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Zhejiang 313000 yChina Let ¢ be a real-valued plurisubharmonic function on C" whose complex Hessian has

uniformly comparable eigenvalues, and let FP(¢) be the Fock space induced by ¢. In
this paper, we conclude that the Bergman projection is bounded from the pth
Lebesgue space LP(¢) to FP(¢) for 1T < p < 0o. As a remark, we claim that Bergman
projections are also well defined and bounded on Fock spaces FP(¢) with 0 <p < 1.
We also obtain the estimates for the distance induced by ¢ and the [P(¢)-norm of
Bergman kernel for F2(¢).
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1 Introduction
The symbol dv denotes the Lebesgue volume measure on C”, and

B(z,r):{we(C”:|w—z|<r} forze C"and r>0.

Suppose ¢ : C" — R is a C? plurisubharmonic function. We say that ¢ belongs to the
weight class W if ¢ satisfies the following statements:
(I) There exists ¢ > 0 such that for z € C"

inf sup A¢(w)>0; 1)

zeC” weB(z,c)

(I) A¢ satisfies the reverse-Holder inequality
1Al pen) < Cr" / Apdv, VzeC"r>0 )
B(z,r)

for some 0 < C < +00;

(III) The eigenvalues of Hy are comparable, i.e., there exists 8y > 0 such that
(Hy(@)u,u) > SoAP(D)|ul?, Vz,ueC",

where

Hy - (20
* " \ogozm )
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Suppose 0 < p < 00, ¢ € W. The space LP(¢) consists of all Lebesgue measurable func-
tions f on C” for which

Ifllp.e = (./(C” If (2)[ e 7 dv(z))p < 00.

L>°(¢) is the set of all Lebesgue measurable functions f on C" with
Ifllscs = sup |f(2)|e @ < co.
zeC"

Let H(C") be the family of all holomorphic functions on C”. The weighted Fock space is
defined as

FP($)=LP(¢) NH(C")

with the same norm || - ||,4. It is easy to check that F7(¢) is a Banach space under || - [|,¢
if 1 < p < o0, and FP(¢) is a Fréchet space with the metric o(f,g) = ||f _g”i@ whenever
0 < p < 1. Taking ¢(z) = %|z|2, FP(¢) is the classical Fock space which has been studied by
many authors, see [1-3] and the references therein. Notice that the weight function ¢ on
C" with the restriction that dd°p ~ dd°|z|? in [4] and [5] belongs to W.

In the one-dimensional case, an important contribution to weighted Fock spaces was
given by Christ [6] (but see also [7, 8]). They work under the assumption that ¢ is subhar-
monic and that A¢ dA is a doubling measure, where dA is the area measure on C. Notice
that the hypotheses on A¢ dA are a sort of finite-type assumption and are automatically
verified when ¢ is a subharmonic non-harmonic polynomial.

The result of Christ was extended by Delin to several complex variables under the as-
sumption of strict plurisubharmonicity of the weight in [9]. Dall’Ara [10] tried to extend
Christ’s approach to n > 2. Given ¢ € W, let K(-,-) be the weighted Bergman kernel for
F2(¢). In particular, Theorem 20 of [10] proves that there is a constant C, € > 0 such that

—ed(z,w)
Kzw)| = Cevmom )
Py (2)" pg(W)"

for z,w € C”, where d(-,-), py(-) described in Section 2.
In the setting of Bergman spaces, the Bergman projection is bounded on p-Bergman
spaces for 1 < p < 00, it also maps L™ into Bloch spaces, see [11] for details. With the

Bergman kernel K (-, -) for 7%(¢), the Bergman projection P can be represented as
Pf(z) = / K(z, w)f (w)e ™ dy(w), zeC".
(Cl’l

It is well known that P(f) = f for f € F2(¢). The purpose of this work is to discuss the
boundedness of Bergman projection acting on F”(¢) for general p. Section 2 is devoted
to some basic estimates, including the distance d(-,-) and the L”(¢)-norm of the Bergman
kernel. In Section 3, we will discuss the boundedness of Bergman projections from L?(¢)
to FP(¢) with 1 < p < co. We also show that the Bergman projection is well defined and
bounded on F?(¢) for p <1.
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In what follows, we always suppose ¢ € W and use C to denote positive constants whose
values may change from line to line but do not depend on the functions being considered.
Two quantities A and B are called equivalent, denoted by ‘A =~ B; if there exists some C
such that C'A < B < CA.

2 Some basic estimates
In this section, we are going to give some estimates, which will be useful in the following
section. At the beginning, we will give some notations.

For z € C”, set

Py(2) = sup{r >0: sup Agp(w) < r‘z}. (4)

weB(z,r)

By (1), there exist ¢, s > 0 such that for z € C"

sup A¢p(w) >s.

weB(z,c)

We then have some M > 0 such that

sup pg(z) <M.

zeC"

Moreover, there are some positive constants C, M; and M, such that for all z,w € C", we
have

CO7™ py(w) < py(z) < COM py(w), (5)

lz=w|
Py (W)
Given r > 0, write

where 6 = max(l,

). We can see this in Proposition 10 of [10].

B'(2) = B(z, rpg (z)) and B(z) = B'(z).
Then (5) implies that there is some C such that for z € C"

C™py(w) < py(2) < Cpg(w)  for w € B(2). (6)
By (6) and the triangle inequality, we have m;, m, > 0 such that

B(z) € B™(w), B(w) C B™(z) whenever w € B(z). (7)

Given a sequence {ax}po, in C”, we say that {a;}?2, is a lattice if {B(ax)}p, covers C"

and the balls of {B% (ar)}32, are pairwise disjoint. This lattice exists by a standard covering
lemma, see Theorem 2.1 in [12], or Proposition 7 in [10] as well. Moreover, for the lattice

{ar}x and any m > 0, there exists some integer N such that each z € C” can be in at most
N balls of {B"(ax)}«. Equivalently,

Z X8 (2) <N forzeC". (8)
k=1
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To the radius function pg defined as (4), we associate the Riemannian metric
,o¢(z)‘2 dz ® dz. In fact, we are interested only in the associated Riemannian distance,
which we describe explicitly. If y : [0,1] — C” is piecewise C* curves, we define

Lyl
= d
Loy () /0 )

Given z, w € C", we put
d(z,w) =infL,, (y),
¥

where the inf is taken as y varies over the collection of curves with y(0) = zand y(1) = w.
We then have the estimate for this distance as follows.

Lemma 1 There exist o, 8,C > 0 such that for z,w € C"
1/lz=w\* —w\?
—('Z Wl) §d(z,w)§C(|Z W') .
C\ py(2) P (2)

Proof First, we claim that there is some C > 0 such that

d(z,w)ZC<|Z_W|>a. )
04(2)

In fact, set u to be
w(B(z,1r) = 1Al 1@em), z€Chr>0. (10)

By (2), it is easy to check that there is some M > 2 such that

,u(B(z, 2r)) < M,u(B(z, r)). (11)
Moreover,
1(B(z p4(2))) =1 (12)

because of (4). Given any r < R, it is easy to check that

2
(B 1) < (1—’2) w(B@R) < u(Bz R) (13)

for z € C" because of (10). Also, there is a positive integer m such that 2”"r < R < 2™r.
Hence, (11) and (12) tell us

,u(B(z,R)) < M(B(z, 2”’r)) < M/,L(B(Z, 2’”’1;")) <...< Mm,LL(B(Z, r)).

Since M™-1 = plm-Dloga M (§)1°g2M, we get

logy M
w(B(zR)) < M(;) n(B(z,1)). (14)
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For z,w € C", notice that B(w, |w —z|) C B(z,2|w —z|). If [w — z| < py(2), take any piecewise
C! curve y : [0,1] — C" connecting z and w, and let Tj, be the minimum time such that
|z =y (To)| = pg(2). By (6), py(y (£)) = pg(2) for t € [0, Tp). This implies

Ly c [T, lz - wl
d d C .
/o s () t2p¢(z)/o r@lde= T

If |z — w| > pg(w), then (11), (10), (13) and (12) give

M(B(z, HIR w|)> > Cu(B(z2lz - wi)) = Cu(B(w,lz— wi))

|z —w|

2
>C w(B(w, pg(w)
(p¢(w)> (Blerstw)
(55)
=C .
pg(w)
On the other hand, for ¢ € B(z, i |z — w|), there are

1 1
B({, Z|Z—W|> CB(Z, E|Z_W|>

and

B( L |) B( o |)
Z,ZZ—W C {,Ez—w.

Combining the above with (11), we know

(o) =(oe3e-0)

By the fact log, M > 0, (13), (14) and (12), there exists ¢ > 0 such that

M(B(z, e w|)> ~ M(B(§, %lz—wl))

lz-w\’
< s

N (|z—w|>t
@) )

Hence, (/')";’(z‘))2 < C( 'pzo;(‘z’;)t. This implies

(§)<C|z—w|(|z_w|)_a geB(zl|z—w|>
Pols) = pow) ) "4 ’
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where a = % > 0. For any piecewise C! curves I, defined as y : [0,1] — C”" with y(0) =z

and y (1) = w, we have
/ ly' ()] dtZ/ ly'(2)] at
r rs(y (1) OB L z-w)) Po (¥ (£)
1
> / |yt
Iz—wl(w) @ JrnBz, L [z-w)
ZC(Iz—w|> '
P (W)

This yields (9) is true. Now, we are going to prove the other direction. For z, w € C”, take
y(t) =z +t(w—2z) and y(ty) € 0B(z) (set to =1 if w € B(z)). Then (5) gives

dt
Py (1))

to 1 dt
= C'W_Z'(/o +/t0 ) o (@)

lw—z| (! lw—z]\""™ 1
<C dt+C /tMldt
0

1
d(z,w) < |w—z|/
0

@) Jo Py (2)
< C( Wz )ﬂ,
Py (2)
where 8 > 0. The proof is completed. O

Now, we can estimate the following integral.

Lemma 2 Given p >0 and k € R, we have

/ po(0)€ P dy(c) < Cpy(2) ™",
(Cn

where C > 0 is a constant depending only on n, p and k.

Proof By (6), it is easy to check that
/ pol¢) &0 d(e) < [ po(¢)F V(&) < Cop(2) ™",
B(z) B(z)

Estimate (9) gives
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By (5), the inequality above is no more than

00 s é
/ sup  pp(¢ )kV(B(PTl) (z))e‘s ds
pC1 (s
teB PO’ (2)

00
< Cp¢(Z)k+2n/ s
rc

R~

2n+max{kMo,—kMy
o

: e*ds=Cp, (z)k*2",

Therefore,
[ ot ) < Cogla
(CYI

The proof is completed. g
Next, we will give the L?(¢)-norm of the Bergman kernel K(-, -) for F2(¢).

Proposition 3 For 0 < p < 00, we have
1
|K(2) ||p¢ < Ce"’(z)pgp(z)zn(f*l), zeC",

Proof By (3) and Lemma 2, we obtain

eP?(@)
0o (2)P"
< Cel?@ 0o (Z)Zn(l—p).

/ ‘K(w, Z) ’pe_”"’(w) dviw) < C / p¢(w)_””e_’“d(z’w) dv(w)
cn cn

The proof is completed. d

Lemma 4 For 0 < p < 00, there is a constant C > 0 such that for all r € (0,1], f € H(C")
and z € C", we have

[f(2)|e?® < 27C2< ( )[f(w)e“”(w) I dv(w))ﬁ. (15)
B'(z

repy(z) ¥

Proof If p = 2, (15) is just Lemma 13 in [10]. For p # 2, we borrow the idea in Lemma 19 of
[7] and Lemma 13 in [10]. The details are omitted. O

3 Boundedness of Bergman projections
Recall that the Bergman projection P on L?(¢) is defined as

Pf(z) = /" K(z, w)f(w)e_2¢(“’) dviw), zeC"

In this section, we focus on the boundedness of Bergman projections P from L?(¢) to
FP(p) forl <p < 0.

Theorem 5 Let 1 < p < oco. Then the Bergman projection P is bounded as a map from

LP(¢) to FP(g).
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Proof By the definition of P, we can conclude Pf is holomorphic on C”. Fubini’s theorem

and Proposition 3 yield

1Pl < f 9 dv(z) / |K (z, w)f (w)|e*™) dv(w)
cn cn
= V(w)‘e’zq’(w) dv(w) / |K(z,w)‘e’¢(z) dv(z)
C}’l CH
< Cllflle

for f € L}(¢). Given f € L®(¢), we obtain

1Pflloeg < sup e / K (e, w)f ()]0 div(w)
zeC” cn
< [flloos sup e / |K(z, w)|e=*™ dv(w)
zeCn cn
< Cllf oo

If 1 < p < 00, Holder’s inequality and Fubini’s theorem give
1Pf15
< /n e dv(z)( - |K(z, w)f (w) ’e‘z"’(‘”) dv(w))p
< /n - [f(w)|pe’p¢(w) |K(z, w)‘e"z’(w) dv(w) ||K(z, ) ||i;1e_p¢(z) dav(z)
< C/n e 9 dy(z) /(C” [f(w) |pe_p¢(w)‘1((z, w)|e’¢(w) dv(w)
< C/(CK [f(w) |pe_p"’(w)e_¢(w) dv(w) [CJK(z, w)‘e“”(z) av(z)
< ClIlfll,4
for f € LP(¢). Thus, P is bounded from L?(¢) to F?(¢) for 1 < p < co. The proofis ended. ]

In addition, we observe that the Bergman projection is also well defined and bounded
on the weighted Fock space F7(¢) with p < 1.

Remark 6 For p <1, the Bergman projection P is bounded on F7(¢).

Proof First, we claim that P is well defined on F?(¢). In fact, given any f € F?(¢), by (3),

(15) and Lemma 2, we obtain

/ ’K (z, w)f(w) ‘ e 200 dy(w)
CVI

= Cllfllps [C ) po (W) 7 |K(z,w)|e*™ dv(w)
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2n
< e py(a)" [ poln) F e e )
(Cn
2n
< Ce‘b(z),o(ﬁ(z)*? < 00.

Now, we deal with the boundedness of P. In fact, let {ay}x be the lattice. For f € F?(¢), we
get

IA

s o

\Pf(2)[

B(a

p
[f w)K (w, z)|e’2¢ ™) gy ))

1

( V VK (w, z ’e dv(w))p
Bla

=

V(B(“k))p< sup [f(W)K(W,z)|e‘2¢(W>)p,

1 WEB(ﬂk)

>
[

Notice that the associated function py4 = “/Tqu;, which follows from (4). Applying
Lemma 4 with weight 2¢ instead of ¢, there then is some constant C > 0 such that |Pf(z)|?

is no more than C times

Z polar) " sup / ; )[f(u)|p|1((u,z)|pe’2p¢(”) av(u).

el weB(ag)

Combining (7) with (8), we obtain

’Pf P < CZ[ ,0¢(u )= 2”V u){p|K U,z |P “200W) (1)
< CN/ u)>- 2” )|p|K(u,z) ’pe_zl"z’(”) dv(u).
Therefore, applying Fubini’s theorem and Proposition 3, we get

/ |Pf(2)|"e® dv(z)
(Cn
< C/ / ’]((u, Z) ’Pe—pqﬁ(z) dv(z)p¢ (M)an—Zn [f(u) ’pe_2p¢(”) dl/(u)

<C [f(u) |pe_”¢(”) dav(u).
(CVI
This means that P is bounded on F?(¢). The proof is ended. (]

4 Conclusion

In this paper, we show the boundedness of Bergman projection from the pth Lebesgue
space LP(¢) to the weighted Fock space F?(¢) for 1 < p < co. We also remak that the
Bergman projection is bounded on F?(¢) with p < 1. Meanwhile, we get the estimates for
the distance induced by ¢ and the L7(¢)-norm of Bergman kernel for F2(¢).
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