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Abstract

In this paper, we propose and analyze a hybrid iterative method for finding a
common element of the set of solutions of a generalized equilibrium problem, the set
of solutions of a variational inequality problem, and the set of fixed points of a
relatively nonexpansive mapping in a real Banach space. Further, we prove the strong
convergence of the sequences generated by the iterative scheme. Finally, we derive
some consequences from our main result. Our work is an improvement and
extension of some previously known results recently obtained by many authors.
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1 Introduction
Let X be a real Banach space with its dual space X*, let (-, -) be the duality pairing between
X and X*, and let || - | denote the norm of X and X*. Let K be a nonempty closed convex
subset of X, and let 2X # ¢ be the set of all subsets of X.

Let G,& : K x K — R be bifunctions. The generalized equilibrium problem (GEP) is
finding x € K such that

G(x,y) +£(x) —E(x,x) =0, VyeKk. 1.1)

We denote the solution set of GEP (1.1) by Sol(GEP(1.1)). Problem (1.1) includes fixed
point problems, optimization problems, variational inequality problems, Nash equilib-
rium problems, efc. as particular cases. In recent past, many iterative methods have been
proposed to solve GEP (1.1); see, for example, [1-4].

For & = 0, GEP (1.1) reduces to the following equilibrium problem (EP): Find x € K such
that

G(x,9) >0 forallyeK. (1.2)

Problem (1.2) was introduced and studied by Blum and Oettli [5].
The variational inequality problem (VIP) is to find x € K such that

(Sx,y—x)>0 forallyeKk, (1.3)
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where S : K — X* is a nonlinear mapping. We denote the solution set of VIP (1.3) by
Sol(VIP(1.3)).
A mapping S : K — X* is said to be
(i) monotone if (x —y,Sx — Sy) > 0 for all w,y € K;
(i) y-inverse strongly monotone if there exists a positive real number y such that
(x —9,5x - Sy) > y||Sx - Sy||? for all x,y € K;

(iii) Lipschitz continuous if there exists a constant L > 0 such that ||Sx — Sy|| < L||x - y||.
If S is y -inverse strongly monotone, then it is Lipschitz continuous with constant %, that
is, [|Sx - Sy|| < %le —y| forallx,y € K.

The fixed point problem (FPP):

Findx € K such that x € Fix(T), (1.4)

where T : K — K is a nonlinear mapping, and Fix(T') is the fixed point set.

In 2009, Takahashi and Zembayashi [1] studied weak and strong convergence theorems
for finding a common solution of EP (1.2) and FPP (1.4) of a relatively nonexpansive map-
ping in a real Banach space. Later on, Petrot et al. [2] extended the work [1] by using the
hybrid projection method, which plays an important role for establishing strong conver-
gence results.

Nadezhkina et al. [6] proposed a convex combination of a nonexpansive mapping and
the extragradient method and considered the iterative scheme by the hybrid method. They
proved the strong convergence theorem in a Hilbert space.

Very recently, in 2015, Nakajo et al. [7] proposed a composition and convex combina-
tion of a relatively nonexpansive mapping and the gradient method. Further, they proved
the strong convergence to a common element of solutions of the variational inequality
problem and fixed point problem by using the hybrid method.

Motivated and inspired by the recent work of Takahashi and Zembayashi [1], Petrot et al.
[2], Nadezhkina et al. [6], and Nakajo et al. [7], we propose an iterative scheme to find the
common solution of GEP (1.1), VIP (1.3), and FPP (1.4) for a relatively nonexpansive map-
ping in a real Banach space. Further, by using the hybrid projection we prove the strong
convergence of the sequences generated by the iterative algorithm, which improves and
extends the corresponding results of 3, 4, 8-10].

2 Preliminaries
Now, we use the following results and definitions to prove our main result.
The normalized duality mapping is defined as

J() = {veX*: (u,v) = lull” = v|*}
for every u € X, where J : X — 2",
The mapping px : [0,00) — [0, 00) defined by

[l + VI + [l — vl

—-1: =1L |v| =
5 flull vl S}

px(s) = SUP{
is called the modulus of smoothness of X. The space X is said to be smooth if px(s) > 0 for
all s > 0, and X is called uniformly smooth if pXT(S) — 0 as s — 0. A Banach space X is said
to be g-uniformly smooth if there exists a fixed constant ¢ > 0 such that px(s) <cs?. It is
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well known that if X is g-uniformly smooth, then g < 2, and X is uniformly smooth. Note
that if X is uniformly smooth, then J is uniformly continuous on bounded subsets of X.
The modulus of convexity of X is the function 8y : (0,2] — [0,1] defined by

. 1
8x(2) :lnf{l— eyl llell = flyll =1, fl = yll = t}

for t € (0,2]. A Banach space X is said to be uniformly convex if 5x(¢) > 0 for all £ € (0,2].
Let p > 1. The space X is said to be p-uniformly convex if there exists a constant ¢ > 0 such
that §x(¢) > c#? for all ¢ € (0,2]. Note that every p-uniformly convex space is uniformly
convex (for more details, see [11]).

Let X be a smooth, strictly convex, and reflexive Banach space.

Following Takahashi and Zembayashi [1], a point xy € K is said to be an asymptotic
fixed point of T if K contains a sequence {x,} that converges weakly to xy such that
lim,— o [|%, — Tx4|| = 0. The set of asymptotic fixed points of T is denoted by Ifi\x(T).
A mapping T from K into itself is said to be relatively nonexpansive if Fix(T) # @, lfi;((T) =
Fix(T), and ¢(x9, Tx) < ¢(x0, ) for all x € K and xq € Fix(T), where ¢ : X x X — R, is the
Lyapunov functional defined by

¢ v) = lul® = 2(u,Jv) + |lv|* foru,v e X. (2.1)
The generalized projection Ilx : X — K is defined as
I (u) = in1£¢>(u,x) foru e X,
XE

where ¢(u,x) is defined by (2.1) (for more details, see [12]).

Lemma 2.1 ([12, 13]) Let X be a smooth, strictly convex, and reflexive Banach space, and
let K # 9 be a closed convex subset of X. Then, the following hold:

(D) ¢, Nxu) + p(MNxu,u) < px,u) forallx e K, u € X.

(ii) For u € X and x € K, we have

x=Tlg(w) < (x—yJu-Jx)>0 forallyeK.

Remark 2.1 ([1])
(i) Using (2.1), we get

(leell = 1v11)* < () < (llull + [Ivll)” for all u,v € X.

(ii) If X = H is a real Hilbert space, then ¢ (1, v) = (||u|| - ||v|)?, and TTg = Py, the metric
projection of H onto K.

(iii) If X is a smooth, strictly convex, and reflexive Banach space, then ¢(u,v) = 0 for
u,ve X ifand only if u = v.

Lemma 2.2 ([11]) Let X be a smooth Banach space. Then, the following are equivalent:
(i) X is 2-uniformly convex.
(ii) There exists a constant ¢, > 0 such that||u + v||> > ||ul|? + 2(v,Ju) + c1||v||* for all
u,ve X.
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Lemma 2.3 ([11]) Let X be a 2-uniformly convex and smooth Banach space. Then ¢(u,v) >
allu—v||? for all u,v € X, where c, is the constant in Lemma 2.2.

Lemma 2.4 ([11]) Let X be a 2-uniformly convex Banach space. Then, for all u,v € X, we
have

2
lw—vll < 5 Ju—Jvll,
a

where ] is the normalized duality mapping of X, and 0 < ¢; <1.

Lemma 2.5 ([10]) Let K # ( be a closed convex subset of a smooth, strictly convex, and
reflexive Banach space X, and let T : K — K be a relatively nonexpansive mapping. Then,
Fix(T) is closed and convex.

Lemma 2.6 ([13]) Let X be a smooth and uniformly convex Banach space, and let {u,}
and {v,} be sequences in X such that either {u,} or {v,} is bounded. Iflim,,_, oo ¢(u,,v,) = 0,

then lim,,_, oo ||tt,, — V|| = 0.

Lemma 2.7 ([14]) Let K be a nonempty closed convex subset of a Banach space X, and let S
be a monotone and hemicontinuous operator of K into X*. Define the mapping M C X x X*
as

M(z) = S(2) + N (2) lfz ek,
0 ifz¢ K,

where Nk (z) := {u € X* : (z — x,u) > 0,Yx € K} is the normal cone to K at z € K. Then, M
is maximal monotone, and M~(0) = Sol(VIP(1.3)).

Lemma 2.8 ([11, 15]) Let X be a uniformly convex Banach space, and let r > 0. Then
there exists a strictly increasing, continuous, and convex function g : [0,2r] — R such that
g(0) =0 and
2
e + W= a)y|” < allxll? + (@ - ) Iy = (1 — g (llx — y1)
forallx,y € B, and a € [0,1], where B, = {u € X : |lu| <r}.
Lemma 2.9 ([13]) Let X be a smooth and uniformly convex Banach space, and let r > 0.

Then there exists a strictly increasing, continuous, and convex function g : [0,2r] — Rsuch
that g(0) = 0 and

g(llx=yll) < px,y) forallx,ye B,.
The function F : X x X* — R defined by
F(u, u*) = |lu|? - 2(u, u*) + ||u* ||2 foru € X and u* € X*

was studied by Alber [12], that is, F(u, u*) = ¢(u,J'u*) for u € X and u* € X*.
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Lemma 2.10 ([12]) Let X be a reflexive strictly convex and smooth Banach space with its
dual X*. Then

G(u,u*) + 2(]’1u* —u, v*) <G(u,u* +v*) forallueX andu*,v* € X*.

Assumption 2.1 Let G and £ satisfy the following conditions:
(i) G(x,x) =0 forxeK.
(ii) G is monotone, thatis, G(x,y) + G(y,x) <0 for x,y € K.
(iii) Foreachye K, x — G(x,y) is weakly upper semicontinuous.

)
)
(iv) For eachx € K, y — G(x,y) is convex and lower semicontinuous.
(v) &(-,-) is weakly continuous, and &(-, ) is convex.

)

(vi) & is skew-symmetric, that is,

E(x,x)—E(x,y) +E@B,y) - E(,x) >0 forallx,yeK.

Theorem 2.1 Let K be a nonempty closed and convex subset of a smooth, strictly convex,
and reflexive Banach space X. Let G,& : K x K — R be nonlinear mappings satisfying As-
sumption 2.1. For t > 0 and u € X, define the mapping Y : X — K as follows:

Y (u) = {zeK:G(Z,y)+§(y,z)—§(z,z)+ %(y—z,]z—]u) EO,VyeK}.

Then, the following conclusions hold:
(i) Y is single-valued,
(i) Y} is firmly nonexpansive mapping, that is, for all uy, u; € X,

(Yeur = Yeun, J Veug — J Ceraa) < (Yeun — Vertn, Juy — Juz);

(iii) Fix(Y¢) = Sol(GEP(1.1));
(iv) Sol(GEP(1.1)) is closed and convex.

Proof (i) We claim that Y is single-valued. Indeed, for x € K and ¢ > 0, let 2,25 € Y (x).

Then

G(z1,9) + £, z1) — E(z1,21) + %(y —z,Ja—Jx) >0 forallye K (2.2)
and

G(22,9) +§ (1, 22) = §(22,22) + %(y — 23,z —Jx) >0 forallye K. (2.3)

Letting y = z; in (2.2) and y = z; in (2.3) and then adding, we have
1
G(z1,22) + G(2z2,21) + §(22,21) = §(21,21) + §(21,22) — € (22,22) + E(ZZ -z1,Jz1 = Jz2) > 0.
Since G is monotone, £ is skew symmetric, and since ¢ > 0, we have
(z2 —21,Jz1 = Jz2) = 0.

Using the strict convexity of X, we get z; = z,. Thus, Y} is single-valued.
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(ii) For any uy, u; € X, let x; = Yy and x = Yyup. Then
1
G(x1,y) + E(y, 1) — & (1, 21) + E(y —x,Jx1 —Ju;) >0 forallyeK, (2.4)
and

G(x2,9) + E (9, %) — E(x2, %) + = (y — %, Jxy — Juz) > 0 forally e K. (2.5)

1
t
By putting y = x, in (2.4) and y = x; in (2.5) and taking their sum, we have
Glx1,%2) + G, x1) + & (x2, 1) — & (x1, 1) + & (%1, 2) — & (2, %2)
1

+ ;(xz —x1,Jx1 = Jxo = Juy + Ju) > 0.
Using the monotonicity of G and properties of £, we have
1
Z(xz = x1,Jx1 = Joeg = Juy = Juz) > 0.
Hence, we have
(%2 =21, Jor = Jwa) + (w2 — 21, Jup — Jua) > 0
or
(1 = X2, Jc1 = Jx2) < (%1 = %2, Jug — Ju),
that is,
(Yeur = Yewn, J Vewnr = J Vettn) < (Yo — Yertn, Juy — Juz). (2.6)

Thus, Y} is a firmly nonexpansive mapping.
(iii) Let x € Fix(Yy). Then

G(xy) + (%) —E(x,x) + %(y—x,]x—]x) >0 forallyeKk,
and so
Gx,y) +E(x)—E(x,x) >0 forallyeK.

Thus, x € Sol(GEP(1.1)).
Let x € Sol(GEP(1.1)). Then

Gx,y) +E(y,x) —E(x,x) >0 forallyeKk,
and so
G(x,y)+$0/,x)—§(x,x)+%(y—x,]x—]x)20 forall y € K.

Hence, x € Fix(Y}). Thus, Fix(1;) = Sol(GEP(1.1)).
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(iv) First, we show that Y} is a relatively nonexpansive mapping.
Using the definition of &, for any u3, u, € X, we have
& (Veuy, Yeuz) + ¢(Veuy, Youtz)
= 20V |1* = 2(euar, J ¥ etha) = 2(Xyta, J Yyrtr) + 2|| Yyt ||
=2(Yyuy, JYouy — J Ysup) + 2{Yyun,J Xty — J Y y1a7)

=2y — Yetho, J X stis = J ius)
and

S (Yeur, uz) + (Veun, ur) — P(Vounr, 1) — p(Vpuan, up)
= | T |* = 2(Ceur, Juz) + |tz ))* + | Cera||® + o |1
= 2( Yyt Jur) = | Vea |1 + 2(Xyuan, Juz) — ||z |1
= ICeaar > + 24 Xyuy, Jua) — [l |1
= 2(Yyuy, Juy — Juo) — 2{Vsup, Juy — Juz)

=2(Yeuy — Yo, Jus — Juy).

Since Y is firmly nonexpansive, from the above two equalities we have

d(Yeur, Yeug) + $(Conrg, Yerr) < p(Vouan, ua) + ¢(Youaa, ) — p(Vour, ur) — d(Yptha, u).
Thus,

d(Yeur, Yeug) + d(Ythn, Yornn) < d(Vomnn, ) + $( Vi, ur).
Taking u, = u € Fix(Y;), we have

B (u, Yemr) < p(u, ).
Further, we prove that lfi}(Tt) = Sol(GEP(1.1)).

Let x € Fix(Y;). Then there exists a sequence {u,} C X such that u, — x and

lim,,—, oo |4 — Y1ty || = 0. Thus, Yu, — x. Hence, we get x € K.
Since J is uniformly continuous on bounded sets, we have

li

n—00

-J7T
i Wi =Tl _
t
From the definition of Y, for any y € K, we have
1
G(Yetty, y) + &, Yemn) — & (Yett, Yett) + ;(y = Yitn,J Yty — Juy) = 0.

Lety, = (1 - p)x + py for p € (0,1]. Since y € K and x € K, we have y, € K, and thus

1
G( Yttt ¥p) + E s Yethy) — E(Vett, Yetty) + ;(yp = Ytk J Vit — Juty) > 0.
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Since & is weakly continuous and G is weakly lower semicontinuous in the second argu-
ment, letting n — oo, we get

G(x’yp) + g(yp;x) - ‘;;:(x)x) Z 0;

S(yp:x) - g(x’x) Z G()’p:x)'

For p > 0, we have

0= GOpyp)
<pGUpy) + 1= p)Gp, %)
<pGOp,y) + (L= P)[EWp ) — §(x,x)]
<PGOpy) + 1 -p)p[EH,x) - &(x,%)]
<p[GUpy) + 1 -p)(EG,%) - E(x,x))].

Dividing by p > 0 and letting p — 0., we have

G(x:)’) + 50”96) - E(x’x) > 0.

This implies that x € Sol(GEP(1.1)), and hence Fix(Y;) = Sol(GEP(1.1)) = IEB((Tt). Thus,
T, be a relatively nonexpansive mapping. By Lemma 2.5, Sol(GEP(1.1)) = Fix(Y}) is closed
and convex. O

Next, we have the following lemma whose proof is on the similar lines of the proof of
Lemma 2.9 [1] and hence omitted.

Lemma 2.11 Let X, K, G, &, Y; be same as in Theorem 2.1, and let t > 0. Then, for x € X
and u € Fix(Yy), we have

& (u, Tix) + p(Vyx,x) < P(u, x).

3 Main result
Now, we prove the following convergence theorem.

Theorem 3.1 Let X be a 2-uniformly convex and uniformly smooth Banach space, and let
K be a nonempty closed and convex subset of X. Let S : K — X* be a y-inverse strongly
monotone mapping with constant y € (0,1), let G,& : K x K — R be nonlinear mappings
satisfying Assumption 2.1, and let T : K — K be a relatively nonexpansive mapping such
that T := Sol(GEP(1.1)) N Sol(VIP(1.3)) N Fix(T) # (. Let the iterative sequence {x,} be gen-
erated as follows:

xo=x€K,

2y = 1_[]_1(]76;1 - )\nsxn):
K

Yn = ]_1 (en]xn + (1 - Qn)]TZn);

u, € K
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such that

1
G, y) + E, ) — E (U, ) + t—(y — U, Juy —Jy,) =0, Vyek,

p,= {Z € K:p(z,un) < d(z,%,) — 1= 0,)P(z0, %) — 2(1 = 0,) X (2 — 2, S — S21) }¢
Q.= {zeI(: (% — 2, Jx — Jx,) > 0},

X1 = ]_[ x, VYneNU{0},
PyNQy

where ] is the normalized duality mapping on X, t, € (0,00), and {r,} and {0,} are the
sequences in (0,00) and (0,1) satisfying the following:

(i) 0<liminf,_ oA, <limsup,_, Ay < C%TV, where c; is the constant in Lemma 2.2;

(ii) 0<liminf,_, 6, <limsup,_, 6, <1.

Then, {x,} converges strongly to [ [ x, where [ |- x is the generalized projection of X onto T'.

Proof Since T is a relatively nonexpansive mapping from K into itself, it follows from
Lemma 2.5 and Theorem 2.1(iv) that I is closed and convex. First, we show that P, N Q,,
is closed and convex for all € N U {0}. By the definition of Q, it is closed and convex.

Further, by the definition of ¢ we observe that P, is closed and

¢(Z, Uy) < ¢(Z:xn) -(1- 9n)¢(yn’xn) —2(1=6,)Ay (yn -2z,8%, — Syn)’

211 = 2(z, /) + 1%all* = (0 = 6,)P Gy %) = 21 = 0) A (Vs — 2, Sx — Sy

— l211? + 2(z, Jun) = lua|* = 0,

2<21]un _]xn> - 2(1 - en))‘n (yn -z an - S_yn) + ||xn||2 - ||14n||2 - (1 - 9n)¢(yn:xn) Z 0,
and hence P, is closed and convex for all n € N U {0}. Thus, P, N Q, is closed and convex
for all » € N U {0}.

Next, we show that I' C P, N Q, and {x,} is well defined.

Let x* € I'. Then x* € Sol(VIP(1.3)), that is, (z, — x*, Sz,,) > (z, —x*, Sx*) > 0.
Since x* € I', using Lemma 2.1, we have

(zn _x*)]xn _]Zn - )"Vl‘sxrl> Z O
Thus,

(Zn _x*jjxn _]Zn> Z )\n<zn - x*,Sx,,)
= dnlzn — %%, S5 = Szu) + M2 — &%, S2,)

> A,,(zy, —x*,Sx, — Sz,,)
for each n € N U {0}, which implies

_2<Zr1 - x*’]xn _]Zn> =< _ZAn(Zn - x*; an - SZ,,),
2<x*:]xn _]Zn> - 2<Zn:]xn _]Zn) S _2)‘«}1(2;’1 - x*r an - SZ,,),

2(96*,]96;4 _]Zn> + 2<ijzn> - 2<Zm]xn) =< _2)"n<zn _x*r an - SZn),
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2", ot — Jzn) + 20Znll = 2(Zs J) < —2hnln — 57, S, — S2,),
) = 2% J2) + Nzl < o*|* = 20% Jon) + 1212 = N2 1% + 2 (20, )
— oal® = 2An{zn — %%, Sx — Sz.),

D (x*,2) < P (5" %) — D20, %) — 2hn(z0 — &%, Sxy — Sz4). (3.1)
Since u, = Y, y, for all n € N U {0} and Y}, is relatively nonexpansive, we have

(}5(96*, un) = q)(x*, Tt,,yn)
< (*"yn)- 32)

Now, we estimate

O 9m) = & (", T Oty + (1 - 6,)] Tz,))
= [ | = 2%, 0T + (1= 0, T2,) + |0 + (1 = 0,0 T2, |
< [ |* = 260{x", Jon) = 201 = 6,) (6%, T T20) + Bullal® + (L = 6,) | Tl
< 0up(x",2n) + (1= 0)0p (x", Tz
< 0up (",%) + (1= 0)¢(x*, T2)
< 0, (6", %) + (1= 0,) (%", 20). (3.3)

By (3.1), (3.2), and (3.3) we observe that
d’(x*) un) S ¢(x*¢xn) - (1 - 6n)¢(zn:xn) - 2(1 - Qn))\n<zn - x*: an - SZ,,).

This implies that x* € P,,. Therefore, I" C P, for all » € N U {0}.

Next, we show by induction that I' ¢ P, N Q, for all » € N U {0}. Since Qp = K, we
have I' C Py N Qp. Suppose that I' C Py N Qi for some k € N U {0}. Then there exists
X1 € Pr N Qg such that xy,; =[] PnQy % From the definition of xy,; we have, for all z €

PN Qg
(Hr+1 — 2, Jx — Jxpe1) = 0.
Since I' C Py N Qx, we have

(xk+1 -z, Jx _]xk+l) >0 forallz e T,

and hence z € Qg,1. So, we have I' C Q1. Therefore, we have I' C Pr1 N Qpyr-
Thus, we have that I' C P, N Q,, for all € N U {0}. This means that {x,} is well-defined.

Further, we show that the sequence {x,} converges strongly to x* = [[x € T
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By the definition of Q, we get x,, = [, x. Using x, = [,  and Lemma 2.1, we have,
forallx* e I' C Q,,

DX, x) = (ﬁ(HJC,?C)

Qn
<o(w5) -0+ [ T+)
Qn
< o(x%,x).

Thus {¢(x,,x)} is bounded. Therefore {x,} is bounded.
Letting * € I', we have

15l < [| S0 — S | + || S

1
< o=+ 827

So, {Sx,} is bounded.
From ¢(z,,,J " Uy — AnSx,)) < (2%, (%, — A, Sx,)) we have

0 = ||Zn||2 - Z(Zn:]xn - )\nsxn) - ||x* “2 + z(x*’]xn - )\nsxn>

> Nzl = 2Nzl (12 + 2all 1S50) = 7 = 2] | (leall + AnlSal).
Denote M = sup{||x, |, |Sx,||}. Now, we have
Izl = Mlizyll - |*||* = M|*| <0 forall n e N U{0}.
Thus {z,} is bounded.
Since x,,1 = ]_[anQn xeP,NQ,CQ,andx, = l_[Qn x, from the definition of HQn we
have

¢ Xy, x) < P(x,41,x) forallme N U{0}.

Thus {¢(x,,,x)} is nondecreasing. So, the limit of {¢(x,,x)} exists. By the construction of
Q,, we have Q,,, C Q,, and x,,, = HQm x € Q,, for m > n. It follows that

X X) = @ (xmv Hx)

Qn
< P(xm x) - ¢><]_[xx>
Qn
= ¢(xmrx) - ¢(xm x) (3.4)

Letting m,n — oo, we have ¢(x,,,x,) — 0, and hence, applying Lemma 2.6, we have

|24 — x|l = 0 as m,n — oco. Thus {x,} is a Cauchy sequence. Since X is a Banach space
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and K is closed and convex, we can assume that x, — x* € K as # — o0o. From (3.4) we

get
(X1, %) < P(Xns1,%) — P(x,,%)  forallme NU{O},

which implies
lim ¢(x,,1,%,) = 0. (3.5)
n—>00

Using Lemma 2.6, we get
lim %41 — %4 = 0. (3.6)
n—>00

By Lemma 2.3 and x,,,; € P, we estimate

S ni1s tn) < P11, %0) — B2y %) = 220 (200 — K41, SX — S2i1)
= P(Xns1, %) — P(2, %) — 2X0 (200 — X, Sxp — S2)
= 2h (X — Xus1, S¥u — SZp)
< P41, %n) = G (2> %) + 200120 = 2| | S — Sz

+ 201 — X1 11 Sx = Sz, |

21 2
< ¢(xn+1:xn) + (_n - Cl) Il — Zn||2 + ‘ ey = %1l — 2z -
14 14
. . . czy
Using (3.5), (3.6), and the inequality sup, .y A» < -5, we have

. 2A .
lim <C1 - _Vl) [l — Zn”Z = lim ¢(xn+1, u,) =0,
n— 00 y n— 00
which implies
lim |lx, —z,| = lim [[%.1 — u,ll = 0. 3.7)
n— 00 n— 00
Using (3.6) and (3.7), we have
lim ||x, — u,|| = 0. (3.8)
n— 00

The uniform continuity of J implies that

lim ||/x, — Ju,| = 0. (3.9)
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Using the property of ¢ and Lemma 2.8, we have, for allx* € T,

G(x*,yn) = S (" T (Oufn + (1= 6,)] T2, ))
= ot ||* = 20x%, 0T + (1= 0,072, + |6l + (1 = 0,01 T2, |
< 2|7 = 26 Joa) = 200 = )6, T Tz} + Ol 1
+ (1= 0) T Tz 1> = 0(1 = 6,)g (I — T Tz )

= 9n¢(x*vxn) + (1 - 9n)¢(x*: Zn) - 9}1(1 - en)g(”]xn _]Tzn ”) (310)

Next, we estimate

¢
F(x*, J%n — AnSxy)
F(x*, (tn = 2nSxu) + AnSxn) = 207 Bty = AnS%) = Py MnSn)
= F(x*,J0tn) = 22u(] " U — AnSx) — &%, S
D (%" %) — 2000 — &*, Sn) = 20T ity — AnS%) — X0, S)
D (%", %) = 2hn(on — &%, Sk — Sx*) = 2hu(3 — &, Sx¥)
+ 2017 Uoen = AnSxn) = Xy Sxi)

< qb(x*,x,,) -2\ ||Sx,, — Sx* ||2 + 2(]’1(]96,, — AnSx,) — x,,,Sx,,).

From this, using Lemma 2.4 and the inequality ||Sx| < [|Sx — Sx*|| for x € K and x* € T,
we have

(5" 20) < (2% 0) = 2y [ S — 557 [2+ %Ai IS5, — 52|
= ¢ (x*,2,) + 20y (%A - y) | S, — S| (3.11)
From (3.11) and (3.10) we have
O (¥, ym) < b(a,x,) +2(1 - 9n))\n<%xn - y) |, — 52|
— 0, (1= 0,)g (Vn = J T2 |- (3.12)
Using (3.2) in (3.12), we have

P (x" 1) < P(x",0n) + 21~ Gn))‘-n(%)\n - V> | St — S|
1

= 0,1 = 6,)g(IVxn = J T2, 1)) (3.13)
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&2
Since A, < 177/, we get
Qn(l - en)g(”]xn _]Tzn ”) f (pb(x*rxn) - ¢(x*’ Mn)' (314‘)

Now,

¢(x*’xn) - (,25(96*, Mn) = ”xnllz - ”Mn”Z - 2<x*r]xn _]un>

< 1% = sl (12l + N2gll) + 2™ || (I = Tt l)-

It follows from (3.8) and (3.9) that
¢ (%" %) — p(x"u,) > 0 asn— oco. (3.15)
Thus, from (3.14) and (3.15) we have
(s ~JTzll) > 0 asn— oo.
Using Lemma 2.9, we obtain
Jxy —JTz,|| = 0 asn— oo.
Since /™! is uniformly norm-to-norm continuous, we have
%y = Tz, | = 0 asn— oo. (3.16)

From (3.13) we have
2
2(1 = 6y (y - C_z)\n) |5 = S| * < (%, %) — (" 1),
1
which implies that

lim ||Sx, — Sx*| = 0. (317)

n—00

Using Lemmas 2.1 and 2.10 and (3.4), we estimate

¢(xn: Zn) = ¢<xm H]il(jxn - )\nsxn)>
K

< (% T U — 1 Sx))

= F (o, Jtn — AnSx)

< F (%, U — nS%n) + 2nSx) = 2(] " U — AuS%) — Xty AnS6)
= P %) + 207 6w — AuS%) — Xty A St)

= 2(1 7 Utn = AnSn) = Xy =My S

<2077 tn = AuSxn) =T e | [ A S ]- (3.18)
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By Lemma 2.4, using the inequality ||Sx|| < ||Sx — Sx*|| for x € K, x* € ", we have
4 2
d’(xn: Zn) = o “an - Sx* || .
ay

It follows from (3.17) and Lemma 2.6 that
lim ||x, —z,] = 0. (3.19)
n—00

Thus z,, — x* as n — oo.
Since u,, = Y,y,, using Lemma 2.11 and (3.11), we get

(v ) = S0, Y, V)
= (5" yn) — D (5", )
< 0up (¥ %) + (1= 0,)0 (5%, 20) — P (x*, 14)
< O (%, )

* 2 %2 *
+(1- On)[¢(x ,xn) + 2)»,,<C—2)Ln - y) ||an —Sx H j| - d)(x ,un)
1
* 2 |2 ¢
<¢(x"*,x,) +2(1 - On)kn(—zkn - y) S = Sa*||” = p(x*, 14).
a
From this, using (3.15) and the restrictions on the sequences {6, } and {1, }, we get
lim ¢(uy,y,) = 0.
n—oQ
By Lemma 2.6,
lim [z, = yull = 0.
Using the uniform continuity of /, we have
Him (1, = Jyu|l = 0. (3.20)
From (3.16) and (3.19) we get
1Tz, — zull < T2 — %4l + 20 — %ull > 0 asn — o0,
which implies that x* € Fix(T).
Further, we show that x* € Sol(VIP(1.3)). Since {x,} is bounded, there exists a subse-

quence {x,,} of {x,} that converges weakly to x*. Define the mapping M C X x X* as
follows:

S(z) + Nx(z) ifzeKk,

M(z) = .
[ ifz¢ K,
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where N (z) := {w e X : (z — x,w) > 0,Vx € K} is the normal cone to K at z € K. By
Lemma 2.7, M is a maximal monotone operator, and M~}(0) = VI(K,S). Let (z,w) €
graph(M). Since w € M(z) = S(z) + Nk (z), we get w — Sz € Nk (z). Since z, € K, we obtain

(z =2y, w—52) > 0. (3.21)
On the other hand, z,, = 8% ’lank — Ay S%y, ), and using Lemma 2.1, we obtain

(2= 2o Tz, — Uy = ho S0 )) < 0,

and thus

KXy —JZn
<z — 2, ]kké - wa> <0. (3.22)

g
Therefore, it follows from the monotonicity of S, (3.21), and (3.22) that
(z=2zp, W) = (2 -2y, S2)

> (z2—24,52) + <z—znk,m —Sx,,k>

)‘”k
Jxn, —Jz
= <z — 2y, Sz — Sty + —2K
)‘”k
T, = Jzn
= (2 = Zu» SZ— S ) + (2 — Zuy» SZuy — S, ) + <z—z,,k, #
nk
]xrlk _]an
= _”Z - an ” ”SZ}’lk - ank ” - ”Z - an ” -
1 V%, = T2 |l
> - 1z = zu M1z, = % |l =z = 2y | ————

1 %, = Tz ||
>-p\ —lzw = xn |l + —— |,
Y a

where p = sup;nillz — 24, I} and a < limsup A,,. Taking the limit as k — oo and using the
fact that {||z — z,, ||}xen is bounded, we see that (z —x*, w) > 0. Thus x* € Sol(VIP(1.3)).
Next, we prove that x* € Sol(GEP(1.1)).
The relation u,, = Yy,y, implies that

1
Guny) + &, un) — & (un, uy) + t_<y_ Uy, Juy —Jy,) >0 forally e K.

n

Lety, = (1 - p)x* + py for p € (0,1]. Since y € K and x* € K, we get y,, € K, and hence

1
G(umyp) + S()/p’ ) — & (U, uy) + t_<yp = U, Jtty = Jyn) = 0.

n

Using (3.20) and liminf,_. %, > 0, we have

tim Wn = Y0yl
im ————— =

n—00 t,

0.
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Further, since & is weakly continuous and G is weakly lower semicontinuous in the second
argument, letting n — oo, we get

G(x"yp) + E(prx*) —E(x",5%) = 0,
E (") - E(x",5%) = G(y,0").

Now, for p > 0,

0= Gpyp)

< PGy ) + (1= pP)G(yp,x")
<pGpY) + 1 -p)[E (") —&(x*,5%)]
<pGUpy) + A -p)p[E(1.x") — & (" 47)]
<p[GOpy) + (1-p)(5 (1 5") - £ (x,27)) ]

Dividing by p > 0 and letting p — 0., we have
G(x*y) +E(y,x") —&(x",4") = 0.
Thus, #* € Sol(GEP(1.1)), and hence x* € T". O

Finally, we have the following consequences of Theorem 3.1.

Corollary 3.1 Let X be a 2-uniformly convex and uniformly smooth Banach space, and
let K be a nonempty closed and convex subset of X. Let S : K — X* be a y-inverse strongly
monotone mapping with constant y € (0,1), let G: K x K — R be a nonlinear mapping
satisfying Assumption 2.1(i)-(iv), and let T : K — K be a relatively nonexpansive mapping
such that T := Sol(EP(1.2)) N Sol(VIP(1.3)) N Fix(T) # @. Let the iterative sequence {x,} be
generated as follows:

x=x €K,
=] 77 U = 2uSi),
K
Yu =T (6uSxn + (1= 6,)] T2,),
u, €K

such that

1
G(un,y) + t—(y— Up Juy —Jyn) =0, VyeKk,

Pn = {Z € I< : ¢(Z’ un) S ¢(Z’xn) - (1 - 9n)¢(zmxn) - 2(1 - Gn))‘n <Zn -z an - Szn)}x
Qu={z€K: (xy—zJx~Jx,) = 0},

Kl = H x, VmeNU{0},
PpNQy
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where ] is the normalized duality mapping on X, t,, € (0,00), and {)\,} and {0,} are the
sequences in (0,00) and (0,1) satisfying the following:

2
av

5, where cy is the constant in Lemma 2.2;

(i) 0<liminf,_ oA, <limsup,_, Ay <
(ii) 0<liminf,_, 6, <limsup,_, 6, <1.

Then, {x,} converges strongly to [ [ x.
Proof The proof follows by taking & = 0 in Theorem 3.1. O

Corollary 3.2 Let X be a 2-uniformly convex and uniformly smooth Banach space, and
let K be a nonempty closed and convex subset of X. Let S : K — X* be a y-inverse strongly
monotone mapping with constant y € (0,1), and let T : K — K be a relatively nonexpan-
sive mapping such that I := Sol(VIP(1.3)) N Fix(T') # @. Let the iterative sequence {x,} be

generated as follows:

X0 :xeK,

Zy = H]_l(jxn - )\nsxn),
K

Yu =T (Ofn + (1= 6,)] Tz,),
Pn = {Z S I< : ¢(Z’ M,,) S (,b(Z, xn) - (l - 9n)¢(zn:xn) - 2(1 - 0}1))\71 (zn ) an - SZn)}y
Qu={z€K: (%, —zJx~Jxy) > 0},

Kpsl = l_[ x, VmeNU({0},
PyNQn

where ] is the normalized duality mapping on X, and {),} and {6,,} are sequences in (0, 00)
and (0,1) satisfying the following:

(i) 0<liminf,_ 0 Ay <limsup,_, ., Ay < C%Ty, where c; is the constant in Lemma 2.2;

(ii) 0<liminf,_, 6, <limsup,_, 6, <1.

Then, {x,} converges strongly to [ x.

Proof The proof follows by taking £ = 0 and G = 0 in Theorem 3.1. O

4 Conclusion

In this paper, we propose an iterative algorithm to find the common solution of the gener-
alized equilibrium problem, variational inequality problem, and fixed point problem for a
relatively nonexpansive mapping in a real Banach space. Further, using the hybrid projec-
tion method, we proved the strong convergence of the sequences generated by the iterative
algorithm. Finally, we derived some consequences from our main result. The result pre-
sented in this paper is an improvement and extension of the corresponding results of [3,
4,8-10].
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