we would reach a
contradiction by (24) that the constant factor in (17) is not the best possible. �

Theorem 3 Suppose that 0 < p < 1, λ1,λ2 ≤ 1, am, bn ≥ 0 (|m|, |n| ∈N \ {1}), and

0 <
∞∑

|m|=2

lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m < ∞, 0 <
∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β(n))1–q bq

n < ∞.

We have the following equivalent inequalities:

I =
∞∑

|n|=2

∞∑

|m|=2

k(m, n)ambn

> K(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

×
[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β(n)
(Bη,β(n))1–q bq

n

] 1
q

, (25)

J =

[ ∞∑

|n|=2

lnpλ2–1 Bη,β(n)
Bη,β (n)

( ∞∑

|m|=2

k(m, n)am

)p] 1
p

> K(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

, (26)

L :=

[ ∞∑

|m|=2

lnqλ1–1 Aξ ,α(m)
(1 – θ (λ2, m))q–1Aξ ,α(m)

( ∞∑

|n|=2

k(m, n)bn

)q] 1
q

> K(λ1)

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β(n))1–q bq

n

] 1
q

, (27)

where the constant factor K (λ1) in (25), (26), and (27) is the best possible.
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Proof By the reverse Hölder inequality with weight (cf. [22]), and (9), we find

( ∞∑

|m|=2

k(m, n)am

)p

=

{ ∞∑

|m|=2

k(m, n)
[

(Aξ ,α(m))
1
q ln

1–λ1
q Aξ ,α(m)

ln
1–λ2

p Bη,β (n)
am

]

×
[

ln
1–λ2

p Bη,β(n)

(Aξ ,α(m))
1
q ln

1–λ1
q Aξ ,α(m)

]}p

≥
∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

ln1–λ2 Bη,β (n)
ap

m

×
[ ∞∑

|m|=2

k(m, n)
ln

(1–λ2)q
p Bη,β (n)

Aξ ,α(m) ln1–λ1 Aξ ,α(m)

]p–1

=
(
 (λ1, n))p–1Bη,β (n)

lnpλ2–1 Bη,β (n)

∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Bη,β (n) ln1–λ2 Bη,β (n)
ap

m.

Since p – 1 < 0, by (13) it follows that

J > k1/q
α (λ1)

[ ∞∑

|n|=2

∞∑

|m|=2

k(m, n)
(Aξ ,α(m))

p
q ln

(1–λ1)p
q Aξ ,α(m)

Bη,β (n) ln1–λ2 Bη,β (n)
ap

m

] 1
p

= k1/q
α (λ1)

[ ∞∑

|m|=2

ω(λ2, m)
np(1–λ1)–1Aξ ,α(m)

(Aξ ,α(m))1–p ap
m

] 1
p

. (28)

By (10) and (16) we have (26).
Using the reverse Hölder’s inequality again, we have

I =
∞∑

|n|=2

[
lnλ2– 1

p Bη,β (n)

(Bη,β(n))
1
p

∞∑

|m|=2

k(m, n)am

][
ln

1
p –λ2 Bη,β (n)

(Bη,β(n))
–1
p

bn

]

≥ J

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
q

, (29)

and then by using (26) we have (25).
On the other hand, assuming that (25) is valid, we set

bn :=
lnpλ2–1 Bη,β(n)

Bη,β(n)

( ∞∑

|m|=2

k(m, n)am

)p–1

, |n| ∈N \ {1},

and find

J =

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
p

.
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By (28) it follows that J > 0. If J = ∞, then (26) is trivially valid; if 0 < J < ∞, then we have

∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

= Jp = I

> K(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β(n)
(Bη,β(n))1–q bq

n

] 1
q

,

J =

[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q bq

n

] 1
p

> K(λ1)

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

.

Hence (26) is valid, which is equivalent to (25).
By the reverse Hölder inequality with weight (cf. [22]), and (9) we find

( ∞∑

|n|=2

k(m, n)bn

)q

≤
[ ∞∑

|n|=2

k(m, n)
ln(1–λ1)p/q Aξ ,α(m)

Bη,β(n) ln1–λ2 Bη,β (n)

]q–1

×
∞∑

|n|=2

k(m, n)
(Bη,β(n))q/p ln(1–λ2)q/p Bη,β(n)

ln1–λ1 Aξ ,α(m)
bq

n

=
(ω(λ2, m))q–1Aξ ,α(m)

lnqλ1–1 Aξ ,α(m)

∞∑

|n|=2

k(m, n)
(Bη,β(n))

q
p ln

(1–λ2)q
p Bη,β (n)

Aξ ,α(m) ln1–λ1 Aξ ,α(m)
bq

n.

Since q < 0, by (10) it follows that

L > k1/p
β (λ1)

[ ∞∑

|n|=2

∞∑

|m|=2

k(m, n)
(Bη,β(n))

q
p ln

(1–λ2)q
p Bη,β (n)

Aξ ,α(m) ln1–λ1 Aξ ,α(m)
bq

n

] 1
p

= k1/p
β (λ1)

[ ∞∑

|n|=2


 (λ1, n)
lnq(1–λ2)–1 Bη,β (n)

(Bη,β (n))1–q bq
n

] 1
p

.

By (13) and (16) we have (27).
In the same way, we find

I =
∞∑

|m|=2

[
(
1 – θ (λ2, m)

) 1
p ln

1
q –λ1 Aξ ,α(m)

(Aξ ,α(m))–1/q am

]

×
[

ln
–1
q +λ1 Aξ ,α(m)

(1 – θ (λ2, m))
1
p (Aξ ,α(m))1/q

∞∑

|n|=2

k(m, n)bn

]

≥
[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ap

m

] 1
p

L, (30)

and then we can prove that (27) and (25) are equivalent.
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For 0 < ε < min{pλ1, |q|λ1}, we set λ̃1 = λ1 – ε
p (∈ (0, 1)), λ̃2 = λ2 + ε

p (> 0), and

ãm :=
lnλ1– ε

p –1 Aξ ,α(m)
Aξ ,α(m)

=
lnλ̃1–1 Aξ ,α(m)

Aξ ,α(m)
(|m| ∈N \ {1}),

b̃n :=
lnλ2– ε

q –1 Bη,β(n)
Bη,β (n)

=
lnλ̃2–ε–1 Bη,β(n)

Bη,β (n)
(|n| ∈N \ {1}).

By (15) and (13) we find

Ĩ2 :=

[ ∞∑

|m|=2

(
1 – θ (λ2, m)

) lnp(1–λ1)–1 Aξ ,α(m)
(Aξ ,α(m))1–p ãp

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 Bη,β(n)
(Bη,β(n))1–q b̃q

n

] 1
q

=

[ ∞∑

|m|=2

ln–1–ε Aξ ,α(m)
Aξ ,α(m)

–
∞∑

|m|=2

O(ln–1–(λ2+ε) Aξ ,α(m))
Aξ ,α(m)

] 1
p
[ ∞∑

|n|=2

ln–1–ε Bη,β(n)
Bη,β(n)

] 1
q

=
1
ε

(
2 csc2 α + o(1) – εO(1)

) 1
p
(
2 csc2 β + õ(1)

) 1
q

(
ε → 0+)

,

Ĩ =
∞∑

|n|=2

∞∑

|m|=2

k(m, n)ãmb̃n =
∞∑

|m|=2

∞∑

|n|=2

k(m, n)
lnλ̃1–1 Aξ ,α(m)

Aξ ,α(m)
lnλ̃2–ε–1 Bη,β(n)

Bη,β (n)

=
∞∑

|n|=2


 (λ̃1, n)
ln–1–ε Bη,β (n)

Bη,β (n)
≤ kα(λ̃1)

∞∑

|n|=2

ln–1–ε Bη,β(n)
Bη,β(n)

=
1
ε

kα(λ̃1)
(
2 csc2 β + o(1)

)
.

If there exists a positive number k ≥ K(λ1), such that (25) is still valid when replacing
K(λ1) by k, then in particular we have

εĨ = ε

∞∑

|m|=2

∞∑

|n|=2

k(m, n)ãmb̃n > εkĨ2.

We obtain from the above results that

kβ

(

λ1 +
ε

q

)
(
2 csc2 α + o(1)

)
> k

(
2 csc2 α + o(1) – εO(1)

) 1
p
(
2 csc2 β + õ(1)

) 1
q ,

and then

4B(λ1,λ2) csc2 β csc2 α ≥ 2k csc
2
p α csc

2
q β

(
ε → 0+)

,

namely, K(λ1) = 2B(λ1,λ2) csc
2
p β csc

2
q α ≥ k. Hence, k = K(λ1) is the best value of (25).

The constant factor K(λ1) in (26) is still the best possible. Otherwise, we would reach a
contradiction by (30) that the constant factor in (25) is not the best possible.

In the same way, by (30) we can proved that the constant factor K(λ1) in (27) is still the
best possible. �
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4 Operator expressions
Setting ϕ(m) := lnp(1–λ1)–1 Aξ ,α (m)

(Aξ ,α (m))1–p (|m| ∈ N \ {1}), and ψ(n) := lnq(1–λ2)–1 Bη,β (n)
(Bη,β (n))1–q , wherefrom

ψ1–p(n) = lnpλ2–1 Bη,β (n)
Bη,β (n) (|n| ∈ N \ {1}), we define the real weighted normed function spaces

as follows:

lp,ϕ :=

{

a = {am}∞|m|=2;‖a‖p,ϕ =

( ∞∑

|m|=2

ϕ(m)|am|p
) 1

p

< ∞
}

,

lq,ψ :=

{

b = {bn}∞|n|=2;‖b‖q,ψ =

( ∞∑

|n|=2

ψ(n)|bn|q
) 1

q

< ∞
}

,

lp,ψ1–p :=

{

c = {cn}∞|n|=2;‖c‖p,ψ1–p =

( ∞∑

|n|=2

ψ1–p(n)|cn|p
) 1

p

< ∞
}

.

For a = {am}∞|m|=2 ∈ lp,ϕ , putting cn =
∑∞

|m|=2 k(m, n)am and c = {cn}∞|n|=2, it follows by (18)
that ‖c‖p,ψ1–p < K(λ1)‖a‖p,ϕ , namely c ∈ lp,ψ1–p .

Definition 2 Define the Mulholland-type operator T : lp,ϕ → lp,ψ1–p as follows: For am ≥ 0,
a = {am}∞|m|=2 ∈ lp,ϕ , there exists a unique representation Ta = c ∈ lp,ψ1–p . We also define the
following formal inner product of Ta and b = {bn}∞|n|=2 ∈ lq,ψ (bn ≥ 0):

(Ta, b) :=
∞∑

|n|=2

∞∑

|m|=2

k(m, n)ambn. (31)

Hence, we may rewrite (17) and (18) in the following operator expressions:

(Ta, b) < K(λ1)‖a‖p,ϕ‖b‖q,ψ , (32)

‖Ta‖p,ψ1–p < K(λ1)‖a‖p,ϕ . (33)

It follows that the operator T is bounded by

‖T‖ := sup
a( �=θ )∈lp,ϕ

‖Ta‖p,ψ1–p

‖a‖p,ϕ
≤ K(λ1). (34)

Since the constant factor K(λ1) in (18) is the best possible, we have

‖T‖ = K(λ1) = 2B(λ1,λ2) csc2/p β csc2/q α. (35)

Remark 1
(i) For ξ = η = 0 in (19), we have the following new inequality:

∞∑

|n|=2

∞∑

|m|=2

ambn

lnλ |mn|

< 2B(λ1,λ2)

[ ∞∑

|m|=2

lnp(1–λ1)–1 |m|
|m|1–p ap

m

] 1
p
[ ∞∑

|n|=2

lnq(1–λ2)–1 |n|
|n|1–q bq

n

] 1
q

. (36)

It follows that (19) is a more accurate inequalitythan (36); so is (17).
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(ii) If a–m = am, b–n = bn (m, n ∈N \ {1}), ξ ,η ∈ [0, 1
2 ], then (19) reduces to the

following inequality:

∞∑

n=2

∞∑

m=2

[
1

lnλ[(m – ξ )(n – η)]
+

1
lnλ[(m – ξ )(n + η)]

+
1

lnλ[(m + ξ )(n – η)]
+

1
lnλ[(m + ξ )(n + η)]

]

ambn

< 2B(λ1,λ2)

{ ∞∑

m=2

[
lnp(1–λ1)–1(m – ξ )

(m – ξ )1–p +
lnp(1–λ1)–1(m + ξ )

(m + ξ )1–p

]

ap
m

} 1
p

×
{ ∞∑

n=2

[
lnq(1–λ2)–1(n – η)

(n – η)1–q +
lnq(1–λ2)–1(n + η)

(n + η)1–q

]

bq
n

} 1
q

. (37)

(iii) If λ = 1, λ1 = 1
q , λ2 = 1

p , ξ = η ∈ [0, 1
2 ], then (37) reduces to

∞∑

n=2

∞∑

m=2

[
1

ln(m – ξ )(n – ξ )
+

1
ln(m – ξ )(n + ξ )

+
1

ln(m + ξ )(n – ξ )
+

1
ln(m + ξ )(n + ξ )

]

ambn

<
2π

sin( π
p )

{ ∞∑

m=2

[
1

(m – ξ )1–p +
1

(m + ξ )1–p

]

ap
m

} 1
p

×
{ ∞∑

n=2

[
1

(n – ξ )1–q +
1

(n + ξ )1–q

]

bq
n

} 1
q

. (38)

For ξ = 0, (38) reduces to (3). Hence, (17) is a more accurate extension of (3).

5 Conclusions
In this paper, by introducing independent parameters and applying the weight coefficients
and Hermite-Hadamard’s inequality we give a more accurate Mulholland-type inequality
in the whole plane with a best possible constant factor in Theorems 1-2. Furthermore,
the equivalent forms, the reverses in Theorem 3, a few particular cases, and the operator
expressions are considered. The method of real analysis is very important, which is the key
to prove the equivalent inequalities with the best possible constant factor. The lemmas and
theorems provide an extensive account of this type inequalities.
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