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Abstract

In this paper, we consider the problem of boundedness of Hausdorff operator on
weighted central Morrey spaces. In particular, we obtain sharp bounds for Hausdorff
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1 Introduction

In recent years, the Hausdorff operator has gained much attention. This is mainly because
of seminal work done by Liflyand and Méricz in [1]. In the paper, they considered the one
dimensional Hausdorff operator

o (1) = /0 ?f(%) "

on real Hardy spaces. In [2], Lerner and Liflyand gave the following extension of /¢ to
Euclidean space R” for n > 2:

) cﬁ/ﬁz)f(A(y)x) dy, (1.1)

Hoaf (x) = /Dé

where A(y) is an # x n matrix satisfying non-singularity conditions almost everywhere in
the support of a fixed integrable function ®. After the appearance of references [1, 2], it was
natural to study, refine and extend the existing results on relevant function spaces. A num-
ber of significant studies have been undertaken in this regard like for example bounded-
ness of one and multidimensional Hausdorff operators on Hardy, L and BMO spaces [3—
8]. Besides, many authors have contributed a lot towards obtaining new estimates on other
function spaces. Among them we refer to [9—14] and the references therein.

On the other hand weighted norm inequalities for Hausdorff operators on function
spaces have recently been reported in the literature, which includes boundedness of Haus-
dorff operator on power weighted Hardy spaces [15, 16], weighted Herz-type Hardy spaces
[17] and on weighted Herz space on the Heisenberg group [18].

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13660-017-1588-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1588-4&domain=pdf
http://orcid.org/0000-0002-5840-0846
mailto:ahabbasi123@yahoo.com

Hussain and Ajaib Journal of Inequalities and Applications (2018) 2018:6 Page 2 of 19

In harmonic analysis the study of commutator operators on function spaces is also con-
sidered to be very important. It is to be noted that the commutators generated by Haus-
dorff operators with other functions are not widely discussed in the past. In a survey of
available literature one can find very few papers on this topic [19-23]. We define commu-
tators HY, 4 of Hp 4 with locally integrable function b as

Hclfu\(f) =bHo 4(f) — Ho,a(bf). (1.2)

When A(y) = diag[1/]y|,1/]y|,...,1/]y|], we obtain the commutators Hff, of Hg, where Hg
is given by

Hof )= [ q’(ﬁ)f@) dy. (13)
re [yl [yl

In [20], the authors have obtained some size conditions on ® such that the commutator
generated by Hausdorff operator Hy with Lipschitz function b is bounded on classical
Morrey spaces. However, the question of the boundedness of Hg, 4 on function spaces is
yet to be answered.

The purpose of this study is twofold. Firstly, motivated by the work in [17, 18], we give
estimates for the Hausdorff operator on weighted central Morrey space. In addition, under
some assumption on A(y), we work out the operator norm for Hg 4 on power weighted
central Morrey spaces. Secondly, we try to fill the gap to existing theory of the commuta-
tor of Hausdorff operators by defining a new type of commutators in (1.2) and establishing
the weighted estimates for such commutator operators. More precisely, under some as-
sumptions on A(y), we give necessary and sufficient conditions on the function ® such
that H% 4 is bounded on power weighted central Morrey spaces.

This paper is organized as follows. In the next section, we will introduce some notations
and definitions along with some necessary lemmas to be used in the subsequent sections of
this paper. Our main results regarding boundedness of Hausdorff operators on weighted
central Morrey spaces are stated and proved in the third section. Finally, the last section

is devoted to obtaining weighted estimates for the commutators of Hausdorff operator.

2 Notations and definitions

In 1938, Morrey [24] carried out a systematic study to investigate the local behavior of
solutions to a certain kind of partial differential equations and introduced a new function
space, what is called Morrey space. For 1 < g < 0o and -1/g < A < 0, the Morrey space
M9 (R") was defined as the set of all locally integrable functions f satisfying

1 1/q
f lpgr@ny = SUp <4/ (%) qu) <00,
M (R™) |B(ﬂ, R)|1+Aq BaR) V |

acR",R>0

where B(a, R) is the Euclidean ball centered at a with radius R and |B(a, R)| is its Lebesgue
measure. If B(a, R) is replaced by B(0, R) in the above definition, then the function space
is the central Morrey space M%*(R") introduced in [25] with the norm condition

1 1/q
W1 sigao (e :sup<— (x)qu> < 00.
Pllstos = 0P\ {50, Ryjioa B(O,R)lf |
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For the boundedness of the commutator operator on function spaces of central nature,
one usually looks for a corresponding function class to which the symbol function b be-
longs and which has BMO-type behavior at the origin. Having such a property an appro-
priate function space is the homogeneous central mean oscillation space CMO?(R"). Let
fB(0,r) denote the mean value of f over B(0, R), then we say that any locally integrable func-
tion f is in CMO?(R") if

1 . 1/q
(%) - f, dx) < 00.
1B, R)| B(O,R)lf fuon|

|lf||cMo‘1(R") = SUP<
R>0
For a detailed study of CMO1(R") space we refer the interested reader to [25, 26].
Obviously, BMO(R") ¢ CMO*(R") for 1 < q < co. However, the two spaces differ in
their properties. For example CMO4(R") depends on g and CMO1(R") C CMO?(R"),1 <
p < q < 0. Therefore, there is no analogy of the John-Nirenberg inequality of BMO(R")
for CMO?(R"). The space BMO(R") is the mean oscillation function space satisfying the
following norm condition:

1
If Il Bmory = SUP—/V(JC) ~ f3] dx.
B |Bl Jg

Muckenhoupt [27] firstly introduced the theory of A, weights while studying Hardy-
Littlewood maximal functions on weighted L? spaces. A weight w is a nonnegative, locally
integrable function on R”. For a given subset E of R”, we denote by w(E) the weighted
measure of E, that is, w(E) = |, £ w(x)dx. Also, by p’ we denote the conjugate index of p,
satisfying 1/p + 1/p' = 1.

Definition 2.1 A weight w is said to belong to the Muckenhoupt class 4,, 1 < p < 00, if
there exists a positive constant C such that, for every ball B C R”,

1 1 o g
(|B| f}le/(JC)dyC)(lB| [gw(x) dx) <C.

Also, w € A if there exists a positive constant C such that, for every ball B C R”,

<|7i| .[3 w(x) dx> <C eiseiz?f w(x).

For p = 00, we define Ao = U <00 4p-

Definition 2.2 ([28]) A weight w is said to belong to the reverse Holder class RH, if there
exists a fixed positive constant C and r > 1 such that, for every ball B C R”,

1/r C
(%l[gw’(x)dx) < E Bw(x)dx.

It is also well known for s > p that A, C A, and thatif we A,, 1 <p < 00, then w € A, for
some 1 < g < p. The infimum of all g such that w € A, is denoted by g,, and is known as the
critical index for w. In addition, if w € RH,, r > 1, then for some ¢ > 0 we have w € RH, ..
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We therefore use r,, = sup{r > 1 : w € RH,} to denote the critical index of w for the reverse
Holder condition.
A special class of Muckenhoupt A, weights is the power function |x|*. It is well known

that |x|* € A; if and only if —n < o < 0. Also, for 0 < @ < 00, |x|* € ﬂ( A,, where

n+a)/n<p<oo

(n + a)/n is known as the critical index of |x|*.
Here we state some propositions regarding A, weights, which will be helpful in obtaining

weighted estimates for Hausdorff operator and their commutators.

Proposition 2.3 ([28, 29]) Let w € A, N RH,, p > 1 and r > 1. Then there exist constant
C1, Cy > 0 such that

[EI\ _ w(E) [N\
(ia1) = =)

for any measurable subset E of the ball B. In general, for any 1. > 1,
w(B(xo, AR) < A" w(B(xo, R)).

Proposition 2.4 ([17]) Let f be a nonnegative locally integrable function. If w € Ap, p > 1,
then

_ 1 » )1/19
Bon 0 %= (g ™)

Let w be a weight function on R”, for any measurable set E C R”, the weighted Lebesgue

space L”(E;w) is the space of all functions satisfying

1/p
W llzzEm) = (/ELf(x) Pw(x) dx) <00,

In 2009, Komori and Shirai [30] introduced the weighted Morrey space and studied the
properties of classical operators on this space. Here, we only give the definition of the

weighted central Morrey space.

Definition 2.5 Let A € R, 1 < g < oo and w is a weight function on R”. Then the weighted
central Morrey space M%*(R”; w) is defined by

M (R w) = {f € LT (R w) : [l g2 @y < 0}

loc

where

1 1/q
I g0 gy = SU <7 (x) qw(x)dx) < 00.
llitor e = S0\ <30, Ry B(O,R)V |

If w is a weight function and fz,, = m /, o) f ) w(y) dy, then the weighted central
mean oscillation space can be defined as follows.
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Definition 2.6 Let 1 < g < 00, and w be a weight function. Then we say a function f €
Lfoc (R”; w) belongs to the weighted central mean oscillation space CMO(R"; w) if

1 7 >1/q
; nay) = SUP| ————= xX) — faw| wix)dx < 00.
”f”CMOq(]R, ) p<w(B(0,R)) o lf( ) — /3 | (%)

R>0

In the sequel, we shall use the notation A < B, meaning that there exists a constant
C > 0 independent of all essential values and variables such that A < CB. We shall use
the notation A >~ B, meaning that there exist constants C > 0 and ¢ > 0 independent of all
essential values and variables such that ¢cB < A < CB. Moreover, we will denote a weight
from the Muckenhoupt A, class by w. However, when the weight is reduced to the power
function, we will denote it by v, that is, v(x) = |x|*.

Finally, for an invertible matrix D we will use the norm

| Dex|

D= sup ——. (2.1)
xeRMz0 %]

Then it is easy to see that
1D < |det(D7)| = [ 07", (22)

Proposition 2.7 Let o be a real number, D is any nonsingular matrix and x € R", then we
have the following results:

(i)

I1D]|*v(x) ifa >0,
ID7HI™v(x)  ifa < 0;

(i)
v(B(0, [DIIR)) = ID|"**v(B(0, R)).
Proof The proof follows from the definition of v(x) and (2.1). a
Henceforth, for the sake of convenience, we will denote B(0, R) by B.

3 Bounds for Hp 4 on weighted central Morrey space
This section is devoted to stating and proving results on the boundedness of Hg 4 on a
weighted central Morrey space.

3.1 Main results

We now present the main results for this section.

Theorem 3.1 Let 1 < q;,q, < 00, A < 0. Suppose that w € A, with the critical index r,, for
the reverse Holder condition and suppose that q, > qary/(ry — 1).
Then forany 1 <8 <r,

||H<I>.Af||qu,k(Rn;w) = Kl”f”MqM(Rn,W),
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where

K, :/ |CI)():’)| |detA_1()/)|1/q1 ||A(y) ||nk+n/q1 dy
lag)i<1 11

+/ |CD();)| |detA71(y)|l/q1 ||A()/) ||n/q1+nk(8—1)/8 dy
=1 191

In the case that general weights are replaced by a power function, the result can be stated

in the form of the following theorem.

Theorem 3.2 Let1 <g<oo,-1/qg<A<0O.
(i) If0<a<oo,

1 Haoaf | i1ar @y = K2 If 1l igar @n vy
where
(y) RPN (nsa) (At 1/g) | 51, x|/
K= [ T2 leta o) Ao | |4 )]
R 1Y
(i) If-n<a <0, then
1 Hao,af | i1ar @y = K f 1l jgar @n vy

where

(b nA+ o
K- [ |y(|):l)|detA1(y)|l/q||A(y)|| Gtighat g,

Especially, if |A~(y)|| and || A(y)|| ! are comparable, we obtain the following sharp result.

Theorem 3.3 Let1 <g<o0,-1/g <1 <0,-n<a<oo,and ® be a nonnegative function.
Suppose that there is a constant C independent of y such that | A~ ()| < C|A(y)| ! for all
y € supp(®), then He 4 is bounded on M%(R";v) if and only if

D n+a
Ky - / D) 146)[ " dy < 0.
R 1Yl

Remark 3.4 Let A(y) = diag[1/p1(y),..., 1/, (y)] for w;(y) #0 (i = 1,2,...,n). Define

/’Ln(y)|}

m(y) = min{| 111 (y) wa|} M) = max{|u1(y)

ooy ey

For a constant C > 1 independent of y if M(y) < Cm(y), then it can easily be verified that
A(y) satisfies the assumptions of Theorem 3.3.

In the remaining of this section we will prove Theorems 3.1-3.3.
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3.2 Proof of Theorem 3.1
For a fixed ball B C R”, by the Minkowski inequality
()
| TR aomay

92 )
|Hoaf |22 Bow) = (/B T w(x) dx)
1/g2
S/ [®0)] (/V(A(y)xﬂqzw(x)dx) ! dy. (3.1)
R B

[y

In view of the condition q; > gor,,/(r,, — 1), there exists 1 < r < r,, such that ¢; = g7’ =
qor/(r—1). An application of the Holder inequality and the reverse Holder condition yields

. Liq 1/(rq2)
(40N Ly = ([ 4009 as) ([ wtor ax)
1/q1
< |detA‘1(y)|l/q1|B|‘1/q1W(B)1/q2 </ [f(x)|q1 dx> .
A(y)B

By virtue of Proposition 2.4, one has

1/q1
(/ If ()| dx)
AG)B

< |0 AR (a5 7w . Vmﬁwmmfm
- ' w(B(0, [AW)IIR)) Jao,140)1R)
= 46" [BO.B)] " w(B(0, ) sy (3:2)
which suggests that
“f(A(y)) ||qu B;w)
< et AT LA W (B0 AR Wiy 5

We thus conclude from (3.1) and (3.3) that

||H<I>,Af||Mq2'"A(Rn;W)

=< "f”Mql;*(Rn,W) /D;,, | o ’d tA” 1()/ |1/q1 ||A(y ”n/q1<

mmmmww»yd
w(B(0, R))

=< ”f”MqM(Rn,W)

s
% </ | |d tA- (y)|1/q1 ||A(_)/) ”n/ql(W(B(O: ||A(y)||R))> d
IAWII<1

[yl" w(B(0,R))
[®(y) g nlq1 (W(B(O, ||A()/)||R))>A )
de P 0N ay). .
- T A e o K ST

Since X < 0, Proposition 2.3 implies that, if [|A(y)| < 1,

A
(M0 140 (W) Jao)]™, 59

w(B(0, R)) [B(0, R)|
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and, if [A()] > 1,

wBO, [AW IR\ _ ( 1BO, IAW IR\ A (6-1)/5
wBo.R) ) =\ BoR) = [aol™

forany 1< 8 <ry,.
Therefore, from (3.4)-(3.6) it is easy to see that, for any 1 <8 < r,,,

||H<I>.Af||quJ(Rn;w)

|CD )| - ni+n
Wi [, G A0 o]

+/ |CI)():’)| }dCtA_l()/)’Uql ”A(y) Hn/q1+n)\(5—1)/6 dj/)
laG)=1 1l

The proof of Theorem 3.1 is completed.

3.3 Proof of Theorem 3.2
In view of the Minkowski inequality, change of variables and Proposition 2.7, we have

1 1/q
S S q
<V<B<0, R)) /Bm,R) |Hoaf [1(x) dx)

1/q
< V(B(O,R))_(Ml/q) A‘v |q|;(|{l)| (/B[}‘(A(y)x)’qv(x) dx) dy

~v(B(0,R)) "'

|¢‘O/)| 1 1/q( q a 4 )l/qd
<[ D jgeea) / elaoma)

2 g @y

f]RVl lt,?r?l | detA—l(y)lllq”A(y)||(n+a)(k+1/q)”A—l(y)”oz/q dy ifa>0,

f]R” |‘|I;(|)r’l)| | detA—l(y)ll/q”A(y)||n(A+1/q)+aA dy if o <0.

Therefore, we conclude that

K, ifa>0,

1 Hoal 12 @n,v)— o gy <
K ifa<o.
Thus we finish the proof of Theorem 3.2.

3.4 Proof of Theorem 3.3
If JA71(») | < |A()|I7Y, we infer from (2.2) that

JAG)| ™" ~ |det A7 ()] ~ | A7 )| ™. (3.7)

Here we will prove the necessary part of Theorem 3.3, as the sufficient part can easily be
obtained from Theorem 3.2. We divide our proof into the following two cases.
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Case 1. If —-1/g < A < 00.

In this case, we select f; € MP*(R";v) such that fox) = |x|#@* Tt is easy to see that
Wfoll o sy = 18" 71174 (m + &)*(1 + Aq)~"/4, where |S"~!| denotes the volume of unit sphere
s

On the other hand, making use of the fact that (# + o)A < 0, we obtain

Hoafo(x) :/ @(y) ‘A(y)x’(ma)x dy

re "
O] n+a)A
= [ SR Ao

this implies that

H (y) || n+a)A

| Hoall jrar mrp)— ira ®e,v) = / byl

as required.
Case 2. If L = —1/g, then, for 0 < € < 1, we take

Solo) =[x~V .

€

A simple computation yields ||fc ||Zq(Rn;V) =18 :' . Now, by definition

(b (n+a)/q—
Hoa(fe)(x) = / I |A()/) | e X(AQ)>1) AY

([ g Y
1AW =1/ Y]

Now,

”H‘D,A(fe) “Z‘I(R”,v)

¢ —\n+a —€ q
i/ (|x| n+a/q 6/ (y)“ )” (r+ )/q > V(x)dx
lx[>1 1A =1/ 1Y
€ ® ) —(n+a)/q— g
= w d(f ] )
x> 1 A= V1

_</ HIse |y|" Ao a y) (€)W agr sy

by letting € — 0, we have

1 H o llLa(gn)—rLaen ) = / “ W o) /"d

yl”
With this we complete the proof of Theorem 3.3.
4 Bounds for Hfl,,A on weighted central Morrey space

4.1 Main results
We now present the main results for this section.
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Theorem 4.1 Let 1 <g<o00,1 <s<q; <00, 1/s=1/q + 1/q, and A < 0. Suppose that
w € A, with the critical index r, for the reverse Holder condition and suppose that s >
qrwl(ry — 1).

Then forany 1 <8 <ry,

I A g0 gy = K101 cirons enn 1 igar oy
where
@ (y)|| det A~ (y)|Var detA~1(y)| Va2 2
K - |®(y)]| de fy)l (1+| e (y)/l )log dy
lagi<t I IAQ) ||l A(y)||-"/a2 1AW

. / | ()|| det AL (y)| Vo <1+ | det A~ (y)| 22
A

log2||A(y)|| dy.
laoy =1 " AQ) || a1 AQy)|| "2 ) [4)]

Instead of general weights, when dealing with power weights, we have the following
results.

Theorem 4.2 Let1 <g<q;<00,1/q=1/q1 +1/q, -1/q <1 < 0. Then:
(i) If0<a<oo,

“Héﬁf“z\‘/mfh(w;v) = Kollbll cirons @y IV 1l g en, o

where

X _/ |d>(y)||detA-l(y)|qll||A-1(y)||q“1(1 |det A1 (y) 2 I14- l(y)nqz)
6= 1
A IAG)I ™

2
x | log X(Am<1y +10g 2| AW | x4 >1>dy.
< IIA(y)II {IAW)II<1} ” ” (1A =1}
(i) If-n<a <0, then

||H§>Af||Mq,x(Rn;v) = K7||b||cMoqz(Rn,v)|[f||Mq1,A(]Rn,V),

where

X / | ()] det A~ (3)] 70 <1 | det A~ 1(y)m)
B |y ||A(y y| ) IAQ)|

x o X ay +1og2|A() | x N )d
< ||A(y)|| (140 l<1} 1A | xuapn=1) | dy-

More specifically, if [A™1(y)|| and ||A(y)||"* are comparable, we obtain the sharp results
by decomposing H é’ 4 as follows:

b1 4 _ D(y) ~
=[P 0 - bl a0

= [ 2D b - b(ao)Aom)
=1 1|
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Theorem 4.3 Let1<qg<q; <00, 1/q=1/q1 + 1/qs, —1/q < A <0, and ® be a nonnegative
function. Suppose that there is a positive constant C independent of y such that |A™1(y)| <
CIIA@)||I7! for all y € supp(®). In addition, if ®(y)/|y|" is integrable then:

(i) Hf[’;iq is bounded from MT*(R";v) to M4 (R";v) if and only if

_ CI)()/ (n+oz))L
Ks = /A(y i<t 11" ||| (y)“

2
dy < 00
Clapn @

(ii) Hfl’;i‘ is bounded from MT*(R";v) to M (R";v) if and only if

Ko = / PO) 146 " tog 2 AW | dy < oo
lapi=1 1y

Remark 4.4 Note that, from the preceding theorem, one cannot deduce L?(R"; v) bound-

edness for the commutator operator by taking A = —1/p, just in the case of Theorem 3.3.

This raises an open question regarding the I” boundedness of HY, > which will be an-

swered later.

Remark 4.5 Validity of assumptions in Theorem 4.3 can be justified by Remark 3.4 in
third section.

4.2 Proof of Theorem 4.1
As before we fix a ball B C R”. Using Minkowski inequality, we obtain

I L
q 1/q
:(/ f 20 (b66) - b(AGIF(AGI) dy w(x)dx)
BlJrr 1yl
< |CD(y)| q 1/q
‘/ .yl (/ |(bx) = b(A)x))f (AD))] W(x)dx) dy

1/
< f 'qD(y)'( |(b(x)-bB,w)f(A(y)x)Vw(x)dx) qdy
R |Y]" B

1/q
[ OO [ g~ bt i)

/n |¢(y)l(/| ) = bagysw)f (AQ))["w( dx)l/qdy

[y|"

= 11 + 12 + 13.
Let us start estimating ;. For this purpose, we first compute the inner norm |(b(-) —

bpw)f (A(¥))|lLa(Bw)- The condition s > gr,,/(r, — 1) implies that there is 1 < r < r,, such that
s=gqr’ = qr/(r — 1). By the Holder inequality and the reverse Holder condition, we obtain

” (b(') - bBrW)f(A(y)') ”Lq(B;w)

= < /B | (b) — bew)f (AD)x) [ dx>1’s ( /B W(x)’dx> ()

1/s
=< |B|—”SW(B)1/q( /B |(b(x)—b3,w)f(A(y)x)|de> .
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In view of the condition 1/s = 1/q; + 1/g,, we have

H (b(') - vaW)f(A(y)') ”Lq(B;w)
i) Liq
< |B|‘”Sw(B)”‘f( / |b(x) — bp|™ dx) ( f I (AG)x) " dx)
B B

< {detA—l(y)|1/q1 |B|71/SW(B)1/L[

1/q2 1/q1
X ( f |b(x) - bg| " dx) ( [f)|" dx) . (4.1)
B A(y)B

By virtue of Proposition 2.4, it is easy to see that

liga
( / |b(x) — g, | dx) < [BIM2 bl c10m - (4.2)
B
Substituting the result from inequalities (3.2) and (4.2) into (4.1), one has
[ (2C) = bw)f (AD)) | aga
— / n/
= W(B)l/q’detA 10’)|1 © ”A()’) ” qlw(AO/)B)A||b||cMOq2(Rn,w) |lf”Mqlv)~(R”,w)'

Therefore, we obtain

Iy < w(B)" M 1b oz @y I Nl gar o )

D) L a way ( WBO, [A®)IR)\*
y /1; o deta )] 4| (—W(B(O,R)) >dy. 43)

Making use of the inequalities (3.5) and (3.6) into (4.3), we get

Iy = w(B)" M 1b oz @y I L gar o )

% (/ |q>():l)| |detA_1(y)‘l/q1 HA()/) ||nA+n/q1 dy
lag< 11

+f |‘b():l)| ’detA,l(y)|1/q1 ||A(y) an(S—l)/SJrn/ql dy)
o= 1Yl

Now, we turn to an estimate of I, which can be written as

@)
I= /R o A0 s~ il . (4.4)

Here, the indices g and s bear the same relationship as observed between ¢; and ¢, of
Theorem 3.1. Therefore, we infer from (3.3) that

Hf(A(y)) “L”I(B;w)

< [det A ()| A | w(B(O, R)) T w(B(0, | AG) | R)) I ll 755 it -
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Applying the Holder inequality to s/g; and s/g», we have

Hf(A()/)) “L”I(B;w)

< |detA™ ()| | AG) | " wiB) 1w (B(0, ) I 01 - (4.5)

With the help of (4.5), inequality (4.4) assumes the following form:

I, =< W(B)Ml/q|lf||Mq1'k(Rn,w)

~ / |q>()/)| |d€tA_1(y)|1/SHA0/)”n/S W(B(Or ”A(y)”R)))L
re yI"

w(B(0, R))*

|bBw — bag)swl dy.
For A <0, the inequalities (3.5) and (3.6) help us to obtain

I, < W(B))ﬁl/q”f”j\'/[ﬂh')‘ R”,w)

¢ s nA+n/s
([ O ) )
A<l |J’|

ni(8-1)/8+nls

+/ i {d tA~(y) |1/S||A()’ ” |bB,w—bA(y)B,w|dy)
IAWII=1

Lyl
= W(B)Ml/q”f”Mqlvl(Rn,W)(Im +In). (4.6)
For convenience, we denote ¢(y) = W‘|detA Ly)|Y5 | A(y)|"®+1/5), Moreover, for

lA(y)|l < 1, there exists j € Z such that 27! < || A(y)|| < 27. Thus

j
Iy = f ) o) { > 1by-igy — by-is1gyl + 1byi,, — bagsul } dy.
IAW)II<1

i=1

Since w € A, using the Holder inequality it is easy to see that

1
|By-ig,y — by-inig,,| < B / |b(») = by-iv1 5| W(y) dy
W(Z_HIB)
< (24“&” | caroz ®nw)
=

161l ciitom -

Similarly, |by-jz ,, — bay)w! = 161l cir092 v,y and thus

by X Wlcitonens 2/2;1 iy, PN 1

< ||b||CMoq2 R”,w) 2/2‘] L ”A(y ” 21 ){10g2]+ l}dy

n(k+1/s

[deta” ()| 40|

| D
=< ||b||cMOq2(Rn,W)f (y djﬂ

2
A<t Iy ||A()/||
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Following the same procedure as in the approximation of I5;, we estimate I, as

Dy <15l cironz ®n,w)

n(rA(8-1)/8+1/s)

@ s
<[ Eaeario) o)) log2] A dy.
[Ap)1=1

[y

Incorporating the estimates of I5; and I, into (4.6), we obtain

L < wBY ™Mb ciroms I g g )

20)] ~1,0 |18 A+1/s
><</IA(y||<1 lyl" |detA™0)[ [ AG) H

2
d
*laom @
+/ |(1)():1 ’d tA- 1()/ |1/S||A()/ ”n(k(ﬁ 1/6+1/s1 g2||A(y)|| dy)
lagyi=1 1yl

It remains to approximate I3. For this purpose, we infer from (4.1) that

| B(AG)) = bavisu)f (A0)) | 1ags

=< ’detA—l(y)’l/ql |B|—I/SW(B)1/q

liga lq1
X </ |b(A(y)x) — bA(y)B,W|q2 dx) (/ []‘(9c)|q1 dx) . (4.7)
B A(y)B

Making use of Proposition 2.4, one can obtain

( /B |6(AW)) - bagysn|® dx) Vas

g2
= |deta ()| (/A(y)B|b(x) — bagsw| ™ dx)

_ n /
= [det A7 )| [AG) | |BO, B 151l cirom @y (48)
In view of (3.2), (4.7) and (4.8), it is easy to verify that

H (b(A(y)) - bA(y)B'W)f(A(y)') ”Lq(B;w)

_ i I A
< w(B)"|det A )| " |AG) | W(AD)B) 181l cirom g i 1 L sgar @ wy-
We thus obtain
I3 = W(B)Muq||b||cMoq2(JRn,w) |[f||Mq1,A(Rn,W)

D) Vs wis ( WBO, |A®)IR)\*
XA;W i 1A 040 ( w(B(O, R)) )d
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Finally, inequalities (3.5) and (3.6) lead to

A+1/,
I3 < W(B) " q”b”C}\'/[oqz R",w) ”f”MqM R",w)

|<D(y 1/s nk+n/s
detA™ A
X</|A(y)||<1 IyI” |det A7 ()| [AG) |

+/ | . |d tA™ l()/ |1/s||A()/ ”n)u? 1)/8+n/sdy>,
lapi=1 1l

forany 1 <48 <r,.

Combining the estimates for I, I, and I3, we obtain

b
”H@,Af“Mq,A(Rn;W) = KSHb”cMoqz(Rn,w)|lf||Mq1,k(Rn,W>'

This completes the proof of Theorem 4.1.

4.3 Proof of Theorem 4.2

(i) As in the previous theorem
”Hg.Af“Lq(B;V) <h+h+/3

where J;, J> and J3 assume the form of Iy, I; and I3, respectively, but with w(-) is replaced
by v(-).
An application of the Holder inequality and change of variables yields

o 1/q2 Liqq
I < fR n' (y)|< /B |b(x)—b3,v|q2v(x)dx) ( /B [f(A(y)x)|‘“v(x)dx> dy

[yl”

<v(B)Y2|1b| cjsom (®R",)

X/W 'T(ﬂ |det A~ (y)|”‘“(/ If ()| " v(A (y)x)dx)uqldy.

In view of Proposition 2.7 it is easy to see that

J1 2 VB MU b| cipom @ 1 L jgan s o

X/ |d>()’)| |d tA™ 1()])‘1/511 HA()/ ” n+o )L+l/q1)HA 1()/ “a/qld
R}’l
The expression for J, can be written as

0]
h=A}ﬁ¥WM@NMme—mww@. (@9)
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In order to estimate /, we first compute ||f(A(y)-)||La(s). For this purpose a change of vari-
ables following the Holder inequality and Proposition 2.7 gives us

1 (A0) | s
= ( /B If (A()x) | v(x) dx)llq

_ “10,1 |14 a,04-1 e
’detA (y)‘ [f (x) ’ V(A (y)x) dx
A(y)B

< [det A7 )" A ) | 1f e acs
< [det A7 )| " A7 0) | If o i v(AG)B) P
< v(B|det A )| A | H DA ) | s -

Therefore (4.9) becomes

J2 2 VB MU | jgar v gy

X[ |D ()|l det A~ ()Y A7 (y)]|*
. |y|n ||A(y)||—(n+a)(k+1/q)

|bgy — bay)By| dy.

; _ 120l detA” )| A o))+
By denoting ¥ (y) = SITTAG) 0T We decompose J; as

J = V(B)Ml/q”f”MmJ(Rn,v)
X ( / Y (9)|bpy — baysyl dy + / V()|bgy — bay)syl dy)
lAG)I<1 HIES!
= VB M f || a1 2 gy U + J22).-

Again, we arrive at the same point as reached in (4.6) with w(-) replaced by v(-). Therefore,
performing in a way similar to that point forward we estimate /, as

S = V(B)Muq||b||cMoq2(Rn,v)|lf||Mq1:h(Rn,v)

( / [@O)IIdetA” ) A I 2
X Og
e DAt AOI

+/ |(y)[| det A~ ()| ]IA™ ()]
lA®I=1 I AQ) ||~ +17a)

log 2 40| dy).
It remains to estimate /3. For this purpose we proceed as follows:
| (B(AG)) = o )f (AD)) | s,
1/q
_ ( /B (B(AG)X) - bapyss ) (AG)x)| V() dx>
1/ v
= |detA~ ()| ( / | (b(x) = bagz)f @) v(A™ ()x) dx)
A()B

=< [deta” )" A7 O () - baos)f O sagaiysm



Hussain and Ajaib Journal of Inequalities and Applications (2018) 2018:6 Page 17 of 19

RPNV /
< |det A7 WA O 11D ~ bagsyllzaz s 1 l1a oz
=< V(B VU1l cigon oy I | gar )

« |detA‘1(y)|1/q||A(y) H(n+ot)()»+1/q) ||A—1(y)||a/q'
Hence,
Js = V(B bl cip0m @y 1 Nl gan o )

~ /l‘{n |q>()’)| |detA‘1(y)‘l/q”A(y) ”(n+a)(k+l/q) HA_l(y) ”a/qdy'

lyl"

Combining the estimates for J;, /5, and /3 we obtain

b
”HCD,Af”Mq,A(]Rn;V) = KelIbll cirona @ W i g

This completes the proof of part (i).
(ii) Using Proposition 2.7 along with an argument as given above, the proof of this part
becomes simpler. We thus finish the proof of Theorem 4.2.

4.4 Proof of Theorem 4.3
@) If AT )| < IA@)]I7L, then (3.7) is valid. The sufficient part of Theorem 4.3 can easily
be obtained from Theorem 4.2. Next we will show the necessary part.

For —1/q < A < 0, choose fy(x) = |x|"*®*, It is easy to see that fy € M7*(R";v) and
Wfoll jgar gy = 15”7174 (m + @)*(1 + Ag1)~41. Assume that H, b’jl is bounded from M7+
to M%* for all b € ||bl| cirom @n,)- Taking by = log x|, then by Lemma 2.3 in [31], b
CMO% (R, v). Noting that (n + oe)A < 0, we have

-1
sl | @—%wywog<_'f*<y>x')
i<t 171 x|

=PO |y|" Aol ||Aiy)|| @
Hence,
8 s i = [ R AO|" o
A<t 11 ||A(V)||
Therefore, we obtain
/A(y><1 Ty%)” )" ||Azy>|| @y <o (410

On the other hand

n ot))»
/A(}’ <12 |J’|” “ (y)” )

1
< " log ——— dy. 411
/A(y Y<1/2 |J/|” ” ” ||A(:V)|| 4 (*11)
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Since ®(y)/|y|" is integrable and (n + o)A < 0,

/ n || )] " dy < oo, (4.12)
12<]AG)] <1 |}’|

From (4.11) and (4.12), we have

d n+a
f D)) 4] " dy < co. (4.13)
gt 191

It is important to note that

Komtog2 [ Z0ap)"
IAG)I<1 lyl

(D(Y) (n+o)r 1
log———d
+/|A<y>u§1 e A0 og e

Then, combining (4.10) and (4.13), we have Kg < co.
This proves part (i) of Theorem 4.3.

(ii) In this case we replace by(x) by log I%I , then by an argument similar to above the proof

can be obtained easily.
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