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1 Introduction

The Schrédingerean Hardy spaces H?(C, ) (1 < p < 00) are defined to consist of those func-
tions f , Schrédingerean holomorphic in the upper half-plane C, = {z =x + iy : y > 0} with
the property that M,(f,y) is uniformly bounded for y > 0, where

My(f,y) = (/_ V(x+ iy)}pdx)p.

Since |f|? is Schrédingerean subharmonic for f € H?(C, ) with respect to Sch,, the func-
tion M,(f,y) decreases in (0, c0),

Ifllzre,) = sup{Mp(f,9): 0 <y < oo} = lim My(f, ).

If f (x) is the non-tangential boundary limits of the Schrédingerean function f € H?(C,),
then f(x) € L?(R) and

Ifll, = (/_:o lf(x)\p dx)% = fllwrc,)-

A function ¢(t) defined on R belongs to the space Dy», 1 < p < 00, iff
1) ¢@) eC>;
(2) ¢®(t) € L? for all k € N, where N is the set of nonnegative integers.
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The space D consists of infinitely differentiable complex-valued functions defined on R.
In the sequel, for 1 < p < 0o, we will write
o
p-1
and denote by D}, the dual of the space D,, that is, D/;p = (D, ). We also denote by DY
the dual of the space D. So we can get D € Dyp and D}, € D'.

Definition 1.1 (see [2]) Let f € D'. An analytic representation of f is any function F(z)
defined and analytic on the complement of the support of f such that for all test functions

peD,
Jim | [FG+iy) = Flr = 9)]g(x) dn = {f(x), §(x).

Definition1.2 Letf € D, (1 < p < 0o) and assume that Df is the operator of distributional
differentiation defined on D}, by

(Df,¢) = {f,—D¢)
forallp €D,

Then
Df € Djp.

Since f € D},,Dg € D,,y, Df defined as above is a functional on D, . Linearity of Df is
trivial. Assume that {¢,} — ¢ in D,,y. Then

(Df’ wv) = (f¢ _D(/)V) - (f: —D‘/’) = <Df7</’)

2 Main results

In 2016, Jiang (see [1]) proved Schrodinger type inequalities for stabilization of discrete
linear systems associated with the stationary Schrodinger operator. As applications, Jiang
and Uso (see [3]) obtained boundary behaviors for linear systems of subsolutions of the
stationary Schrodinger equation. Almost at the same time, Huang (see [4]) considered a
new type of minimal thinness with respect to the stationary Schrédinger operator. As an
application, Huang and Ychussie (see [5]) solved the Dirichlet-Sch problems on smooth
cones with slow-growth continuous data. Recently, Lii and Ulker (see [6]) gave the exis-
tence of weak solutions for two-point boundary value problems of the Schrodingerean
predator-prey system. Motivated by their results, by using Schrodinger type inequalities
proved by Jiang (see [1]), we obtain the integral representation of Schrodingerean har-
monic functions in the Schrodingerean Hardy space.

Theorem 2.1 Suppose that1<p < oo andf € D},. Then

1 1
F(Z)= %<f(t), ;>



Lu et al. Journal of Inequalities and Applications (2017) 2017:306 Page 3 of 8

is one of the analytic representations of f, which satisfies

sup ||F(x+iy)|| =As <00

—00<¥<00,y>8>0

and

sup ”F(x +1y) ” = O(y_l_l’),
o0

—00<x<

where y — 00.
There exist functions Fi(z) € H?(C,), so that

r ak—l

F(z) = Z %Fk(z)
k=1
and
. r k+j-1
F(])(Z) = Z WF]((Z);
k=1

where r and j are nonnegative integers.

Theorem 2.2 If1<p < oo, Fx € HP(C,) and
r ak—l
F(z) = Z ka(z),

k=1

then there exists a distributional function f(x) € D}, such that F(z) is one of analytic rep-
resentations of f (x).

Corollary 2.3 If1<p < oo and f(x) € D,,, then

1 1
F(Z)= %Q(t)x :>

satisfies

sup ||F(x+l'y)|| =As <00
0

—00<X<00,y>8>

and

sup ||F(x+iy)| = O(y’zlﬂ),

—00<X¥<00

where y — 00.
There exist functions Fy(z) in H?(C,) so that

r k+j-1

0
F(z) = Z ka(z),

where j > 1, r, j are nonnegative integers.
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3 Lemmas
In this section we need the following lemmas.

Lemma 3.1 (see [7, 8]) If1<p < oo, u(t) € L7(R) and the function G(u)(t) is defined as
follows

mmm=§;/wﬂﬁm,

wlt—2z
then
G(u)(t) e HP(C,).

Lemma 3.2 (see [1]) Let F(z) be an analytic complex-valued function of the complex vari-
able z = x + iy in the open upper half-plane satisfying
1) forﬁxedy>0,p/=ﬁ,1<p<oo,F(x+iy) e L?;
(2)

lim F(x +iy) = f*(x)
y—0*
in D}, (weakly)

sup “F(x+ iy) || — 0O,

—00<X<00

where y — 00 and

sup ”F(x +1y) ” =As < 00.

—00<X<00,y>8>0

Then

Fm7%@m1+

whereImz > 0.

4 Proofs of the main results
4.1 Proof of Theorem 2.1
In view of the structure formula in [3], for f € D},

1
‘
F@) " omi <f ®), t— z>
there exists a nonnegative integer r and f; € L, such that

sl e

k-1t

k-
2m2/fmnl ey
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So

k-
|F(x+zy)|<—Z/ Lfk()|( 1)

By using Holder’s inequality, we have

ol ’ 1
|F(x+ly)|§gk§(k—1)!( fR Vk(ﬂl"dt) ( /R T dt)

Define

1
I:/—,dt
R |t —z|%

So

N

1
Rt -x)2 +y2]
1
:/ P
Ry [(L)2 4 1]F

1 1
e
Ra+er)

Further, k > 1 and p’ > 1 imply that kp7 > 1 for y > § > 0, there exists a constant C satisfy-

ing

<
1< o1 < 00.

Since f; € L?, there exists a constant M such that

sup ||F(x +1y) || =As <00,

—00<¥<00,y>8>0

where

MC? v
Z(k D=

Spr

1 . 4 1
‘yPF(x+yl)’§Zk A i / — dt
k=1 Y R(1+t2) v

and
I,
kpr-1-—=p*(1-k)-1<0.
p
So

lim sup ‘F(x+yi)’=0(y_ll’).

V70 _oo<x<o0
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In view of the structure formula (see [9])

() ()
27”2/]7( (32) (i)dt

o\ t
() e
P 0z 2ni Jrt—z

fl®)

F,
K(e) = 2m RE— z

According to Lemma 3.1, we know that Fi(z) € H?(C,), which gives that

v@-3(2)" e
FV(z) = — Fi(2),
= 0z

where j is a nonnegative integer.

4.2 Proof of Theorem 2.2
Since Fi(z) € HP(C,), there exist functions fi(f) € L?, where f; is the non-tangential limit
of F(z), where Fi(x + iy) € L? for fixed y.

Since D, € L” ,wesee that f; (t) € D),. By using the property of a subharmonic function,

we get
‘Fk X+ 1y | < —f |Fk(:§ +in)|pd)»
.X+Lyy
x+y 2y
< / |Fe(e + i) |” dde
< ZE P
< 7ry“ el e
So
2 5 2 7
r 1 P
i) = (218 ) =54 (20 )
Ty T
which gives that

Fk(x+iy):O(

)

‘G\QIH| =
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where y > 0 and
. 2 »
sup |EG+iy)| < = | Fell? = As < 00.

—00<x<00,y>8>0

According to Lemma 3.2, we know that Fi(z) can be written as

1 1
Fi(x) = o (®), E>

So

2mi B z
1 /< 1
= (> D ke, — )
2mi P t-z
which gives that

where f(x) € D},, which implies that F(2) is one of the analytic representations of f(x).
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4.3 Proof of Corollary 2.3
In view of the structure formula (see [9])

1 1
T (t- Z)’>

27”2/11 < >(k_1)<(t—12)’)dt

(k+j—2)!
anz,/fk (G-1) - z)k“ldt

Similar to the proof of Theorem 2.1, we can see the corollary holds.

5 Conclusions

In this paper, we not only obtained the representation of Schrédingerean harmonic func-
tions but also gave a sufficient and necessary condition between the Schrédingerean dis-
tributional function and its derivative in the Schrédingerean Hardy space.
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