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1 Introduction
In 1998, Yu et al. [1] extended the Bogoyavlenskii Schiff equation
U+ Wus =0, D(u) =02 +4u + 2u,d.", (1)
to the (3 + 1)-dimensional NLEE
(—4ue + (W), + 3y =0, D () = 0] +4u + 2u, 0" (2)

Setting u := u,, equation (2) is changed into the (3 + 1)-dimensional potential Yu-Toda-
Sasa-Fukuyama (YTSF) equation

Us — Ylhy + Qlyllys + 2lhynlhs + 3y, = 0. (3)
The generalized (3 + 1)-dimensional Zakharov-Kuznetsov (gZK) equation is given by
A U Uy + Aol + A3Uyy + Aglyss + AsUlly + Aglhyy + Uy = 0. (4)
Here a; (i=1,2,...,6) are arbitrary constants.
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We note that equation (4) includes many famous NLEEs as its special cases. For instance,
if a1 = as = as = ag = 0, then equation (4) is the Korteweg-de Vries equation [2, 3]. If a; =
ay = as = 0, then equation (4) is the (2 + 1) dimensional ZK-MEW equation [4]. If as = a4 =
ag = 0, then equation (4) is the Gardner equation [5]. If a4 = a5 = a¢ = 0, then equation (4)
is the modified Zakharov-Kuznetsov equation [6].

In recent years, it has aroused widespread interest in the study of NLEEs [7-13]. Equa-
tions (3) and (4) are very meaningful higher-dimensional NLEEs which can describe many
dynamic processes and important phenomena in engineering and physics. The YTSF
equation is a mostly used model for investigating the dynamics of solitons and nonlin-
ear waves in fluid dynamics, plasma physics and weakly dispersive media [13]. Zakharov
and Kuznetsov [14] proposed the ZK equation to describe nonlinear ion-acoustic waves in
a plasma comprised of cold ions and hot isothermal electrons in the presence of a uniform
magnetic field. Many physical phenomena, in the purely dispersive limit, are governed by
this type of equation, such as the long waves on a thin liquid film [15], the Rossby waves in
a rotating atmosphere [16], and the isolated vortex of drift waves in a three-dimensional
plasma [17]. The gZK equation is of a generalized setting of ZK equation. Seeking exact
solutions of NLEEs is an interesting and significant subject. Over the past few years, many
powerful methods for constructing the solutions of NLEEs have been used, for instance,
the Bécklund transform method [18], direct algebraic method [19], modified simple equa-
tion method [20], Lie group method [21, 22], exp(—¢(z))-expansion method [8, 9, 23, 24],
and so on. Recently, Yuan et al. [25-27] introduced the complex method to find the exact
solutions of NLEEs in mathematical physics. In this paper, we study symmetries, sym-
metry reduction of the two higher-dimensional NLEEs, and then we obtain their exact
solutions via the exp(—¢(z))-expansion method and complex method.

2 Description of the methods
2.1 Description of the exp(-¢(z))-expansion method
Suppose that a nonlinear partial differential equation (PDE) is given by

P(u; Uy, Uy, Uty Uy Uyy, Uz, -« ') =0, (5)

where P is a polynomial of an unknown function u(x,y,t) and its derivatives in which
nonlinear terms and highest order derivatives are involved. The main steps of this method
are given in the following.

Step 1. Substituting the traveling wave transform

ux,y,t) =w(z), z=kx+ly+rt
into equation (5) converts it to the following ordinary differential equation (ODE):

F(w,w,w',w",...)=0, (6)

d
d_Z .
Step 2. Assume that equation (6) has the following traveling wave solution:

in which F is a polynomial of w(z) and its derivatives, while ' :=

w2) =Y Cilexp(-4(2)), (7)

j=0
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where C; (0 < < n) are constants to be determined, such that C; # 0 and ¢ = ¢(z) satisfies
the ODE as follows:

¢'(z) = exp(-p(2)) + wexp(p(z)) + 6. (8)

Equation (8) has the following solutions.
When 82 —4u >0, u #0,

5 =n (—‘/(52 —ap) tanh(Y " (2 4 o) - a)>

- ©
b(z) = ln(—M(zothz(;/szT_—M(z +o)- 8)). (10)
When 82 — 44 <0, u #0,
¢(z)zln<mtan(?(z+c)—5)), o
¢(z)=1n(m°°t(?(z”)_8)>. (12)

When 82 — 44, >0, =0, 8 #0,

)
¢‘Z’=‘1“(W)' (13)

When 82 —4u =0, u #0,8 #0,

¢@=m0%%22:2) (14)

82(z+¢)

When 6% =440 =0, u=0,8 =0,
¢(z) =In(z + ¢). (15)

Here C, #0, 8, i are constants that will be determined later and c is an arbitrary constant.
We take the homogeneous balance between nonlinear terms and highest order derivatives
of equation (6) to determine the positive integer n.

Step 3. Substituting equation (7) into equation (6) and accounting the function
exp(—¢(z)), we obtain a polynomial of exp(—¢(z)). Equating all the coefficients of the same
power of exp(—¢(z)) to zero yields a set of algebraic equations. By solving the algebraic
equations, we get the values of C, #0, §, i, and then we substitute them into equation
(7) along with equations (9)-(15) to complete the determination of the solutions of equa-
tion (5).
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2.2 Description of the complex method
LetmeN":={1,2,3,...}, ;e N=N"U{0},j=0,1,...,m, r = (ro,r1,..., ), and
m
K wl@) =] [[*"@]",
j=0

then d(r) := Z,m:

F(w, w,..., w(m)) = Z a, K. [w]

o7; is the degree of K,.[w]. Let the differential polynomial be defined by

reJ
where J is a finite index set, and a, are constants, then deg F(w, w/, ..., w') := max,¢;{d(r)}
is the degree of F(w,w/, ..., w™).

Consider the following differential equation:
F(w, w,. ..,w(”’)) =cw' +d, (16)

where n € N*, ¢ #0, d are constants.

Set p,q € N*, and the meromorphic solutions w of equation (16) have at least one pole.
If equation (16) has exactly p distinct meromorphic solutions, and their multiplicity of the
pole at z = 0 is ¢, then equation (16) is said to satisfy the (p,q) condition. It might not be
easy to show that the (p,q) condition of equation (16) holds, so we need the weak (p, q)
condition as follows.

Inserting the Laurent series

=Y B B4#0.4>0, (17)

A=—q
into equation (16), we can determine exactly p different Laurent singular parts:

-1

Z ﬂxzk,

r=—q

then equation (16) is said to satisfy the weak (p,g) condition.

Given two complex numbers vy, vy such that Im ﬂ > 0, and let L be the discrete subset
L[2v1,2v5] := {v | v = 2aqv1 + 2ayVvy,a1,a, € 7}, and L is isomorphic to Z x Z. Let the
discriminant A = A(by, b,) := b? - 27b§ and

n-l(L)-Z—

vel\{0

A meromorphic function p(z) := ©(z, g2, g3) with double periods 2v4, 2v,, which satisfies

the following equation:

(9'@)° = 4p(2)° - 2p(2) - g,
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in which g, = 6014, g3 = 140/, and A(gy, g3) # 0, is called the Weierstrass elliptic function

and satisfies an addition formula [28] as follows:

1 [50/(2) + ' (20)

2
ple-20) =, p(z)_p(ZO)] - 9(2) - p(20)-

If a meromorphic function g is a rational function of z, or a rational function of e*?,
a € C, or an elliptic function, then we say that g belongs to the class W.
In 2009, Eremenko ef al. [29] studied the mth-order Briot-Bouquet equation (BBEq)

F(w, w(m)) = Zl’;(w)(w(”’))j =0,
=0

where Fj(w) are constant coefficients polynomials, 7 € N*. For the mth-order BBEq, we
have the following lemma.
Lemma 2.1 ([28, 30, 31]) Let m, n,p,h € N*, deg F(w, w\") < n, and a mth-order BBEq

F(w, w(”’)) =ecw'+d

satisfies the weak (p,q) condition, then the meromorphic solutions w € W. Supposing for
some values of the parameters the solution w exists, then any other meromorphic solutions
will be one parameter family w(z + zy), zo € C. In addition, every elliptic solution w with a

pole at z = 0 is expressed as

h-1 q iQ . i— ’ 12
(2 = Z (-1YB_j &2 (i[é{) (2) +D,] _p(z))
=2

i1 (] - 1), dz 2 KJ(Z) - B;
h-1 q j i
B-ir 9'(2) + D; (=1Y By d?
+ + , — (2) + Po, (18)
; 2 p(2)-B; FZZ (Gj-1)! d72 0

where B_; are determined by (17), Zf’zl B_i1 =0and D? = 4B} — g,B; — gs.

Every rational function solution w := R(z) is expressed as

KO- P (19)
DTy T

i j=1

which has h (< p) distinct poles of multiplicity q.
Every simply periodic solution w := R(?) is a rational function of ¥ = €** (« € C), and is

expressed as

hoq

RO=223 5 ’ L+ B (20)

i=1 j=1

which has h (< p) distinct poles of multiplicity q.
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By the above definitions and lemma, we now present the complex method.

Step 1. Insert the transformation T : u(x, y,t) — w(z) defined by (x, y,£) — z into a given
PDE to yield a nonlinear ODE.

Step 2. Insert (17) into the ODE to determine whether the weak (p, g) condition holds.

Step 3. Insert the indeterminate solutions introduced in Lemma 2.1 into the ODE, and
then get meromorphic solutions of the ODE with a pole at z = 0.

Step 4. Obtain meromorphic solutions w(z —zp) by Lemma 2.1 and the addition formula.

Step 5. Inserting the inverse transformation 7! into the meromorphic solutions, we get

the exact solutions for the original PDE.

3 Symmetries and symmetry reduction
3.1 Symmetries

In order to find the symmetry o = o (x,,s, ¢, u) of equation (4), we set
O = au, + buy + cus + du; + eu + f, (21)

where u is the solution of equation (4), a, b, ¢, d, e, f are unknown functions of real variables

x,, s, t. According to Lie group analysis [21, 22], o satisfies
2 2 _
Op + 410 Uy + A1U" Oy + A20xxx + A304yy + AaOyss + A50 Uy + A5UOK + A60xx; = 0. (22)
Substituting equation (21) into equation (22), we have a new differential equation, where
= —ayu’u, — - - - - (23)
AoUyxx = —A1U Uy — A3Uxyy — Aalyss — A5UUx — AeUyyr — Up.

By equation (21), equation (22) and equation (23), we have

a = cs, b =(cys +c3), c= (64— ﬂcw)
a3 (24)

d=c, e=0, f=0,

where ¢; (i = 2,3,4,5) are real constants. Substituting equations (24) into equation (21),

we achieve the symmetry of the gZK equation,

as
0 = Cslly + (€28 + C3)Uy + (04 - —czy> Ug + C1U;. (25)
as
In order to find the symmetry o = o (x,,s,t, u) of equation (3), we set
O = auy + buy + cus + du; + eu + f. (26)

Here u is the solution of equation (3), 4, b, ¢, d, e, f are unknown functions of real variables

x,9, s, t. According to Lie group analysis, o satisfies

Ouxxs — 40t + Yty Ors + Qs Oy + 2UyxO5 + 2UsOrx + 30,y = 0. (27)
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Substituting equation (26) into equation (27), we have a new differential equation, where
Uxxxs = 4'uxt - 4'uxuxs - 2uxxus - 3“}/}/' (28)
By equation (26), equation (27) and equation (28), we have

a=c1x + cy, b=c3y+cy, ¢ =(2¢c3—3c1)s + p(b),
2 (29)
d=2c3—c1)t+cs, e=ci, f=p@x+ gp”(t)y +T(t)y + ¥ (t),

where ¢; (i =1,2,...,5) are real constants, p(t), T(£), ¥ (£) are arbitrary real functions of ¢.
Substituting equations (29) into equation (26), we achieved the symmetry of YTSF equa-
tion
o = (c1% + o)y + (C3Y + Ca)uty + ((263 —3cy1)s + p(t))us
2
+((2e3 — 1)t + c5)uy + cru+ p' (D)% + gp”(t)y2 +T(t)y + ¥ (t). (30)

3.2 Symmetry reduction

By solving the characteristic equation (25) of o

dx dy ds _dt du
Cs _czs+C3_c4—Z—‘;czy_c1 )

, (31)

we find different symmetry reduced equations. Without loss of generality, we have two
reduced equations as follows.

Setting ¢ = ¢3 = ca = ¢5 = 0, ¢ = 1, we have the first similarity solution of equation (4)

u= <P(§> 77)’ (32)

)’2

2
505 T ;74. Substituting equation (32) into equation (4), we have the first

where & =x+t,n =

symmetry reduced equation of equation (4)

Qs + a19° @ + (A + a3)Qsee + 20eny + as@@s = 0. (33)

Setting ¢; = ¢; =0, ¢3 = ¢4 = ¢5 = 1, solving o = 0, we have the second similarity solution

of equation (4)

u=e&n), (34)

where & = x + y, n = s. Substituting equation (34) into equation (4), we have the second

symmetry reduced equation of equation (4)

a1<p2¢>§ +(ay + as)Peze + AsQPeny + as@ee = 0.
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By solving the characteristic equation (30) of o

dx  dy ds
cx+cy C3) + ¢4 " (2¢5-3c1)s + p(t)
dt du

T Qe —c)ttes ciu+ o' (E)x + 2p" ()2 + T(t)y + v(t)

(35)

we obtain symmetry reduction of equation (3). Without loss of generality, we have two
reduced equations as follows.
Setting ¢c; =c3 =c4 =0, c; =¢5 =1, p(£) = 1, solving o = 0, we have the first similarity

solution of equation (3)

u= () - / (et + () db, (36)

where £ = x — t, n = s — £. Substituting equation (36) into equation (3), we have the first

symmetry reduced equation of equation (3)

Peeen + APes + A0en + A0 @y + 20260y + 3y, = 0. (37)

Setting ¢; =¢c2 =c3 =¢5 =0, ca = 1, p(£) = T(¢) = 0, solving o = 0, we have the second

similarity solution of equation (3)

u=@(x,s,t)— )y (38)

Substituting equation (38) into equation (3), we have the second symmetry reduced equa-

tion of equation (3)

Dxxxs + 4'(px(/7xs + 2(/)xx(/)s - 4'(/)xt =0.
4 Exact solutions

4.1 Exact solutions of gZK equation via the exp(-¢(z))-expansion method

Substituting the traveling wave transform

(& n)=wz), z=k&+In,
into equation (33), then integrating it with respect to z, we obtain
2, 4

a
(a2 + as)k? + 212)w” +W4 ?Sw + EWB -y =0, (39)

where y is the integration constant which can be determined later.
Taking the homogeneous balance between w” and w? in equation (39) yields

w(z) = Co + Crexp(-¢(2)), (40)

where C; #0, Cp are constants to be determined, whereas § and u are arbitrary constants.
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Substitute w, w?, w3, w” into equation (39) and equate the coefficients of exp(—¢(z)) to

zero, then

1 1
galCos + §a5C02 +Co + 2C1128,u + Clkzﬂz(S/,L + C1k2a38u -y =0,

Clﬂzk282 + C1ﬂ3k282 + 2C11282 + 2C1a2k2p, + 2C1ﬂ3kzﬂ
+ C02C16l1 + 4C1[2/.L + C()C16Z5 + C1 =0,

1
5615C12 + 6l1C0C12 + 6C1[28 + 3C1k26l28 + 3C1k26l36 =0,

1
4C112 + gdl C13 + 2C1k2(12 + 2C1k2113 =0.

Solving the above algebraic equations, we obtain

~ V=21 ((8% — 4u)(ask® + azk? + 212) — 2)((8 — 4u)(axk?® + azk® + 21) + 1)

6611 ’
c . \/ ~6(@k? + ask? + 2P) @)
a
C \/—6a1(a2k2 +azsk? + 212)8 — /2a1(2 — (82 — 4p)(ask? + ask? + 212))
0 = b

2(11

where ¢ and § are arbitrary constants.
Substituting equations (41) into equation (40) yields

V—6a1(ask® + azk® + 212)8 — \/2a1 (2 — (82 — 4u)(ask? + azk? + 212))
26l1

. \/ —6(ark? + azk? + 212) exp(-¢(2)). (42)

[251

w(z) =

We apply equation (9) to equation (15) into equation (42), respectively, to get traveling
wave solutions of the gZK equation as follows.
When 8% — 44 >0, 1 #0,

V—6a1(ark? + azk® + 212)8 — /2a; (2 — (8% — 4u)(ask® + azk? + 212))

wi(2) = 20
1
\/—6(a2k2 + azk? + 2[2) 21
a V(8% —4u) tanh(—“szz_[m(z+c) +6)

V—6a1(ak® + azk® + 212)8 — \/2a,(2 — (82 — 4uu)(ask? + azk® + 212))

wiz(2) = 2a
1
\/—6(a2k2 + azk? + 212) 21
“ V= ap)coth(YE 2 4 ¢) + 5)
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When 62 —4u <0, u #0,

\/—6611(612/(2 +azk?® + 2[%)8 — \/241(2 — (8% — du)(azk? + azk? + 212))

wi3(z) = 2
1
\/—6(a2k2 + azk? + 212) 20
+ )
4 V=8 tan(Y (2 4 ¢) - 5)
\/—6a1(a2k2 + azk? + 20%)8 - \/2a1(2 — (8% = 4u)(ark? + azk? + 21%))
wi4(2) = 2,
. / —6(ark? + ask? + 212) 2
“ V@ =52 cot( ¥ (4 ¢) - 5)

When 82 —4u >0, u=0,8 #0,

~ \/—6a1(a2k2 +azk? + 21%)8 — \/2611(2 —8%2(ark? + azk? + 212))

wis(2) 2,
—6(azk? + azk? + 212) 8
+ .
a, exp(8(z+¢)) -1
When 82 —4u =0, u £0, 8 #0,
wis(@) = —3(ak? + azk? + 212) 5 1 —6(ask? + ask? + 2I12)  8%(z+c¢)
163 2a4; Va1 a 20(z+c¢)+2)
When 82 -4 =0, 4 =0,8 =0,
1 —6(ak® + azk? +212) 1

wir(2) = ——=+

A1 ay Z+C'

4.2 Exact solutions of gZK equation via the complex method
Inserting (17) into equation (39) we havep=2,g=1, 8.1 =% 6lagh?rask?+2) Bo = —2“751,

ai
2 2 3
__ 95 —6a1 _ 12a7y-az+6ayas . .
Br=—3 12 | kT raskTial B2 = Bk rask 2] and fs is an arbitrary constant.
Therefore, equation (39) is a second order BBEq and satisfies the weak (2, 1) condition.
Hence, by Lemma 2.1, we see that meromorphic solutions of equation (39) belong to W.
We will show meromorphic solutions of equation (39) in the following.

By (19), we infer that the indeterminate rational solutions of equation (39) are

R =2y P2
— 41

+ B1os

with a pole at z=0.
Substituting R;(z) into equation (39), we have

—6(ayk? k2+22)1
Ri,1(2) = i\/ @k + ask® + 2P) - - ﬁ,
a z 2m
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where a2 = 4a; and 9a,y% = 1;

—6(ak? k2+212) (1 1 1
R1,2(Z)=j:\/ (a2k” + ash” + )<—— ——) 5

- ’
a; zZ zZ-zZ1 z1 2a1

4a1z%—a§z%—4812u1 3 2 3\ 3
where k = —da ) and y = (a2 — 6a14s + (a5 — 4a1)3)z;.

So the rational solutions of equation (39) are

()t \/—6(a2k2+a3k2+212) 1 as

a; zZ—2y 2m
and
—6(ask? + azk? + 212) 1 1 1 as
Wra(z) =+ - )=,
ay Z—29 Z—20—21 Z1 2(11

. 411122—a2z2—4812a1
where zo € C, z; #0. a2 = 4a,, 9a1y% = 1 in the former case, or k =,/ —L 5171 'y, —
5 24a (ap+asz)

3
(a3 - 6a1as + (a% — 4a1)3)z} in the latter case.

To obtain simply periodic solutions, let ¥ = e*, and substitute w = R(¥) into equation

(39), then
2 2\ 2 92/ as o 41 3 B
((az + az)k® + 21%)a* (VR +19R)+R+ER +§R -y =0. (43)
Substituting
B B2
Ry(z)= ——+—"F"—+
2(2) 51700y Bao
into equation (43), we obtain
—6(ak? + azk? + 212 1 1 a
R2,1(Z) =+ ( 2 3 )Ol + - ) - —5 (44-)
ay 9 -1 2 2611
and
—6(ark? + azk? + 212 1 ) o+ 1 a
Rop(2) ==+ (@ : )Ol e - =, (45)
ay -1 v — 191 2(191 — 1) 26l1
3
where y = aif;(ag_sul), = % 4ul_a§_2“;k2a2(”2+a3) in the former case,or y = Yialearhar a2 (2”1)(4“13_ Ak +
1241 * ! (z%+10z1+1)7a%

a5(u§—6a1) _ (4u1—a%—éml12a2)(z%+1)+2(u§—4a1—20a1lzaz)zl .
Tha k= —\/ 21 @102 )y ra3)a? in the latter case.

Inserting ¥ = e“* into equation (44) and equation (45), we can get simply periodic solu-
tions to equation (39) with a pole at z = 0,

—3(ark? + azk? + 212) o as
Wso,1(2) =L o Cco —
2a1 2 2a,



Gu and Qi Journal of Inequalities and Applications (2017) 2017:314 Page 12 of 19

—3(ayk? k% + 22
Wyo2(2) =L @2k + agh® + )oz coth gz — coth a—(z —z1) — coth g21 - ﬁ,
2611 2 2 2 2(11

3
2 2 2,42 2y2
as(at-6ay) day-at-2a1k2a?(ay+a3) . V3z)(z1 +1)(4a1-a2) 2
wherey = 51%, = % — inthe former case,ory = ————5— 4
ay 1 (z%+10z1+1)7a%
2 2 24,2)(,2 2 2,2
as(az—6ay) p (4ay—-az—4a1 Pa?)(z1+1)+2(ag—4a1 2041 Pa?)z;
BE fe=— in the latter case.
1242 < 2a1 (22 +10z1 +1)(ag +az)o?

So simply periodic solutions of equation (39) are

— 2 24922
Ws,1(Z)=i\/ 3ak? + ask® + l)OlCOth%(Z—ZO)_ﬁ

26l1 2611
and
—3((12/(2 + d3k2 + 212)
Ws,Z(Z) ==+
2611
o o o as
-a| coth —(z — z9) —coth —(z —zg —z1) —coth —z7 | — —,
2 2 2 2a;
day-a%-2a k2a2(ay+a3) a (u2—6a ) .
wherezoe(C,zly’O.lzzi L 2780y = B5 % in the former case, or k =
o ai 12&11
3
(4a1—ag—ﬁlallzaz)(z%+1)+2(a%—4a1—20:11lzaz)zl ﬁzl(zl+1)(4a1—a§)7 ﬂs(d%—6d]) .
- 5 . )Y = 5 >— in the latter case.
2a1(z1+1021+1)(a2+a3)a (Z%+10z1+1)7a% 12a7

From (18), we have the indeterminate relations for the elliptic solutions of equation (39)
with a pole at z = 0,

B-1 #'(2) + D,

wai(z) = 2 o0 B

+ ﬂOr

as

where D% = 4Bi’ —g2B1 —g5. Considering the results obtained above, we infer that 8y = — s

g3 =0, D; = B; =0. So we obtain

=3(ark? + ask? + 212) ©'(z) as
wa(z) =+ -—,
2a, ) 2a

where g3 = 0.
Thus, the elliptic function solutions of equation (39) are

=3(a2k? + ask? + 212) ©'(z — 20,82,0)  as
wy(z) =+ -—,
2a; 9z -20,£,0) 2@

where zp € C, g3 = 0, g, is arbitrary. Applying the addition formula, we can rewrite it as

—3(ayk? k2 + 202
wal2) = + \/ (a2k? + azk? + 21%)
2(11

(=g + E)4Ep* + (4E> — @) + 2Fp’ — Egy) a5
((12E2 — @) + 4F3 — 3Egy) g’ + (43 + 12Ep? — 3¢ — E@))F 2a;’

where g3 = 0, F? = 4E® — g, E and g, are arbitrary.
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4.3 Exact solutions of YTSF equation via the exp(-¢(z))-expansion method

Substituting the traveling wave transform
o&E ny) =vz), z=k&+In+ry,
into equation (37), then integrating it with respect to z, we obtain
KW + (4> + 4kl + 3r%)V + 3k21(1/)2 +y =0, (46)

where y is the integration constant which can be determine later.
Setting w = v/, equation (46) becomes

KIw" + (4> + 4kl + 3r*)w + 3k*Iw* +y = 0. (47)
Taking the homogeneous balance between w” and w? in equation (47) yields

w(z) = Co + Crexp(-(2)) + Co(exp(6(2)))°, (48)

where C; #0, C; (i =0, 1,2) are constants to be determined, whereas § and u are arbitrary
constants.
Substitute w, w?

then

, w” into equation (47) and equate the coefficients of exp(—¢(z)) to zero,

K3IC 181 + 2k31C,pu? + 3K21Cy? + 4Cok? + 4Cokl + 3Cyr? + y =0,

CLK38% + 6Coli3S 1 + 2C, I3 1 + 6Co CyIk* + AC K% + AC Ik + 3C,7* = 0,

4C,IK38% + 3C1IK3S + 8C,lk3 1 + 6Co Colk? + 3C1 21k + 4Cok? + 4Cylk + 3Cor? =0,
10C,Ik38 + 6C, Colk* + 2C1 1k = 0,

3C°IK* + 6Cylk% = 0.
Solving the above algebraic equations, we obtain

(82 — 4u)*2k® — (4lk + 4K> + 3r%)?

= , C, = -2k,
v 1241 2= s)
k382 + 8lk3 1 + 41k + 4k> + 3r?
Cy = -2k$, Co=— s
e 0 6k21
where 1 and § are arbitrary constants.
Substituting equations (49) into equation (48), yields
k382 + 8lk3 1 + 41k + 4Kk> + 3r?
w(z) = — —2ké exp(-¢(2)) - 2k(exp(¢(z)))2. (50)

6kl

We apply equation (9) to equation (15) into equation (50), respectively, to get traveling
wave solutions of the YTSF equation as follows.
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When 62 —4u >0, u #0,

k382 + 8Ik3 1 + 4k + 4K> + 3r* aks
wn(@) = - 6k2[ " 024
V(8% — 4p) tanh(¥—"(z + ¢) +6)
8k >
(v (82 —4u) tanh(—"‘ﬂ;h4 (z+¢)+8))?
k382 + 8IK3 1 + 4k + 4K> + 3r* a4ks
wanle) = - 6k " S
V(6% = 4g1) coth(Y5 (2 + ) + )
8k

(v (82 —4u) coth(—"sz%“ (z+¢)+8))? .

When 8% — 44 <0, u #0,

k382 + 8lk3 1 + 41k + 4k> + 3r? 4ks
waale) = - 6k21 B NG=w
V(8% — 4y tan(¥5"(z + ¢) - 8)
8ku?
(V2 4 tan( (2 + ) - 5))2
k382 + 8lk3 . + 41k + 4k> + 3r? 4ksp
wa(2) = - 6k2[ - NI
V(8% = 4p) cot( Y5 (z + ¢) - 8)
8k >

(V4 cot(L M (2 + ¢) - 5))2
When 82 —4u >0, u=0,8 #0,

k382 + 4lk + 4k> + 3r? 2ks? 2ks?
6k2] exp(8(z+c) -1 (exp(8(z+c)) - 1)

was(2) = -

When 82 —4u =0, u £0, 8 #£0,

() = 120k3 11 + 4lk + 4K> + 372 N k83(z +¢) k&*(z + ¢)?
262 = 6k2l 0z+0+2) 20BE+0)+2)

When 82 -4 =0, 4 =0,8 =0,

4lk + 4k* + 3r? 2k

ware) = = 6k21 C(z+0)?

4.4 Exact solutions of YTSF equation via the complex method

Inserting (17) into equation (47) wehavep=1,¢=2, By =-2k, 8.1 =0, Bo =
4 3 2_ 2\1.2 2 4

ﬁl — 0’ ﬁz _ _ 16k®+321k>+(161 1122011)(/5334r k= +24lkr* +9r
Therefore, equation (47) is a second order BBEq and satisfies the weak (1,2) condition.

_ alk+4k> 4312
6k21 7

,and Bs is an arbitrary constant.

Hence, by Lemma 2.1, we see that meromorphic solutions of equation (47) belong to W.

We will show meromorphic solutions of equation (47) in the following.
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By (19), we deduce the indeterminacy rational solutions of equation (47) are

:332 ﬂ31

Ri(2) = — + — + Bsos
z z

with a pole at z = 0.
Substituting R;(z) into equation (47), we get the following form:

2k 4lk + 4k* + 312

Ri(z) =— —
z2 6k2[ ’
_ 16k*+3203 + (1612 +24r2) k2 +24lkr2 +9r*
where y = o1 .

So the rational solutions of equation (47) are

2k 4lk + 4k? + 3r*
(z = 20)2 6k21 ’

Wr(z) ==

16k*+320k3 + (1612 +24r2) k2 +24lkr2 +9r*
12121 20€C

To obtain simply periodic solutions, let ¥ = %%, and substitute w = R(¢) into equation
(47), then we get

where y =

Klo?(9R + 0°R") + (4k> + 4kl + 3r*)R + 3K*IR* + y = 0. (51)
Substituting
Ry(2) = Pe Pu + Bao,

+
@®-1% @©®-1)
into equation (51), we obtain

2ka® 2ka?  ka®  4lk +4k* + 317

R(g)= i = T T 52
2(2) @W-12 -1 6 6k21 52)
where y = (411‘*4](2*?2'/2()221_(1‘121(3)2. Substituting ¥ = e** into equation (52), we can obtain sim-

ply periodic solutions of equation (47),

weol2) = 2kor? 2ka® ka?  4lk + 4K> + 317
O T ez 1) T (2 —1) 6 6k21
_ 2ka?e*®  ka®  4lk+4k* +3r°
(e -1)2 6 6k2]
ke* Loz ka?  4lk+4k* + 3r*
=——coth? = 4 — - ———— |
2 3 6k2[

with a pole at z=0.
Therefore the simply periodic solutions of equation (47) are
kao? ,o(z—z) ka?  4lk +4k* + 3r?
ws(z) =——coth® ——+ — - ———

2 2 3 6k21

’

4lk+4k2+3r2)% —(Ja2k3)?

_ ¢
where y = k7]

,Z()E(C.
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1.5 x 104
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Figure 1 The solution of the gZK equation corresponding to W; > (2). (a) zo = -8, (b) zo =0, (c) zo = 8.

From (18), we can express the elliptic solutions of equation (47) as
Wao(2) = B-2g(2) + o,

with a pole at z = 0.
Substituting w,o(z) into equation (47), we obtain

4lk + 4k* + 3r%

Wao(z) = —2kp(2) - e

’

16k% 3 (162—1 422 +240kr2 + 9% . .
where &= 6k*+321k>+(16/ 1;2;;22 r=)k= +24lkr= +9r , g3 is arbltrary.

Therefore, the elliptic solutions of equation (47) are

4lk + 4k* + 3r?

wa(z) = —2kp(z - z0) - ] ,

in which 2y € C. Applying the addition formula, we can rewrite it as

1(¢ > 4lk + 4k* + 31
<M>)+2kD_M

wy(z) = —Zk(—@(z) + Z ©(z)—D 6k2[ ’

16k*+321k3 + (1612 121y +24r2)k? +241kr> +9r*

12k612 , C*=4D? — gD — g3, g3 is arbitrary.

where g, =
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Figure 2 The solution of the YSTF equation corresponding to W;(z). (a) zo =-8, (b) 2o =0, (c) zp = 8.

4.5 Comparison

Implementing the exp(—¢(z))-expansion method, we found seven solutions for the gZK
and YSFT equation, respectively. Using the complex method, we found five solutions for
the gZK equation and three solutions for the YSFT equation. Rational solutions w;7(z)
and wo7(z) are obtained via the exp(—¢(z))-expansion method, and W, 1(z) and W,(z) are
obtained via the complex method. If we let ¢ = —zy, then wy7(2) is equivalent to W, ; (z), and
wy7(2) is equivalent to W, (z). For getting rational solutions, these two methods are in good
agreement. Rational solutions W;,5(z) and simply periodic solutions W;>(z) and W;(z) are
new and cannot be degenerated successively through elliptic function solutions. From the
results, we can find more solutions by the exp(—¢(z))-expansion method, whereas we can
obtain elliptic function solutions just by the complex method. These two methods are very

useful tools in finding the exact solutions of NLEEs.

5 Computer simulations
In this section, we illustrate some results by the computer simulations. We carry out fur-
ther analysis to the properties of simply periodic solutions Wj(z) and W;(z) as in Figures 1
and 2.
(1) By employing the complex method, we are capable to obtain simply periodic
solutions Wj1(z) and W;,(z) of the gZK equation. The solutions W;;(z) and W;,(2)
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come from hyperbolic function. Figure 1 shows the shape of solutions W ,(z) for
k=1,l=1,a=1,a1=-6,ay =1,a3 =1, as = —24, and z; = 1 within the interval
-2 < &,n < 2m. Note that they have two distinct generation poles which are
showed by Figure 1.

(2) By using the complex method, we achieve to obtain simply periodic solutions W;(z)
of the YSTF equation. The solutions Wj(z) are in terms of the hyperbolic function
solution. The solutions Wj(z) in Figure 2 of the YSTF equation are represented the
singular soliton solution for the parameters k=1,/=1,r=1, « =1 and y = 0 within
the interval —27 < &,n < 2.

6 Conclusions

In this article, we utilize Lie group analysis to obtain symmetries and symmetry reduc-
tion for two higher-dimensional NLEEs. In this way, we can reduce the dimension of the
NLEEs, which is relevant in the fields of mathematical physics and engineering. Five types
of explicit function solutions are constructed by the exp(—¢(z))-expansion method and
complex method. It demonstrates these methods are very efficient and powerful to seek
the exact solutions of NLEEs. We can apply the idea of this study to other NLEEs.
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