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1 Introduction
This paper mainly focuses on the study of probabilistic linear (#, §)-widths of a Sobolev
space with Jacobi weights on the interval [-1,1]. This problem has been investigated
only recently. For calculation of probabilistic linear (n,§)-widths of the Sobolev spaces
equipped with Gaussian measure, we refer to [1-5]. Let us recall some definitions.

Let K be a bounded subset of a normed linear space X with the norm || - | x. The linear
n-width of the set K in X is defined by

(K, X) = iFfsup I = L,xl x,

n xeK

where L, runs over all linear operators from X to X with rank at most 7.

Let W be equipped with a Borel field B which is the smallest o -algebra containing all
open subsets. Assume that v is a probability measure defined on B. Let § € [0,1). The
probabilistic linear (#, §)-width is defined by

hng(W, 0, X) = inf 3, (W Gy, X),
5

where G; runs through all possible v-measurable subsets of W with measure v(G;) < 6.
Compared with the classical case analysis (see [2] or [6]), the probabilistic case analysis,
which reflects the intrinsic structure of the class, can be understood as the v-distribution
of the approximation on all subsets of W by n-dimensional subspaces and linear operators
with rank #.

In his recent paper [7], Wang has obtained the asymptotic orders of probabilistic lin-
ear (n,8)-widths of the weighted Sobolev space on the ball with a Gaussian measure in a
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weighted L, space. Motivated by Wang’s work, this paper considers the probabilistic lin-
ear (n,8)-widths on the interval [—1,1] with Jacobi weights and determines the asymptotic
orders of the probabilistic linear (#, §)-widths. The difference between the work of Wang
and ours lies in the different choices of the weighted points for the proofs of discretization
theorems.

2 Main results

Consider the Jacobi weights
Wap() = 1-x)*A+x)", « B>-1/2.

Denote by L, s = L,(Wap), 1 < p < 00, the space of measurable functions defined on
[-1,1] with the finite norm

1 1/p
1 e := </_1 If ()" Wa,p (%) dx) , 1<p<oo,

and for p = co we assume that L, g is replaced by the space C[-1,1] of continuous func-
tions on [-1,1] with the uniform norm. Let I1, be the space of all polynomials of degree
at most n. Denote by P, the space of all polynomials of degree n which are orthogonal to
polynomials of low degree in Ly(wq ). It is well known that the classical Jacobi polynomi-
als {Pﬁ,a’ﬂ)}f,‘io form an orthogonal basis for Ly, g := Ly([-1,1], w,,p) and are normalized by
PP (1) = (") (see [8]). In particular,

n

1
/ PR )P (3w (6) dx = S, B),
-1

where

(@, B) = IMNoa+pB+2) Fn+a+1)I'(n+ B +1) o
n(e.f T Te+)FB+1) Cu+a+B+ DI+ DIn+a+p+1) "

with constants of equivalence depending only on « and B. Then the normalized Jacobi
polynomials P,(x), defined by

@.BN-1/2 ~(«
Py(x) = (H*P)""P*P(x), n=0,1,...,

form an orthonormal basis for Ly, g, where the inner product is defined by

1 —_
(fg) = / SO )

Denote by S,, the orthogonal projector of Ly (we,g) onto I1,, in Ly(wy g), which is called the

Fourier partial summation operator. Consequently, for any f € Ly(Wj,5),

f=2_0LPOP,  Sif:=) (f.P)P:. @2.1)

=0 =0
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It is well known that (see Proposition 1.4.15 in [9]) Pﬁ,a’ﬁ ) is just the eigenfunction corre-
sponding to the eigenvalues —n(n + o + B + 1) of the second-order differential operator

D= (1-2°)D* = (@~ B + (@ + B+ 2)x)D,
which means that
Da,ﬁpila,ﬁ)(x) = —n(n o+ ﬂ + l)Pf,“‘ﬁ)(x).

Given r > 0, we define the fractional power (-Dy, ﬁ)’/ 2 of the operator D, 3 on f by

(~Dap)(f) = Y (kik +a + B +1))"*(f, Pe)Pi,

k=0

in the sense of distribution. We call f) := (=D, 5)"’? the rth order derivative of the distri-
bution f. It then follows that for f € Ly, 4, r € R, the Fourier series of the distribution £
is

e}

f = Z(k(k ra+ B+ 1))”2 {f, Pr) Px.

k=1

Using this operator, we define the weighted Sobolev class as follows: For r > 0 and 1 <
p S Oo;

Wy ap(FL1) =W, = {f €Lpap: WFltwr 5 = Wfllpap + |(=Da,p)2 () ”p,a,ﬂ < oo},

p;

while the weighted Sobolev class BW, , ; is defined to be the unit ball of W, ;. When
p=2,thenorm || - || W5 is equivalent to the norm || - IIW;%B, and we can rewrite W3
as

=
WZV,U(,,S = WZ,ot,ﬂ

o]

= %) = Y {f s Py) Pu(a) : |Lf||2W;‘a,ﬂ = (£, Pp)? + [, ©)

=0

=(f,Py)? + Z(k(k+(x +B+ 1))r(f,Pk)2 <00

k=1

with the inner product

(f,2)r = (f,Po) (g, Po) + {f(r)’g(r))
Obviously, W;a, s is a Hilbert space. We equip W;a’ﬁ = W, s with a Gaussian measure

v whose mean is zero and whose correlation operator C, has eigenfunctions P(x), [/ =
0,1,2,..., and eigenvalues

ro=1  =(U+a+B+D)"? 1=1,2,..,s>1,
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that is,
C,Py = Py, C,P=MP;, [=1,2,....

Then (see [10], pp.48-49),

(Cvf:g)r = . (f1h)r<g; h)rl)(dh)

Waap

By Theorem 2.3.1 of [10] the Cameron-Martin space H(v) of the Gaussian measure v is
—r+s/2

Wzﬂ’ﬁ, ie.,

~5r+5/2

H®) = WZ,a,/S'

See [10] and [11] for more information about the Gaussian measure on Banach spaces.

Throughout the paper, A(#n,8) < B(n,§) means A(n,8) < B(n,8) and A(n,8) > B(n, ),
A(n,8) < B(n,8) means that there exists a positive constant ¢ independent of # and § such
that A(n,8) < ¢B(n,8). If 1 < g < 00, r> (2 + 2min{0, max{wx, 8}})(1/p — 1/q)., the space
W, o p can be continuously embedded into the space L, s (see Lemma 2.3 in [12]).

Set p = r + 5. The main result of this paper can be formulated as follows.

Theorem 2.1 Let 1 < g < 00, § € (0,1/2], and let p >1/2 + 2max{«, B} + 1)(1/2 + 1/q),.
Then

n2=r(1 4 n—min{1/2,1/q})(ln(%))%’ 1<g<oo,

Ans(Waepr Vs Lgap) <
n8(Waapo Vs Laap) n1/27,0(1n(§))%, q=0o.

(2.2)

For the proof of Theorem 2.1, the discretization technique is used (see [1, 4, 13, 14]).
Since the known results of the probabilistic linear widths of the identity matrix on R” are
inappropriate here, the probabilistic linear widths of diagonal matrixes on R” are adopted

for the proof of the upper estimates.

3 Main lemmas
Let £ (1 < g < 00) denote the space R™ equipped with the ¢;’-norm defined by

1
Qo i), 1<g<oo,
el =
maXi<j<m [%i|, ¢ =o00.
We identify R™ with the space €7, denote by (x, y) the Euclidean inner product of x,y € R™,
and write || - ||, instead of || - llege.

Consider in R the standard Gaussian measure y,,, which is given by

iz

ym(G) = (27) " / exp 3 da,
G
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where G is any Borel subset in R”. Let 1 < g < 00,1 <n<m, and § € [0,1). The proba-
bilistic linear (n,§)-width of a linear mapping T': R — [" is defined by

Ans (T :R” — L, ¥Ym) =infinf sup | Tx— T,x|pm,
Gs Ty R"\Gj 1

where G; runs over all possible Borel subsets of R” with measure y,,(G;) < §, and T}, runs
over all linear operators from R to /' with rank at most 7.

Throughout the paper, D denotes the m x m real diagonal matrix diag(d, ..., d,,;) with
dy>dy>--->d, >0,D, denotes the m x m real diagonal matrix diag(d,...,d,,0,...,0)
with 1 <#n <m, and I, denotes the m x m identity matrix. Moreover, {ey,...,e,} denotes
the standard orthonormal basis in R™:

e =(1,0,...,0), ceo en=1(0,...,0,1).
Now, we introduce several lemmas which will be used in the proof of Theorem 2.1.

Lemma 3.1
(1) (See[1]) If1<g<2,m>2n,8 € (0,1/2], then

Ans (Im :R” — l;", ym) = m" + mMV2 [1n(1/5). (3.1)
(2) (See[4]) If2<g<oo,m=>2n,8e€(0,1/2], then
Ans (Im :R” — l;", ym) = m" + /In(1/5). (3.2)

(3) (See[5]) If g = 00, m > 2n, 8 €(0,1/2], then

Mns (L : R — L, Ym) =< \/In((m = n)/8) < y/Inm +In(1/8). (3.3)

Lemma 3.2 (See [7]) Assume that

de <C(m,B) forsomep >0.

i=1

Then, for 2 < g < co, m > 2n, § € (0,1/2], we have

C(m,,B))/lf (mY1 + /In(1/58), 2 <g< o0, 34)

A (D:R™ — I, y,,) < (—
JInm +1n(1/8), ¢q=o0c.

n+1

Let & = cos 6, 1 <j < 2n, denote the zeros of the Jacobi polynomial ngq’ﬂ )(t), ordered so
that

02190 <91<"'<92n<92n+1l=7f.
Let X, (¢) be the Christoffel function and b; = 1,,(§;). Denote

W(ng)=(1-x+ n’2)a+% (1-x+ n’z)’%%.
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It is well known uniformly (see [15])

1

O — 0y =< n, 6 =jnt (1<j<2n),

and also

)1/2

b/ = l’lilwa'ﬂ (E,) (1 - %'jz = 7171 W(l’l; ‘é;:})y

where the constants of equivalence depend only on «, § (see [16] or [17]).
The following lemma is well known as Gaussian quadrature formulae.

Lemma 3.3 (See [8]) For each n > 1, the quadrature

1 2n
/ S = Y bfE) (3.5)
] 2

is exact for all polynomials of degree 4n — 1. Moreover, for any 1 < p < oo, f € I1,, we have
2n 1/p
f |8 < (Z b Lf(é;)l”) : (3.6)
j=1
An equivalence like (3.6) is generally called a Marcinkiewicz-Zygmund type inequality.

Lemma 3.4 (See [12], Lemma 2.7) Leta, >-1/2,0 € (0, m) and let b, 1 <j<n,
be defined as in Lemma 3.3. Then

> b < n' (3.7)
j=1
Let
Lu(y):=) n(%)l’;(x)l’;(y), xy€[-1,1], (3.8)
j=0

where n € C*(R) is a nonnegative C*-function on [0, c0) supported in [0,2] with the
properties that n(t) =1 for 0 <t <1and n(t) > 0 for t € [0,2). For any f € Ly g, we define

81(f) = Sa(f), 8k(f) = Sp(f) = Sopa (f)  fork=2,3..., (3.9)
where S,, is given in (2.1). Denote by
ok
Mi(xy) = ) Pix)Pi(y) (3.10)
[=2k-141
the reproducing kernel of the Hilbert space Ly, 5 N EBf;HH P,. Then, for x € [0,1],

2ok 1
5H@W= Y / PP ) dx =, Myl ).

1=2k-141% 7
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Forf e Gaiizk*brl P,,
f(x) = Sk(f)(x) = (f;Mk(';x)>~

By Lemma 3.3, there exists a sequence of positive numbers w; = b; < nt Wap(m:€),1<
i < 2k*1 for which the following quadrature formula holds for all f € TTyk.3_;:

ok+1

1
[ 1f () Wap(t) dt = Z wif (&). (3.11)

i=1
Moreover, for any 1 < p < 0o, f € I, we have
ok+1 1/p
Il < (Z in(&)|”> = |l e
i=1
where w = (wy, ..., W), U : Tlpk —> R2" is defined by

Uk(f) = (f(él): oo ’f(‘i:zk*l)), (312)

k+1
and for x e R*"

2k+1 1
i i xilPw)?, 1<p<oo,
ok+l 1=
Eow max; ok [Xi|,  p = 00.

Let the operator Tk : R2 1,1 be defined by

2k+1
Tia(x) := Z aiw;Lyia (%, &), (3.13)
i=1
where a := (a3,...,a5x1) € R2k+1. It is shown in [12] that for 1 < g < oo,

1 Tkl g < WVl - (3.14)

For f € Ik, we have

ok+1

1
F) = / FOMytot (@9 Wep (3 dy = > wif ()L (5,80) = Telly ) ).
-1 i=1
In what follows, we use the letters Sk, Ry, Vi to denote u; x uy real diagonal matrixes as
follows:
ag(wh . wh
Sk = diag(w},...,wo,),
1 1
Ry = diag(wy,...,wi.,), (3.15)
_1,1 _1,1
Vi = diag(w1 2" e w2k2+:q )

and use the letter R;! to represent the inverse matrix of Ry.
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k+1
Lemma 3.5 Foranyz=(z,...,zxn1) € R? , we have

ok+1

Z W,% zZiM (-, &)

< llzll oot
2
j=1

2,a,8

where My(x,v) is given in (3.10), and (&, ..., & k1) is defined as above.
Proof Denote by K the set
ok
:g e P Pi:liglhows < 1}.
j=2k-11

Since

ok+1 ok
Z W}/ZZ]‘M]((-,%']‘) (S Lz’a,‘g N < @ ]P)}) .
y

j=1 —ok-1_1

By the Riesz representation theorem and the Cauchy-Schwarz inequality, we have

ok+l ok+1
Zw}/ZZij(',éj) = sup <Z W}/ZZij("gf)’g>
=1 2ap KN
ok+1
= sup Zw}/zzjg(‘%'j)
gek j=1
okl 172 jok+l 172
2
< sup<z IZ/IZ) (Zwi|g(§1)| )
gek \ "2 j=
j=1 J=1

ok+1 1/2
2
<sup| D 1z17 ) llgllzas
gek j=1
< lzll g
2

4 Proofs of main results

Page 8 of 17

(3.16)

Before Theorem 2.1 is proved, we establish the discretization theorems which give the

reduction of the calculation of the probabilistic widths.

Theorem 4.1 Let1 < g < o0, 0 €(0,1), and let the sequences of numbers {ny} and {oy} be

such that 0 < ny <280 = my, Y720 me < m, 0x €(0,1), Y00, ok < 0. Then
o0
Moo (Wi po Vi Lgap) < D275 ko (Vi : R7E — 1%, 7).
k=1

Proof For convenience, we write

Moy = )»nk,qk(Vk :R" — l;”", ymk),

(4.1)
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where y,,, is the standard Gaussian measure in R”*. Denote by L, a linear operator from
R™k to R™k such that the rank of Ly is at most n; and

Vi ({y € R™¥[[IViy = Lyl > 2Amp00 }) < 0.
Then, for any f € W7, 5, by (3.8)-(3.10), (3.14) and (3.15) we have
|86(F) = TeRi LSk Ui | 0 5 = | Tellicdi(F) = TR LiSiUicdi ()], 5

< |Uxdi(f) = R LSl (f) | 0%

= | ViSiliedi(f) = LiSiUidi(f) Hl;”k~ (4.2)

Let y = Sllede () = (w2 S (D) (ED -, Wi e )Em ) € Ry, for 2 € [<1,~1],
Sk(f)(x) = (}C»Mk(',x» — {f(_r),M,(:r’o)(',x»r _ V,M]((—Zr,O)(.,x»r,

where M,((rl‘o)(x, y) is the ry-order partial derivative of My (x,y) with respect to the variable
x,71 € R. Since the random vector f in W; , ¢ is a centered Gaussian random vector with

a covariance operator C,, the vector

L (o 3 -2,
Y= Skuk‘sk(f) = (<f’ W12 M](( 2 YO)(':SI))ﬂ .. wwankM](( > 0)("Smk)>r)

in R™ is a random vector with a centered Gaussian distribution y in R"*, and its covari-

ance matrix C, is given by

L oo <20
12M( 4 )(':Ei))rwsz/i ' )("sf')>r);;i1'

C, = ((Co(w

Since for any z = (21, ...,z ) € R™,

mp 1 2k
Z wlziMi(-, &) € EB P,
j-1

j=2k-141

and

o o Lo L
(Co(w? MO, &), w2 MO, 8)), = (w2 M08, w2 MO 8)),

1 o
= (WzM( p’o)(.,éjl«),wsz](( P:O)("E/)>’

L

by Lemma 3.5 we get
my

1 1
2 -p,0 2 -p,0
2Cy2" =Y zig(w? MO (L&), w? MO, 8))
ij=1

Mg ( Tk (

1 —0,0 5 -p,0
S WM 6),Y  wigM” )("51‘)>
j=1 j=1

/ 0,9y (dy)
Rk
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2
— 9-2kp

my 2

Z Wi Zij( %‘1)

j=1

(&)

2 2

<2 el =27 /R 052" im, () *3)
Now we consider the subset of W3 P
G 1= {f € Wi gl |8c(f) = TR LiSkUidi(f) | i > 2616227 oy,
where ¢, ¢, are the positive constants given in (4.2), (4.3). Then by (4.2) we get

v(Gg) < ({f € Wzra ﬂ| ” VieSkUiSi(f) — LeSr Ui Sk (f) ”l;qk > 2622_kp)»y,k,gk})

= v ({y e R™ I Viy = Lyl i > 26227 0. })-

Note that for any ¢ > 0, the set {y € R™* : || Viky — Lyl pw < t} is convex symmetric. It then
q
follows by Theorem 1.8.9 in [10] and (4.3), we have

v(Go) < v ({y €R™ < 1 Viy = Lyl > 26227 hoy 1))
< M({y e R™: [IViy — Lyl e > 20227 A )

< Yo ({y € R IViy = Lyl e > 22 }) < 00

where A is a centered Gaussian measure in R”* with covariance matrix c32721,, . Con-
sider G = (2, Gk and the linear operator T, on W7, ; which is given by

Tnf = Z TkRI;ILkSkUk(Sk(f).

k=1
Then
oo
v(G) = v( ) < Zu(Gk) < Zv(o,a <o,
k=1 k=1
and
rank T, < rank (TR LSk Ux )

Me I[M]e

IA
>
n

Thus, according to the definitions of G, T,, and Ly, we obtain

Ans (Wzr,a,/s: v, Lq,a,ﬁ) Sup If - Tnf”q,oz,ﬂ
fews, s\G

< sup ZHSk(f) TiRe LSk Uik (f ) |

q0.p
FeW34.6\G k=1
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< sup || 8k (f) — TuR LaSk Ui (f) |,
Efe%’,a,ﬁ\e” ¢ locs

o0
<D 2 Mo
k=1

which completes the proof of Theorem 4.1. g
Now we turn to the lower estimates. Assume that m > 6 and bym < n < 2bymwith b; >0

being independent of # and m. Set {x; ;1‘\:[1 C {x e [-L1] : |x] < 2/3} and &}, — x; = 3/m,
j=1,...,N-1.Then M < N and

{xel-L1]):x—x| <Umpn{xe [-1,1]: lx—xi| <Um} =0, ifi).
We may take b; > 0 sufficiently large so that N > 2. Let ¢! be a C*-function on R sup-

ported in [-1,1], and be equal to 1 on [-2/3,2/3]. Let ¢? be a nonnegative C*-function on
R supported in [-1/2,1/2], and be equal to 1 on [-1/4,1/4]. Define

@i(x) = @' (m(x - x;)) — cip* (m(x — x7)),

for some ¢; such that fjl i) Wepx)dx=0,i=1,...,N. Set

N
Ay :=span{gy,...,on} = [Fu(x) = Zﬂjtp;(x) ta=(ay,...,ayN) € RN]-
o1

Clearly,

9 €Wsyp suppy; C {xe[-L1]:|x—x| <1/m} C {x e [-1,1]: x| <5/6},

2/3 1/q 2/3 1/q
101l g0 = </ N |go,»(x)|qu> = (/ 0! (m(x — x7)) = ;0> (m(x —x,))|qu)

2 2/3

=mM, 1<g<oco,j=1,...,N,

and

suppg; Nsupp; =9 (i #)).

It follows that for F, € A,,, a = (ay,...,an) € RN, we have

N 1/q
- 1 ) _
1 Eallgas < (m > |a,|q) = m ™ lally. (4.4)
j=1
For a nonnegative integer v =0,1,..., and F, € Ay, a = (@, ...,an) € RY, it follows from

the definition of —D g that

supp(=Dy,p)" (9)) C {x € [-1,1] : |x — x| < 1/m}
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and

|(Dep) (@), , 5 <m™ M.
g0,

Hence, for1 <g<ocoand F, = Zﬁl a;@; € AN,

| (~(Dap)" (), < Nl

It then follows by the Kolmogorov type inequality (see Theorem 8.1 in [18]) that

|E@ = [(~Dup)”*(E)|

42, g2,

& [ (=D ) UE) | ;If%i I1Fs Ilqaz,?[”

< m”fl/q”a“lgv Lm’ || Fallgap-

For f € L4 and x € [-1,1], we define

Pn(f)() = Z o) f )G ) W p(9) dy
19712, 5
and
Qnif)(x) = / FOO ) Was ) dy.
= || ,nw

Page 12 of 17

(4.5)

Clearly, the operator Py is the orthogonal projector from Ly, g to Ay, and if f € Wz’f wp?
then Qn(f)(x) = Pn(f*)(x). Also, using the method in [19], we can prove that Py is the

bounded operator from L, 5 to Ay N L, , forl <gq < oo,

[Puth)] < Ul
Since Qn(f) € Ay for f € Wza_ﬁ, we have

(0) _ (p) (0)

|| QN(f) ’ “2,0(,5 < m? || QN(f)) ||2,a,/3 =m’ ||PN(f) g ||2,a,ﬂ < m? Hf ’ ||2,a,f3'
Theorem 4.2 Let1 < g <o00,8 €(0,1), and let N be given above. Then

)‘-n,é (Wzr,a,/g; v, Lq,a,ﬂ) > n1/27p71/q)¥n,6 (IN : RN - llq\[t VN);
where N < n, N > 2n and yy is the standard Gaussian measure in RN,

Proof Let T, be a bounded linear operator on W3 5 with rank T, < n such that

V({f € Whos: If = Tuflgap > 2hns}) <6,

(4.6)

(4.7)
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where 1,5 := )»y,,(;(Wzryayﬂ, v, Lgq,p). Note that if A is a bounded linear operator from Wi s
to Wy, 5 and from H(v) to H(v), then the image measure X of v under A is also a centered
Gaussian measure on W; , ; with covariance

RUN() = (A*Cf L A*Cf )y € Wi

where C, is the covariance of the measure v, H(v) = Wz’f ap i the Camera-Martin space
of v, and A* is the adjoint of A in H(v) (see Theorem 3.5.1 of [10]). Furthermore, if the
operator A also satisfies

NAf ) < IWf Nl H@)
then

Ri(N(f) = |A*Cof [ 10y = |47 PICA I < (Cof, Cuf Vi = RS-

By Theorem 3.3.6 in [10], we get that for any absolutely convex Borel set E of W7, 4 there
holds the inequality

V(E) < A(E).
Applying (4.7) we assert that

”QN(f) “H(v) = ” (QN(f))(p) ”2,01,/3 <Lm’ |Lf(p) ||2,a,f3 =" ||l )

Then there exists a positive constant c3 such that

Qn(f) H < Ifllaw)-

c3mP

Note that, forany ¢ > 0, the set {f € W, , 5 : | = Tiif llg.0, < t} is absolutely convex. It then
follows that

v({f € Wi, 5 If = Tufllgap < 2xns}) < A(If € Way g i If = T llgap < 2hns}),

which leads to

v({f € Wapp: IIf = Tuf g > 20ns})
> v({f € Wy p: 1QS = TuQnS e > 2037 s }).

Let Ly : RN — Ay and Ji : Ay — RY be defined by

X\ aipilx)
Z 4i¢i (ﬂ],...,ﬂN)E]RN
i1 ||§0z||2aﬁ

and

IN(E) = (arll@1llzaps - anllonllzep),  Fa € An.
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We see at once that Ly/x(F,) = F, for any F, € An. Set y = (y1,...,yn) € RY, where ¥ =

1 .
m(ﬁ go}p)). Then y = JxQn(f). Thus by (4.4) and ||¢;|l2,4,s < m™2, we obtain

[n@)], 5 =77 2l (4.8)

ao.B

Combining (4.6) with (4.8), we conclude that for any f € Wy 'L

[Qn () = TnQn (N5 > [Pn(Qu () = PR TuQN(NQY

= | LnJnQu () = LnnPn TnLnIn Qn () |

qo.p

a8

[T

> mt [/ QN () = InPr TaLnIn Qn(f) ”lfzv

ol

_1
>mat Iy = InPn TuLnylly-

Remark that gi = W}:ﬁﬁ, k=1,2,...,N,is an orthonormal systemin L, , g and gx € H(v) =

Wz‘fa’ﬁ. Then the random vector ((f,gfp)), ceos {f,gj((,’))) =y in RY on the measurable space
(W34,p-v) has the standard Gaussian distribution ry in RN 1t then follows that

v({f € Wio s [Qu(A) = TuQu(A) 0 5 > 263" 1))

[T

=)

Thns))

1
> v({f 1= W{’a‘ﬁ Hly - T;NPNT,,LNylllzq\z > cam’ T

1
= rN({y e RN ly - J}NPNTHLNyHl{I\/ >cum’ta

= I"N(G),
where ¢, is a positive constant. Clearly, rank(/x Py T,,Ly) < n and

rn(G) <v({f € Wy s IIf = Tuf llgap > 2hns}) <6.
Consequently,

s (In : RN — I, ry) = infinf sup ||[Iyx — Tyl v
N xeRN\G K

< sup |Uny—-INPnTuLnylly
yeRN\G K

1 1
KLm’Ta 2,

which implies

)"n,é(Wzr,a,/s: Vqu,a,/S) < Wl_p_$+%)\.n,5 (IN : ]RN — l;\[,fN)

p-1,1
<m0 2 (I RN — lf;[,rN).
This completes the proof of Theorem 4.2. d

Now, we are in a position to prove Theorem 2.1.
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Proof For the lower estimates, using Theorem 4.2 and Lemma 3.1, we have for 1 < g <2

)Ln,(s (Wzr‘a,ﬁ, v, Lq,a,ﬂ) > n_p+1/2_1/qk,,,y5 (IN : RN — lf;[, ]/N)

1\ V2
~ yoPH2-lg (Nllq + NVa-172 <ln(—>) )
3
1\ M2
nt/2-r (1 2 (ln(—)) )
1)
For 2 < g < 0o, we have

1\ V2
Dons (Wi o 0 Vs L) > m #1210 (nllq . (ln(5>) )
1\ 12
= nl/z_p<l+n_1/q(ln<g>) )

X

And for g = o0,

1\ 12
Ans (W{,alﬁ, v, Lgap) > w12l (ln m+ ln<§> )

172
= n??(1In m
5 .

It remains to prove the upper estimates. For 2 < g < oo and any fixed natural number #,

assume C12" < n < C22™" with C; > 0 to be specified later. We may take sufficiently small

positive numbers ¢ > 0 such that p > % + (1 +e)2max{a,B} +1+ s)(% - é). Set

29+ ifj <m,
n; =
J 2j+12(1+£)(m—j)—1’ 1f] >m,
and
5 0, ifj <m,
"2, itjsm.
Then
j=0 j<m j>m
and

> =8 2" <s.

j=0 j=m

Thus, we can take C; sufficiently large so that

o0
ZV[]' < C12m <n.

j=0
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It follows from Lemma 3.4 for T € (0, WM), 2 <gq =<0,

n
Z bj—r(l/Z—l/q) <« okl1+7(1/2-1/g)] _ gk+kz(1/2-1/q)

j=1
If j < m, then n; = 2*!, and thence A, (V2 RY" IZM, Yyis1) = 0. If j > m, then taking
% = (2max{e, B} +1 + €)(1/2 — 1/g) and applying Lemma 3.2, Theorem 4.1, we obtain for
2<g<o00,
j+1 j+1
)”"jﬁj(vi ‘R — l; ,)/2/+1)
1/t
< (C(WZ, T)) <2(j+1)/q + ,1111)
« 2U21a)g-QseNm=)2maxta pl1ve)(§-1) (24 v %)

which yields

Mns (W30 Vs L)

o0 .
« 3 ety e emate )1 b= 12 v (2,; v % )

Jj=m+1

1,1 m 1 1
< 273y (2 7 +,/In S) = n'/*r <1 +n [In 3) (4.9)
For g = 0o, by Lemma 3.2 we get
RZT 2 c@, )\ In 2+ 1
)\.n/"sj(v}' - q ,)/r_)/'ﬂ) < ﬁ n2 +1HE
_ 2j/2—(1+s)(m—j)(2max{a,ﬁ}+1+€)/2 /] +In %’

then applying Theorem 4.1, we obtain

9]
. : 1
I (W0 Vs Looarp) << 2702 Gmastefieleel, [y <

Jj=m+1

1
< 2m<ﬂ%>\/71ng = "2 |In g (4.10)

To finish the proof of the upper estimates, we only need to show that, for1 <g <2,

1 1/2
Mns(Whapo Vs Laap) K Ans(Wh g g Vs Lo p) < 1277 (1 +n' /In E) ,

Theorem 2.1 is proved.
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5 Conclusions

In this paper, optimal estimates of the probabilistic linear (#,§)-widths of the weighted
Sobolev space W, 5 on [-1,1] are established. This kind of estimates play an important
role in the widths theory and have a wide range of applications in the approximation the-
ory of functions, numerical solutions of differential and integral equations, and statistical
estimates.
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