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1 Introduction
The generalized complete elliptic integral of the first kind is defined for r € (0, 1) by

% do L dt
[(p(}”)= - 1 = 1 1717
0 (1—rPs1n§6‘) » 0 (1-t)p(1 —retp) P

where sin, 6 is the generalized trigonometric function and

2/1 dt 2 (11 1)
T, = ——=-Bl—-,1-—).
"l oaswyy P \P b

The function sin, 6 and the number 7, play important roles in expressing the solu-
tions of inhomogeneous eigenvalue problem of p-Laplacian —(|u/[P~2u/)’ = A|u|P~2u with a
boundary condition. These functions have some applications in the quasi-conformal the-
ory, geometric function theory and the theory of Ramanujan modular equation. Béricz [1]
established some Turén type inequalities for a Gauss hypergeometric function and for a
generalized complete elliptic integral and showed a sharp bound for the generalized com-
plete elliptic integral of the first kind in 2007. In 2012, Bhayo and Vuorinen [2] dealt with
generalized elliptic integrals and generalized modular functions. Several new inequalities
are given for these and related functions.

For more details on monotonicity, inequalities and convexity and concavity of these
functions, the reader may refer to [3—5] and [6] and the references therein.

In 1990, Anderson et al. [7] presented the following inequality:

K@) 1

K(Jr)  1+r

forr €(0,1). (1.1)
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Inspired by this work, Alzer and Richards [6] gave the refinement of (1.1): for all » € (0, 1),
the following inequality

K(r) 1
K/ 1+2

holds true.
It is natural how inequality (1.2) is generalized to K, (r). Our main result reads as follows.

Theorem 1.1 Forr e (0,1) and p € [1,2], we have

1 K,(r) 1

< < , 1.3
T+ Ky(/r) 1+uyr (1.3)

where the constants )\, = 1%(1 - zl’) and u, = 0 are the best possible.

2 Lemmas

Lemma 2.1 The function A(x) = }:Zi (1 + bx #0) is strictly increasing (decreasing) in

(0,00) ifand only ifa—b >0 (a— b <0).

Proof Simple computation yields
d(l+ax\ a-b
dx\1+bx/) (1+bx)?

The proof is complete. O

Lemma 2.2 (Lemma 2.1 in [8]) The psi function ¥ (x) = l;g)) is strictly concave on (0, 00)

and satisfies the duplication formula
@9 =2y + 2y (x4 ) +log2 @
v —21//x+21p x+2 + log .
forx>0.
Lemma 2.3 (Lemma 3 in [9]) For x >0, we have
1 1
Inx - — <¥(x)<lnx — —. (2.2)
x 2x
Lemma 2.4 Forx >0 and p € [1,2], we have
1 1 1 1 1 1
Ylae+—+y(x+l-——)>y|lax+-—— | +¥|(x+-+—). (2.3)
p p 2 2p 2 2p

Proof Using Lemma 2.3, we only need to prove the following inequality:

+Hx+1-1) 1 1
ln|: T pl lp T i|+ T - > 0.
(x+§—$(x+§+@) ?C+1—1; X+ =
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For p € [1, 2], we easily obtain }7 >1- }7. So, we have

1 1
x+l-1 x-1 >0
p p
On the other hand,

@+ )x+1-7)

I_1 1 1,=
(+3—5,)x+5+3,)

o -0

1\* 1
s 3(-) —4=-+1<0.
p p

So, we complete the proof.

Lemma 2.5 We have

K,(7) ~
K,(&r)

lim
r—1
Proof Applying the asymptotic formula ([10], equality (2))

F(a,b;a + b;x) ~ —

1
Ba.b) log(1-x) (x—1)

and expression [10]

1 1
Ky(r) = %F(—, 1- —;er’),
p p

(2.4)

(2.5)

(2.6)

where F(a; b; c;z) and B(x,y) denote a classical hypergeometric function and a beta func-

tion, respectively, we obtain

im Fla,b;a+b;r?)
r—1 F(a,b;a + b;r) T

Putting a = }7 andb=1- 1%, we complete the proof.

3 Proof of Theorem 1.1
Define

2 1 1
fl;(r): n—p|:1+;<1—;)ri|]<p(r)

and

&) = Ky (Y7).

»

(2.7)
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By applying (2.6), we get

oo

r) = Z(l + Apr)rt”

n=0
and

o0

(1) =Y (am + azyar)r™

n=0
(Hn(1=3)n

tp— and () =r(r+ 1)+ (r+n=1).
Because of 1 < p <2, we have

where a,, =

So(r) - Yoo+ Apr)a,rt”
gp(r) - ZEZO(QZVI + Ay 1)1P"

Let

1+ Apr)ay,

Opn(r) = .
Ayp + Aopi1?

Simple computation results in

1 1
~ 1+50=2)) g,
ep,n(r) = (l ) 1.5 ) :
1+ p+ n —p+ " azn

(2n+1)2

a+20-20
- (1%+2n)(1—}7+2n) asy,

L+ (2n+1)2

by using Lemma 2.1.

(In fact, we easily know

1( 1)<1<(}7+2n)(1—}9+2n)

1-2 -
)4 p) 4~ (2n +1)2

1 1
& 4n2+4n+1§4(—+2n)<1——+2n>.
p p

Next, considering 1 < p < 2, we only need to prove 1212 + 41 — 1 < 0. It is obvious.)

Setting
F(Il? +x)(1 —i +)M2(2x + 1)
X) = )
%) 2(x + 1)1“(11, +2x)(1 - }l, +2x)
we have

Q (=) w(l +x) +1ﬁ<1—l+x) +4y(2x+1) - 29 (x + 1)
Qy(x) r

(e3)2v(2e2-5)
—2¢(2x+ - ) -2¢¥ |22+ 1——).
2 p
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Using Lemma 2.2, we easily get

Q;(x) :w<x+1)+w<x+l—l)+2W(x+1>—w<x+i>

Q%) p p 2 2p

—1ﬁ<x+1+i>—¢<x+l—i)—w(x+l—i)
2 2p 2 2p 2p

Applying Lemma 2.2 again, we have

1I:lp(x+i)+x[f<x+1—i>i|<1p(x+1> (3.1)
2 2p )|~ 2/ '

Hence, we have

Q, )
Qp(x)

> U,

It follows that the function Q,(x) is increasing in x € (0, 00). So, we have

arn _ _ 4 16
A1 Q) > Q1) = (1% +1)(2-1)

where we apply
1 1 Li142-1\2 3\%2 o9
1) (2= )< (&—2L) =(Z) ==
p p) 2 2 4

11

E 1+p(1 p)
-9 (1%+2n)(1-},+2n)

(2n+1)2
16 1+i
>___ ~ 4
9 1+(3)

321% + 104n + 35
+ —_
9(32n2% + 24n + 5)

>1,

and f,(r) > g,(r).
On the other hand, since the function K, () is strictly increasing on r € (0, 1), we have

K,(r) .
K <

Hence, we rewrite formula (1.3) as

K89 4
Kp(”)

r

u<up(r)= <Al
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Simple calculation leads to

(3)n@-1)n n

o0

1/ 20" (1),,17 W 1
0o 3n@-Lw pn
ano [ n

and

1 1
lim u,(r) = — <1 - —),
r—0 p p

lin} u,(r) =0.
The proof is complete.

4 Conclusions
We show an elegant inequality involving the ratio of generalized complete elliptic integrals
of the first kind and generalize an interesting result of Alzer.
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