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1 Introduction
Let (Y, X,v) be a o-finite measure space, and let L°(Y) denote the space of v-measurable
functions defined and being finite a.e. on Y. A Banach subspace (E, | - ||) of L°(Y) is a
Banach lattice (Banach function space) on (Y, £, v) if, for every x € E, y € L°(Y), |y| < |«|,
v-a.e., it follows that y € E and ||y|| < ||x]|.

Moreover, the ‘convexification’ of E, denoted by E?, —0co < p < 00, p # 0 consists of all
x € L°(Y) satisfying

=

laller == (|t )7 < co.
For the case p < 0, we assume that x = x(¢) #0 forallt € Y.

Some classical inequalities are known to hold also in the frame of such Banach lattice
norms. See, for example, [1] and [2].

It is also known that some classical inequalities for finite many functions (like those
of Holder and Minkowski) can be generalized to hold for continuous (infinitely) many
functions. For such results in L, and /, -spaces, we refer the reader to the recent article [3]
and the references therein. We proved there the continuous versions of Popoviciu’s and
Bellman’s inequalities.

However, there exists a generalization of Holder’s inequality in both of these directions
simultaneously, see [4] and also Lemma 2.2.

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13660-017-1576-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1576-8&domain=pdf
mailto:larserik@ltu.se

Nikolova et al. Journal of Inequalities and Applications (2017) 2017:302 Page 2 of 16

The main aim of this paper is to initiate a more consequent study of classical inequalities
in this more general frame. Some known results of this type which we need in this paper
can be found in our Section 2. We now shortly discuss some elementary forms of the
inequalities we consider to generalize as new contributions in this paper.

We assume that a;, b;, i = 1,2,...,n, are positive numbers, c;, c; are positive numbers
and f and g are positive functions on (Y, X, v).

A. Popoviciu’s inequality: Let p,q > 1, }7 + %1 = 1. In the most elementary form it reads

(see [5]):Ifc; — (X7, alf)ll’ >0andc; - (X7, b?)% > 0, then

1 1
n p n q n
(cf - Zaf) (cg - Z b?) <cicp — Zaibi. (1.1)
i=1 i=1 i=1

A generalization of this inequality reads: If ¢ — ([, f*(y) dv(y))zl’ >0 and ¢, -
(/y870)dv()? >0, then

(c’f - [0 dv(y))é (c‘; - [ #0) dv(y))‘lf
<aa- [ 100 dvo) 12)

For more general forms, see, e.g., Theorem 3.3 which in particular shows that ‘>” in the
assumptions of (1.1) and (1.2) can be replaced by ‘>’ Some continuous forms of (1.1) and
(1.2) were recently proved in [3].

In Section 3 of this paper we present, prove and apply our main results concerning
Popoviciu’s inequality (see Theorems 3.1 and 3.3).

B. Bellman’s inequality: The original form of Bellman’s inequality reads (see [6] and also
[7):Ifp>Tlandc - (X1, af)l% >0andc; - (X7, bf)I% >0, then

(c’f - Zaf)p + (c’é - be)p < ((cl ref =) (@i bi>1’>p. (L3)
i=1 i=1

i=1

There is also a more general integral form of this inequality, namely: If ¢; —

([, £2() dv(»)? >0 and c; - (f, ¢2(3) dv(y)? > 0, then

(ci’ - [0 dv(y))’% ; (cs -/ g%y)dv(y))’%

< («1 o) - /y (F0) +¢0)" dv(y));’ (14)

which holds under proper conditions. For more general forms, see, e.g., Theorem 4.3.

Also here our result shows in particular that ‘>’ in the assumptions of (1.3) and (1.4) can

be replaced by >’ Some continuous forms of (1.3) and (1.4) were recently proved in [3].
Our main results related to this inequality are proved and discussed in Section 4. We

remark that obviously Popoviciu’s and Bellman’s inequalities may be regarded as a type of
reversed inequalities of Holder’s and Minkowski’s inequalities, respectively.
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C. Beckenbach-Dresher’s inequality: In its most elementary form it reads: If p > 1, <
1<a;B#0,then

Ol e b P (S aty (L B

Q@i+ b)) e-0IE = (s af)(p—l)/ﬂ oo ;,f?)(p—l)/ﬁ' 15

Especially for the case p = a/(e — B), « # B, we obtain the triangle inequality for the
so-called Gini-means G defined by

n a\ 1(e-B)
G=G(a,ﬁ)=<§%ﬁ;) , a#p

There are many generalizations of inequality (1.5). Of special importance as the back-
ground for this paper, we mention [2], where also a version for the spaces E” is included.

In Section 5 of the present paper, we derive a new version of (1.5) which is both ‘contin-
uous’ (containing infinitely many functions, e.g., sequences) and involving Banach lattice
norms (see Theorem 5.1). Moreover, we also derive a type of reversed inequality of the
same general form (see Theorem 5.4). Finally, Section 6 is reserved for some concluding
remarks and results. Especially, we present new Popoviciu’s inequality in the case of infi-
nite interpolation families (see Theorem 6.1), and the connection to Milne’s inequality is

pointed out (see Section 6.2).

2 Preliminaries
It is known that if || - || is a Banach function norm, then ||f(x, -)||r need not be a measur-
able function. But it is also known that if E has the Fatou property, then indeed ||f(x, )| £
is measurable (see [8]). Therefore, for simplicity, we assume that the considered Banach
function spaces have the Fatou property. It is also known that in this situation E is a perfect
space, i.e., E = E”, where E” denotes the second associate space of E.

We need the following simple generalization of Holder’s inequality.

Lemma 2.1 Letp,q#0, 117 +=2=11Ifp>1, then

1
q
Ifglle < If lerligla- (2.1)
Ifp <1, then (2.1) holds in the reverse direction. We have equality in (2.1) when g = cf?L.
A simple proof of this lemma in an even general symmetric form can be found in [1],
p. 369.
We also need the following more general form of Holder’s inequality (both continuous

and involving Banach function norms).

Lemma2.2 LetE=E",0<b<o00,p(x)>0,ulx) >0 be measurable and define p by

1 b u(x)
L R ™ .
» fop(x) * (2:2)
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where fob u(x)dx =1, then

b
exp (fo log (f(x, y))u(x) dx)

A proof of this result can be found in [4].

b
< exp(/ log |[f(x,y||5p(x)u(x) dx). (2.3)
£ 0

We note that (2.3) is an inequality between generalized geometric means. We also need
the following inequality.

Lemma 2.3 Let f(x), g(x), u(x) be positive and fx u(x)du(x) =1. Then

exp| [ 10g(f )| +exp| [ 10g(eto)ute) dnto |
<exp [ /X log(f (x) + g(x))u(x) du(x)}.

See, e.g., [9]. Another proof can be done by just using reversed form of suitable gener-
alizations of Beckenbach-Dresher’s inequality with p = a/(« — B) and letting o, 8 — 0 in
the corresponding generalized Gini-means G(«, ).

We also need the following analogous version of Minkowski’s inequality.

Lemma2.4 LetE=E",letp>1.Iff(x,y) >00on X x Y, then

H [ Foy)dx
X EP

or, equivalently,

(L)

< / 17 e, 9) |2 dx. (2.5)
E X

< / 1), dx (2.4)
X

Since E has the Fatou property and p > 1, we have that E” has the Fatou property, i.e.,
it is a perfect space, and the proof can be found in [10], Chapter 2. Note that in the case
E = L;(Y) this is just the classical integral Minkowski inequality.

Remember that the Banach lattice E is p-convex or g-concave if there exists a positive
constant M such that, for every finite set x;, %, ...,%, of elements in E, we have

()1

" 1/p
< M(Z ||xi||">
—_— E b
i=1

or
" 1/q n 1/q
(Z ||xi||§) SMH (Z |xi|q) ,
i=1 i=1 E
respectively.

The smallest M satisfying the corresponding inequality is called constant of p-convexity,
respectively, of g-concavity.
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In [11] the following fact appears: Let p and A be function norms with the Fatou property
and assume that there exists 1 < p < oo such that p is p-convex and X is p-concave. Then

there exists a constant C such that, for all measurable f(x, y), we have

p(A(f(x,-) < Chlp(f(-9)). (2.6)

If we take p(h) to be [, h  h(x) dx which is 1-convex with constant of convexity equal to 1
and A = || ||g, where E is l—concave with constant of concavity equal to M, and follow the
part of the proof of (2.6) in which the constant of convexity of the norm p(-) is equal to 1,
we find that

MH/Xf(x,-)dx Ez/X|Lf(x,-)”de. (2.7)

Lemma 2.5 IfE has the Fatou property and is 1-concave with constant of concavity equal
toM,p<1,p#0, then

> /X £ o) . (2.8)

MH fx flsg)ae|

Proof We follow the idea in the proof of Theorem 4.1.b) in [1] by using Lemma 2.1. In
details, using Theorem 3.1 b) from [1] and (2.7), we have

flx,y)dx
X B

lzllpg=1

Z el 1/|[f(x’y)z||5dx>/ \ﬁnf [f @5z p dx = /{V(’C’ ) gy .

Y)z dx

Here, q = p/(p - 1), z = z(y) € E4, z(y) > 0. O

3 Popoviciu type inequalities involving Banach function norms

Our first main result reads as follows.

Theorem 3.1 Let E be a Banach function space such that E" = E and 0 < b < 0. Let p be
defined by (2.2) and fob u(x)dx = 1. If f(x,y) and p(x) are positive and fo(x) > ||f (%, ¥) | o) >
0, then

b
exp(/ log(fo (x)) u(x) dx> - exp(/ log(f (x, 7)) u(x) dx) ’
0 EP
b
- exp|:/o log(fo(x) - Hf(x,y)HEp(x))u(x) dx:| >0, (3.1)

provided that all integrals which occur in (3.1) exist.
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Proof We use Lemma 2.3 with X = [0, 5), f(x) = fo(x) — [If (%, )| oy » €%) = |[f (%, ) || gty and
find that

b b
exp(/o log(fo (%)) u(x) dx> > exp(/(; 1og (£ (%, )| g ) () dx)
b
+exp |:‘/0 lOg(fo(x) - ”f(xr ) ||Ep(x))u(x) dx:| .

Next we use Lemma 2.2 to conclude that

b
exp(/o log([[f e, )| oty (0) dx) >

b
exp (/ log(f(x,y))u(x) dx)

EP

We combine the above two inequalities and obtain (3.1). The proof is complete. O

Example 3.2 (a) Applying Theorem 3.1 with E = L;(Y, v), we find that

b
exp (/O log(fo(x))u(x) dx)

B {/Y[CXP( /Oblog(f (%,9))u(x) dx>]pv(y) dy}’l’

b )
> exp[ /0 10g(ﬁ>(x) - ( /Y £, 3)v(y) dy) ( )>”(x) dx}

which in the case p(x) = 1 was proved in [3].
(b) If p(x) =1, then (3.1) reads

b
exp (/0 log(fo (%)) u(x) dx) -

b
exp (./o log(f (x,y)) u(x) dx)

E
b
- exp|:/ log(fox) = [/ (x,9)|| ;) () dx] >0, (3.2)
0
which in the case E = L1 (Y) was proved in [3].
Next we state the following complementary result.

Theorem 3.3 Let E be a Banach function space, let f,g > 0 and p,q # 0, where 117 + é =1
(@) Letp=1.1f ¢ — |fPle = 0, 3 — lIg?llg > 0, then

acs = Ifele = (= I7],)" (& - ¢ )" = 0. (33)

(b) Let 0 <p<1.If Ig%llg >0, ¢ — ||gl|g > O, then reverse inequality (3.3) holds.
(c) Let p<O.If||f?|| > 0, & = |f?lle > O, then reverse inequality (3.3) holds.

Proof (a) Let p,q > 0. Let ¢ - ||f?||&, g& — l|lg?| e be strictly positive. Let X; U X = [0, ),
let X; N X, be empty, |, x, Wx) dx = 1%, f x, W) dx = %1’ We can get the result like a corollary
from inequality (3.2), by taking fo(x) = ¢ for x € Xj and f(x) = ¢ and f(x,y) = f*(y) for
x € Xy, fx,y) =g(y) for x € Xs.
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If, for instance, ¢ — ||f? ||z = 0, gl — |lg7]lr > 0, we have to show that ¢;c; > |fg||. For this
purpose we just use Lemma 2.1, namely

1 1
Welle < [f7]12 7] £ < cica

(b) The case 0 < p <1 can be treated by using the same Lemma 2.1, which says that

1 1
e d A rd K

in this case. If we put

w= (@ =11y = (1) 2= e - e e = (el )™,

we have

¥t < |fgle

which together with Holder’s inequality
1 1
xz+yt> (& +97)P (27 + 7)1

gives us the wanted inequality.
(c) The case p < 0 can be proved similarly (just interchange the roles of f and g and p
and g, respectively). O

Remark 3.4 Note that Theorem 3.3 in particular means that inequalities (1.1) and (1.2)
hold also if *>” in these inequalities are replaced by >’

We also state a generalization of Theorem 3.3(a).

Corollary 3.5 Let E be a Banach function space, let f, g, ¢/ — |[f*|er >0, ¢ — [g7]lgs > 0,
where p,q,r,s >0, = + L = 1. Then
pr = gs

acy - Ifglle - (¢ - |7

o) (=g )" = 0. (3.4)

Proof In the case when ¢/ — ||f? ||, gg — |lg?||e are strictly positive, we can get like corollary
from Theorem 3.1. First we take u(x) = 1, du(x) = dx and, if fob ﬁ dx =1, we get

b b
exp </0 log(fo(x)) dx> — |lexp (/0 log(f(x,y)) dx) i

b
- exp[ fo 10g (o (%) = [/ () po) dx} > 0. (3.5)

Then we take fy(x) = ¢} for x € X, fo(x) = c for x € Xa, f(x,y) = fP(y) for x € X1, f(x,y) =
g9(y) for x € X5, where X U X, = [0,b), X; N X, is empty, le u(x)dx = 1%, sz u(x) dx =
p(x) =r for x € X; and p(x) = s for x € X5.

1
E’
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Look, for instance, to the third expression in inequality (3.5)

b
exp [/ log(fo(x) - Hf(x,y)”EP(x))u(x) dx:|
:exp[ / log(& = [P0 ) uw) dix + / log(c! |qu(y)||55)u(x>dx}

= exp|:log Hf - + log(c? ||gq( ) ES) q]
= (Cf - “fp Ef)l/p(cg - ”gq ES)l/q’

which is the third expression in (3.4). Even simpler we see that the two first terms in (3.5)

coincide with the corresponding terms in (3.4).
If, for instance, & — |f?]ler = 0, ¢ — ||g7]lz= > 0, we have to show that c;c; > ||fg||. For the

purpose, we just use Lemma 2.1, namely

1 1
Hfg”E =< pr ||gr ||gq ||Eqs =< qc.
The proofis complete. d

Remark 3.6 1. Since

(@a-b)>a -b" whena>b>0,0<r<l, (3.6)

by putting a = = [fP" |7, we get

o A PO e

Hence, for 0 < r,s < 1, the following chain of inequalities holds:

ares — Izle = (& = |72 )) " (ck - g7 )™

= (&= 11" (e - e ])™

If we compare inequalities (3.4) and (3.3), we can see that in the case 0 < 7, s < 1 inequality
(3.4) is better than inequality (3.3). Moreover, since in the case r, s > 1 inequality (3.6) holds
in the reversed direction when r > 1, in the case r,s > 1 inequality (3.3) is stronger than
inequality (3.4).

2. Note that here we do not need the condition E” = E because of Remark after Theorem
4.1 from [4].

4 Bellman type inequalities involving Banach function norms
Our first main result in this case reads as follows.

Theorem 4.1 Let X and Y be measure spaces, let f (x,y) be a positive measurable function
on X x Y and assume that p > 1 and fy(x) is a function on X such thatfég(x) > P, e
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where E is a Banach function space on Y forall x € X. Assume that E has the Fatou property.

Then
(fure- 1wl 1P ax)

<[] [fere]

provided that all integrals exist.

S 10

, (4.1)
E

If E is 1-concave with constant of concavity 1,0 <p <1l orp <0 and ||f?(x,-)||g > 0, then

inequality (4.1) holds in the reverse direction.

Proof Let p > 1. We consider the following form of Minkowski’s integral inequality:

: ;
( f ( / Foopul) du<x>) vo) dv(y))
Y X
- /X ( fy FPyvo) dv(y))”u(x) dux) 4.2)

for the special case when Y = Y; U Y3, Y1 N Y; is empty, f(x,y) = a(x) on Y1, f(x,) = b(x)
on Y, and le v(y)dv(y) = sz v(y)dv(y) =1, u(x) du(x) = dx and get

p p Y
(/ a(x) dx) + </ b(x) dx) < [/ (ap(x) + b”(x))f’ dx] .
X X X

We choose

S

a) = [ - e, )7, b =[],

and obtain that

=

(fure- el 1 ax)

1 p »
+</X|[fp(x,-)||g dx) < |:/Xf0(x)dx] =1,

Next, by using (2.5) to the second term in the above inequality, we find that

|,

(1w - 160 a)

P
. (4.3)

If 0 < p <1, then first we use reverse to inequality (4.2) and then instead of (2.5) we use
(2.8) for M =1.
The proof in the case p < 0 is similar. g
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Remark 4.2 Inequality (4.1) can be written as follows:
p 3 P
(f 1 -l ax)
X

< [ / fo(x)dx]p | [rmas

If E = L, then we get the result of the first part of the continuous Bellman inequality for

p
j2
p > 1proved in [3], Theorem 3.1.

Next, we state the following Bellman type inequalities.

Theorem 4.3
(a) Let E be a Banach function space, let f,g >0,p>1,¢ = ||ff g > 0, ¢ — llg?|lg > 0.
Then
(@ =171 + G- 1e])™) < e+ ep = + 7, (44)

(b) IfE is an arbitrary 1-concave lattice with constant of concavity 1,0 <p<lorp<0
and c1,f >0, = ||f?le>0,¢,>0,g>0, 5 — |g°llg > 0, then reverse inequality (4.4)
holds.

Proof (a) In view of Theorem 4.1, from [1] we have the following variant of Minkowski’s
inequality: If p > 1, then

n
2%
1

< Z lloc; ]l e - (4.5)
1

EP

We follow the idea of the proof of Theorem 4.29 from [12] using the discrete Minkowski
inequality

((ﬂl +b1)f +(ay + bz)p)‘l’ = (ﬂf + ag)’l’ + (l?ll7 + b‘;)}’ (4.6)
with
a=( -1 b= (& =) a= (7],) " 22 = (161"

We note that the right-hand side in (4.6) is equal to c; + ¢z, (a1 + b1)? coincides with the
term on the left-hand side in (4.4) and, by (4.5),

1
ar + by = ||fle + llgller > IIf +gller = |(F + @7 £

By using these facts and taking pth power of both sides in (4.6), we get (4.4).
(b) All inequalities above hold in the reverse direction in this case, and the proof follows
by just doing obvious modifications of the proof of (a). d

Remark 4.4 Note that similarly as in our previous section, Theorem 4.1 in particular
means that inequalities (1.3) and (1.4) hold also if ‘>’ in the statements of these inequalities
are replaced by >’
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5 Direct and reverse Beckenbach-Dresher type inequalities involving Banach
function norms

The following result concerning Beckenbach-Dresher’s inequality was announced in [13].

For completeness, we give here also the proof.

Theorem 5.1 Let E, F be Banach function spaces with the Fatou property. If 0 < u < 1,
0 < p,q <1 and E is 1-concave with constant of concavity equal to M, F is 1-concave with
constant of concavity equal to N, then the inequality

I [ f (%) dxl %, If Cx, )Nl
Y s o) 222 g 51
I [ g(x, ) daxl| = /xllg(x,~)||3éq1 * G

holds with C = M™*N*7\, providing all above integrals exist.

Ifu>1,q<1<p,q+#0 andF is 1-concave with constant of concavity equal to N, then
inequality (5.1) holds in the reverse direction with C = N*L,

Ifu<0,p<1<gq,p+#0 and E is 1-concave with constant of concavity equal to M, then
inequality (5.1) holds in the reverse direction with C = M™*.

Proof In the proof we will use (2.5), (2.8) and Holder’s or reverse Holder’s inequalities.
Let 0 < u <1, E be 1-concave with constant of concavity equal to M, and let F be 1-
concave with constant of concavity equal to N. Then

I foof G ) dxligy M7 I @)l d)
I [y g ) dxllégt = N4 [y g, )|l pa doc)?

ZM‘“NH/ Ilf(x,-)lllffz1 dx
x g, Iz

Let u > 1, E be just a Banach function space, and let F be 1-concave with constant of
concavity equal to N. Then we have

IS @) dxlgy (@ )ller da)
I [ gCe, ) dxlltg” = NY(fy g, )| pa dacyet’

and the statement follows by using reverse Holder’s inequality.
Let u < 0, E be 1-concave with constant of concavity equal to M, and let F be just a
Banach function space. Then

IS @) dxligy M7y I @) ller d)
I [y gl ) dxlts = (fy g ) llpa dayet

and as before we use reverse Holder’s inequality to complete the proof. O

Remark 5.2 Inequality (5.1) can be rewritten as follows:

I )y 1 e / W aE
([ g, ) dx)a )|+ X

-1
q

g?(x, )l

Consider the case E = F = L'. Then M = N = 1, and we get the result which appears in
Theorem 3.1 from [14].



Nikolova et al. Journal of Inequalities and Applications (2017) 2017:302 Page 12 of 16

Remark 5.3 If we take f and g to be a step function of the type f(x,y) = fi(y) when x €
[0,1),...,f(x,y) =fi(y) whenx € [i - 1,i) for i =2,3,...,nand if 0 < u < 1, if E is 1-concave
with constant of concavity equal to MM, if F is 1-concave with constant of concavity equal

to N, then the inequality

n
I > fillE I1fill%
n u-1 Z CZ u-1
>0 gl — gl

holds with C = M “N'*,

Next we state a kind of reverse version of Theorem 5.1, reversed in the same way as
Popoviciu’s and Bellman’s inequalities may be regarded as reversed versions of Holder’s

and Minkowski’s inequalities, respectively.

Theorem 5.4 Let fy(x) > ||f(x, ) || for all x € X, let g(x,z) be a positive measurable func-
tion on X X Z and assume that go(x) is a function on X such that go(x) > ||g(x, -)|| e for all
x € X, where E is a Banach function space on Y for all x € X with the Fatou property and
F is a Banach function space on Z for all x € X with the Fatou property.
IfO<u<l,p>lorp<0andq=>1orq<DO0,then the following continuous reverse type

version of Beckenbach-Dresher’s inequality holds:

(U So@) dxl = L[ f(x,-) dxl? |}
(1, 0(6) dxl? — |[[f, g, ) dx]a |} T

N NHORTCRIRG

dx. (5.3)

u

X (g x) - i, ) IF T

Ifu>1,0<p<landq>1orq<O0,then reverse inequality (5.3) holds.
Ifu<0,0<qg<1landp>1orp<0,then reverse inequality (5.3) holds.
In the cases when p < 1, an additional condition on the function space E is that it should
be concave with constant of concavity 1; in the cases when q < 1, an additional condition on

the function space F is that it should be concave with constant of concavity 1.

Proof In the proof we use Theorem 4.1 and then Holder’s inequality. Denote

i [fma] - [fere]

Ar(x) = W(x) - pr(x, )”E] ’

q q
o-[fos] |[ [ o]

and

’

E

S

F

Bi(x) = [g5(x) - Hq(x’ )”E]%I
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Consider the inequalities

1-u
(4) B%z[/Bl(x)dx} .
X

Let 0 <u <1.If p>1, g > 1, then our version (4.1) of Bellman’s inequality implies in-
equalities (1) and (3), and thus, since 1% > 0 and 1_7” > 0, inequalities (2) and (4) hold.
Hence, by Holder’s inequality

Leu u 1-u
ArPBd > [ /X Al(x)dx] [ /X Bl(x)dx} > /X Ay (0)“By (%) dx

and according to the definition of A, B, A;1(x) and B (x), inequality (5.3) is proved. If p < 0,
q > 1, Bellman’s inequality gives (1) in the reverse direction, and since 129 < 0, inequality (2)
holds in this case, too. Since inequality (4) holds, we use Holder’s inequality as above. The
cases p<0,g<0and p>1,g<0 can be done analogously.

Let now u > 1. If 0 < p <1, then inequality (1) holds in the reverse direction and, there-
fore, since 157 > 0, also (2) holds in the reverse direction. If g > 1, then inequality (3) holds,
and since 1’7” < 0 in this case, we conclude that (4) holds in the reverse direction. In the
case g < 0, inequality (3) holds in the reverse direction, but since 1‘7” > 0, inequality (4)
holds in the reverse direction also in this case. The second statement thus follows by using
reverse Holder’s inequality and arguing as in the proof of the first case.

Finally, let u < 0. If p > 1, then again by Theorem 4.1 we have that inequality (1) holds,
and since 1% < 0 in this case, we find that inequality (2) holds in the reverse direction.
Symmetrically, if p < 0, inequality (1) holds in the reverse direction, but since [% > 0 in this
case, still inequality (2) holds in the reverse direction.

If 0 < g <1, then inequality (3) yields in the reverse direction, and because 1’7” >0 in
this case, also (4) holds in the reverse direction. The third case is thus proved by just using

reverse Holder’s inequality and arguing as in the first two cases. The proof is complete. [J

6 Concluding results
6.1 Popoviciu type result in the case of infinite interpolation families
The result of this subsection was announced in [13] but here we give all the details.

Let D be a suitable simply connected domain in the complex plane with boundary I"
and B(y) € I be an interpolation family on I in the sense of [15]. Let for simplicity I" =
{|z| =1} and D = {|z| < 1}. When we speak about interpolation in the families of Banach
spaces (complex or real), we are in the situation when the actual family of Banach spaces
is indexed by the points of the unit circle for simplicity I" = {|z| = 1} in the complex plane,
while the interpolation spaces are labeled by the points of the unit disk D = {|z| < 1}. The
authors of [15] construct, for each zy € D, a new space B[zy], which consists of the values



Nikolova et al. Journal of Inequalities and Applications (2017) 2017:302 Page 14 of 16

f(z0) at zy of certain analytic vector-valued functions f(z) on D whose boundary values
f(y) € B(y) forae. y € I', and ||fllr(y) = esssup,, [f (¥)llsw) < o0. The space B[z] has an
interpolation property, i.e., if a linear operator T is bounded on each B(y) with norm M(y)
and also bounded on a certain space U containing each B(y), then T is also bounded on
Blzp] with norm M(zp), which can be estimated in terms of the function M(y). A variant
of the construction was suggested independently in [16].

Proposition 2.4 from [15] says that, for each f € F(y) and each z, € D, the inequality

Vo)l = x0( [ 1080 i 20 ) (61)

holds, where P,,(y) is the Poisson kernel. This can be regarded as an infinite variant of
the inequality (log convexity inequality) in the notion of the exact interpolation method
of type 0 (here zj) in the case when the families consist of just two spaces (the case of
Banach couples).

In such terms we are now ready to formulate the following general Popoviciu type in-

equality.

Theorem 6.1 Let B(y), y € I" bean interpolation family on T, let f € F(y) and zo € D and
Blzo] be the complex interpolation space. If fo > ||f | r,) = esssup,, [[f (¥)llo,) > 0, then

o= ey = 5o [ 108lfo = 1) ]P0

Proof Having in mind inequality (6.1), we find that

UGl + ([ 1080~ L) ) 222 )
<exp [ 1060 420 ) wexo [ 106lfo~ 1) ]P0

< exp(v/r log fo szo()/)) = fo,

which gives the stated inequality. Here we used inequality from Lemma 2.3 in a crucial
way. 0

6.2 Connection to Milne’s inequality

Denote X = \/(cf — IF21(c% = lig2]))- Then if in the particular finite case (3.3) putp = q = 2,
we find that

x=ae-/IPDyIel 62)

From this inequality and from Holder’s inequality, we obtain the inequality

X <cic - |fgll. (6.3)
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Consider Milne’s inequality [17]

2 2 ﬂ2b2 2 2
Y(@+)Y o <> a2y
i=1 i 4t bi i=1 i=1

and put

a=@-1PN"  n=@G-12)” =D n=(eD™

Since X = y/a1b1, we can estimate it and get

e LA 1g
@-1rD@- 1D < | 25 - L@ d- -1l 6o

It is easy to see that this inequality is stronger than (6.2).
In fact, we can use Holder’s inequality here too and get

2 2 2 2 C%C% Ifgl? 2, 2 2 2
@-1PDE-1eD <| 2% - i @+ d- 1= 19l 63)
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