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1 Introduction
The idea of B-summability (or Fy -convergence) was introduced by Bell [1] and Steiglitz
[2]. It generalizes the notions of A-summability and almost convergence.

Let B = (B;){] be a sequence of infinite matrices with B; = (b, (i));_,- Then a bounded
sequence x = (x)7 is said to be B-summable (or Fy-convergent) to the value L if
lim,, (Bix), = lim,, Y ", bux(i)xx = L, uniformly in i > 0. In this case, L is denoted B-limx.

Note that for B = I (the unit matrix), Fys -convergence is reduced to the ordinary con-
vergence of x. For B = B, then Fys-convergence is reduced to the almost convergence of
x (see Lorentz [3]), where B; = (bilk(i))if’k:1 with

1
bzk(l) N 71 ’
0 otherwise.

n<i<n+k,

In this paper, we use such type of matrices, which have many applications in various
fields, to study the summability problem of the conjugate derived Fourier series.
Let f(¢) be a periodic function with period 27 and Lebesgue-integrable over [-7,7].

Then the Fourier series associated with f at any point x is defined by

flx) ~ % + Z(a/ cosjx + b;sinjx), (1.1)
j=1
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and the conjugate series of the Fourier series (1.1) is
oo
Z(bf Ccosjx — a; sin jx). (1.2)

j=1

The derived Fourier series is

Zj(b,- Ccosjx — ajsinjx), (1.3)

j=1

and the conjugate derived Fourier series (omitting the minus sign) is

Zj(aj cosjx + b;sinjix). (1.4)
j=1

In this paper, we apply the notion of Fis -convergence to study the summability problems

of the conjugate derived Fourier series (1.4).

2 Preliminaries
For an infinite matrix A = (“nk)fk:l of real or complex numbers, the A-transform of the se-
quence x = (x)72; is defined by the sequence Ax = (4, (x)), provided that A,,(x) = >, @xxx
converges for each n € N. If x = (%) € X implies that Ax € Y, then we say that A defines
a matrix transformation from a sequence space X into another sequence space Y, and we
denote the class of such matrices by (X, Y). Let ¢ denote the space of all convergent se-
quences. We say that A is a conservative matrix if it transforms a convergent sequence
into a convergent one. If, in addition, lim Ax = limx, then A is called a regular matrix, and
in this case, we write A € (¢, ¢)reg. The well-known Silverman-Téeplitz conditions for the
regularity of A are (see [4]):
(@) 1Al = sup, Y4 | @ |< 00,

(ii) lim, a,x = O for each k,

(iif) lim, ) b = 1.
These regular matrices play a very important role in summing nonconvergent or conver-
gent sequences and series. Our methods are based on the previous techniques, that is, we
put conditions on the entries of a matrix through which we try to sum certain sequences
or series. There are special well-known regular summability matrices, Cesaro, Riesz, Nor-
lund, Euler, and Hankel matrices, which have various applications in different fields of
mathematics and other sciences.

Theorem A The method ‘B is regular (see (1, 2]) if and only if
(i) 1Bl < o0,
(i) lim, b, (i) = O for all k > 1 uniformly in i, and
(iil) lim, Y, buk (i) = 1 uniformly in i,
where

IB1] = sup Y "[bu()] < o0,

n,l k
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which means that there exists a constant M such that
k

Sor all n,i and the series )", |b,(i)| converges uniformly in i for each n.
Let )", a, be a given infinite series with the sequence of partial sums (s,). Let (p,) be a
sequence of positive real numbers such that

n
Pn=2pu—>oo, n_)OO(P—j:P—jZO;jZO).
v=0

We write
1 n
b= 5 D _Puses
Pn v=0

which denotes the (N, p,,)-mean of the sequence (s,,) generated by the sequence of coefficients
(bn). The series Y, a, is said to be (N, p,)-summable to | ift, — [ as n — oo (see [5]). The
(N, p,)-summability method is regular if (i) P, — 00 as n — oo and (ii) > 0P <CI|Py,|
asn— oo.

We write

1 " In
T — n—v ,
" 1+g) 2 (v>q v

v=0

which denotes the (E,q)-mean of the sequence (s,). The series Y, a, is said to be (E,q)-
summable to L if T, — | as n — oo (see [5]). The (E, q)-summability method is regular.
Further, we write

.- 1 zn: n n_kii s
n = (1+q)n k q Pk U=0pv 2

k=0

which denotes the (E, q)-transform of the (N, p,.)-mean of the sequence (s,,). Theseries Y, ay,
is said to be (E,q)(N, p,,)-summable to | if t, — [ as n — oo (see [6]).

We also need the following result on the weak convergence of sequences in the Banach
space of all continuous functions defined on a finite closed interval (see [7, 8]).

Lemma B lim, .o [, g:dh, =0 for all h, € BV[0,7] if and only if ||g,|| < 0o for all n and

lim, 0 gy = 0.

We need the following well-known Dirichlet-Jordan criterion for Fourier series (see [8,

9]).

Lemma C The trigonometric Fourier series of a 21 -periodic function f of bounded varia-
tion converges to [f (x + 0) — f (x — 0)]/2 for every x, and this convergence is uniform on every
closed interval on which f is continuous.
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3 Main results
We write

bx(t) =fx + 1) + fx— 1)

and

$x(2)

2

hi(2) =

Theorem 3.1 Let f(x) be a periodic function with period 2w and Lebesgue-integrable over
[=m, 7], and let S’,/{(x) denote the partial sums of series (1.4). Let the method B be regular.
Then, for every x € [—m, ] for which h,(t) is continuous and of bounded variation on [0, ],

lign; b,,k(i)gl’((x) = % f; cosec? %%(f) dt — h,(0+) (3.1)
uniformly in i if and only if

lizn; b (i) cos (k + %) t=0 foreverytel0,x]. (3.2)
Proof We have

l/f <z}mpux )

1 /” d (cosit—cos(k+%)t
0 dt 2sin%t

1 ("d(1 1 1 (7 d [cos(k+ 1)t
== | Z(Zcos=t)p®)dt+— | —(——=2")o.(t)dt
n/o dt<20052)¢() +n/0 dt( 25in%t >¢()
1 T t 2 (7 1 1
— cosec2 —¢x(t)dt——/ (k+—) sin(k+ —>t h,(t)dt
471 2 7 Jo 2 2

o k+ Lt
_l/ th(t)dt
0

)(f(x+ 0 +f(x—1t)dt

/4

T

1 T t 2 (7 1
=— cosec2 — () dt + —/ cos (k + —)t dh,(t)
% 2 T Jo 2

1 cos(k+ )t
——/O 71:}1 () dt

4 ta
2
= —f cosec? —¢x(t )dt + —/ cos< )t dh,(t) — My,
T Jo
o 2
Sp(x ——/ cosec? —¢x t)dt + —/ cos( )t dh,(t) — My, (3.3)
4 T Jo
where

7 cos(k + 3)t
1/ th(t)dt,
0

T tan Et
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and
Xk: b (i)S)(x) = Xk: bnk(i)ﬁ /0 " cosec? §¢x(t) dt
+ % /O ’ D,i(t) dh, () - Xk: b (i) M (3.4)
with
D,(t) = ; b (i) cos <k + %)t (3.5)

Since /,(¢) is of bounded variation on [0, 7] and tends to /,(0+), /.(¢) cos % has the same
properties. Therefore by Lemma C we have

M (t) = he(0+) asn— oo. (3.6)
Since ‘B is regular, by Theorem A we have

lim ) " b (DM(8) = hi(0+) (37)
k

and

1 T t 1 T t
li " [ 2 X = 2- x B
1}1111;19 k(l)4n‘/(; cosec 2¢ (t)dt 471/0 cosec 2(;5 (t)dt

Next, we have to show that (3.2) holds if and only if

T
limf D, (t) dh,(t) =0. (3.8)
" Jo
By Lemma B we have that (3.8) holds if and only if
|D,,(t)| <K forallnandte[0,r] (3.9)

and (3.2) holds, where K is a positive constant.

Since condition (3.9) is satisfied by condition (i) of Theorem A, it follows that (3.8) holds
if and only if (3.2) holds.

This completes the proof of the theorem. O

Theorem 3.2 Let f(x) be a periodic function with period 2w and Lebesgue-integrable over
[=7, ). Then, for every x € [—m, 7] for which h,(t) is continuous and of bounded variation
on [0,7], (g}((x)) is (E, q)-summable to ﬁ f: cosec? %(j)x(t) dt — h,(0+) if and only if (cos(k +
%)t)k is (E,q)-summable to 0 for every t € [0,7].

Proof 1t follows easily by choosing i = 0 and b,k(i) = b, with

1 —k
b = W(Z)qn , 0<k<m g>0,
nk =

0 otherwise. |
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Theorem 3.3 Let f(x) be a periodic function with period 2w and Lebesgue-integrable over
[-7, 7). Then, for every x € [—m, 7] for which h,(t) is continuous and of bounded variation
on [0, 7], (S, (%)) is (E, q)(N, p,)-summable to = o cosec? Lp.(¢) dt — hy(0+) if and only if
(cos(k + %)t)k is (E,q)(N, p,)-summable to 0 for every t € [0,7].

Proof 1t follows easily by choosing i = 0 and b,x(i) = ¢, with

(a5 SooPv 0<k<n g>0,
Cnk =

otherwise. g

4 Conclusion

In this paper, we have characterized the Fis -convergence of conjugate derived Fourier se-
ries. We deduced special cases to obtain necessary and sufficient conditions for (E,g)-
summability and (E, ¢)(N, p,,)-summability of the conjugate derived Fourier series.
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