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1 Introduction
In this paper, we consider the Weinstein operator (also called the Laplace-Bessel differen-
tial operator (see [1])) defined on R%~! x (0, o0) by

d
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where A is the Laplace operator on R%, and L., the Bessel operator on (0, 00) given
by
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The Weinstein operator Ag has several applications in pure and applied mathematics
especially in fluid mechanics (see [2]).

The harmonic analysis associated with the Weinstein operator is studied by Ben Nahia

and Ben Salem [3, 4]. In particular the authors have introduced and studied the generalized

Fourier transform associated with the Weinstein operator. This transform is called the

Weinstein transform.
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In the classical setting, the notion of wavelets was first introduced by Morlet, a French
petroleum engineer at ELF-Aquitaine, in connection with his study of seismic traces. The
mathematical foundations were given by Grossmann and Morlet [5]. The harmonic an-
alyst Meyer and many other mathematicians became aware of this theory, and they rec-
ognized many classical results inside it (see [6—8]). Classical wavelets have wide applica-
tions, ranging from signal analysis in geophysics and acoustics to quantum theory and
pure mathematics (see [9-11] and the references therein).

Next, the theory of wavelets and continuous wavelet transforms has been extended to
hypergroups, in particular, to the Chébli-Trimeche hypergroups (see [12]).

Recently in [13] the authors have introduced and studied the Weinstein wavelet trans-
form )" In the same paper, for the transform S, , the authors have proved the Plancherel
and inversion formulas.

Nowadays, the continuous wavelet transform is one of the useful subjects in harmonic
analysis. In this paper we present only two subjects.

The first subject is the new uncertainty principles involving time-frequency represen-
tations.

The second subject is the localization operators. These operators were initiated by
Daubechies [14—-16], and detailed in the book [17] by Wong.

As the harmonic analysis associated with the Weinstein operator has known remarkable
development, it is a natural question whether there exist an equivalent of the theory of lo-
calization operators and new uncertainty principles for the continuous wavelet transform
relating to this harmonic analysis.

The purpose of the present paper is twofold. On one hand, we want to study many ver-
sions of quantitative uncertainty principles for the continuous Weinstein wavelet trans-
form. On the other hand, we want to study the localization operators for the continuous
Weinstein wavelet transform.

The remainder of this paper is arranged as follows. In Section 2, we recall the main re-
sults about the harmonic analysis associated with the Weinstein operator. In Section 3,
we introduce and study the two-localization operators associated with the Weinstein
continuous wavelet transform. More precisely, the Schatten-von Neumann properties of
these two-wavelet localization operators are established, and for trace class localization
operators, the traces and the trace class norm inequalities are presented. In Section 4,
we study the quantitative analysis of the continuous Weinstein wavelet transform and
time-frequency concentration. In particular, we give results on sets of finite measure and
Donoho-Stark and Benedicks-type uncertainty principles. In Sections 5 and 6, we prove
many versions of the Heisenberg uncertainty inequalities for the Weinstein continuous
wavelet transform. Finally, some conclusions are drawn in Section 7.

2 Preliminaries
To confirm the basic and standard notations, we briefly overview the Weinstein operator
and related harmonic analysis. The main references are [3, 4].

2.1 Harmonic analysis associated with the Weinstein operator
In this subsection, we collect some notation and results on the Weinstein kernel, the We-
instein transform, and the Weinstein convolution.

We use the following notation:
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R? = R x [0, 00);
x= (X150 05X, %) = (¥, %) € ]RT‘f;
C.(R?) is the space of continuous functions on R even with respect to the last
variable.
CE(R?) is the space of functions of class C” on R even with respect to the last
variable.
E.(R%) is the space of C*-functions on R even with respect to the last variable.
S, (R?) is the Schwartz space of rapidly decreasing functions on R? even with respect
to the last variable.
D, (R?) is the space of C*°-functions on R with compact support and even with
respect to the last variable.

The Weinstein kernel A is given by

Ax,z) = ei<x/'z,>jﬁ(xdzd) for all (x,2z) € RY x C7, (2.1)
where jg is the normalized Bessel function. The Weinstein kernel satisfies the following
properties:

(i) Forall z,t € C¥, we have

Az, t) = AL, 2), A(z,0)=1, and

(2.2)
A(Az,t) = A(z,At) forall L € C.
(ii) Forall v e N, x € R?, and z € C%, we have
ID; A(x2)| < llxl™ exp(llxll[l Imz]]), (2.3)
where D! = —"—— and |[v| = v, + - - - + v. In particular,
0z -0z
|A(x,9)] <1 forallx,yeR% (2.4)

We denote by L’; (IRT‘f), 1 < p < o0, the space of measurable functions on ]RTﬁf such that

1
14
|V||L§(M):(/MV@)‘%M@)) <oo ifl<p<oo,

|[f||Loo(sz) = ess sup [f(y)} <oo ifp=o0,
/ yeRY

where dAg is the measure on IRT? given by
drg(y) =y "y dyg.
The Weinstein transform is given for f in L}S (R?) by

1

Fw(f)E) = )

[ SONED ) forall ¢ TE 5)
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where
H;VH
C(p) = fR i) = 2T (B + D) 2

Some basic properties of this transform are the following:
(i) Forf in LL(R9),

R LA (2.6)

C(ﬂ)

(ii) Forall f in LL(RY), if Fi (f) belongs to LL(RY), then
10)= g5 L FDONENds(E) ac 27)
RY
(iii) For f € S,(R?), if we define
Fw () = Fw(f)(-§),
then
FwFw =FwFw =1Id. (2.8)

Proposition 2.1
(i) The Weinstein transform Fy is a topological isomorphism from S,(R?) onto itself,
and for all f in Sy(R?),

Lol am= [ 17 @) ase) 29)

(i) The Weinstein transform f — Fw (f) induces an isometric isomorphism from leg (]RTj)
onto itself.

For a function f € S,(RY) and y € ]RTff, the generalized translation 7,f is defined by the

following relation:

VEeRY,  Ful(nf)E) = AE)Fw(f)E). (2.10)

By using the generalized translation, we define the generalized convolution product

sy g of functions f,g € L} (R%) as follows:
g g BT+

Fow gx) = /R_d wof (7, y0)g0) drsly), xR, (2.11)

This convolution is commutative and associative. Moreover, we have the following:
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Proposition 2.2
(i) Forallf,ge L}; (R9), f *w g belongs to L,lg(]R‘j), and

VEeRY,  Fylf xw ) = Fw()E)Fw(@)®). (2.12)

(ii) Let1 Sp,q,}E o0 be such L‘hat}g + é — % =1.Iffe Lﬁ(@) and g € LZ(RT‘{), then
f*wge L%(R‘f), and

IF &l gy = 1 29 (2.13)

(iii) Letf, g be in L3(RY). Then f %w g € L3(RY) if and only if Fy (f) Fi (g) € L3 (RY)
and (2.12) holds.

Definition 2.1 Let E, F be two measurable subsets of R?. Then:
(1) We say that (E, F) is weakly annihilating pair if suppf C E and supp Fw(f) C F
implies f = 0.
(2) We say that (E, F) is strongly annihilating pair if there exists a constant
C := Cg(E, F) > 0 such that, for every function f € L%(RT{),

C(”]:W(f)”i% o I ) 2 Ilflli% @ (2.14)

The constant Cg(E, F) is called the annihilation constant of (E, F).

Proposition 2.3 [18] Let E, F be two measurable subsets of IRTﬁf with

/dk,g(y)<oo and /d)»lg(f)<00.
E F

Then the pair (E, F) is a strongly annihilating pair.

2.2 Weinstein wavelets
This subsection gives an introduction to the theory of Weinstein wavelets. The main ref-
erence is [13].

Definition 2.2 A Weinstein wavelet on R is a measurable function / on R? satisfying,

for almost all £ € R?, the condition

0<Cy= /Ooo |]-"W(h)(t£)|2% < 0. (2.15)
Example 2.1 Let & € L3(R?) be given by

hi= Far(lyle 3017, (2.16)

d

4

By a simple calculations we see that, for almost all x € R
*® dx
f {wa(h)(mfT < 0.
0

Thus / is an example of a Weinstein wavelet on R.



Mejjaoli and Ould Ahmed Salem Journal of Inequalities and Applications (2017) 2017:270 Page 6 of 25

Let b >0, and let /1 be in L%(@). The dilation of / by b is defined by
R L (Y
V_)/ € RJr, hb()/) = Wh E . (217)

It is easy to see that /1, € L} (R4) and
Ve eRY,  Fu(h)(€) = Fu () (bE). (218)

We introduce the family /,,, b >0 and y € RY, of Weinstein wavelets on R in L%(]RTj)

defined by
Ve €RY, (%) = bP* T oy (—y, ya). (2.19)
Note that
Vb >0,Vy € RY, Vol gy < W3 g (2.20)

Notation We denote:

Qi = {(b,y) = (b,y1,...,y2) R b>0 andye]RT‘f}.

Lﬁ 5 (441), 1 < p < 00, is the space of measurable functions f on €4, such that

, 5
Wiz, (@400 = [f(b.)| dup(b,y) ) <00, 1<p<oo,
Q441

Ifllse (g, =88 sup [f(b,y)| <00, p=o0,
4 (b)€Qan

where the measure dyig is defined by

2/S+1d db
V(b.y) € Qua, dup(biy) = 22

Definition 2.3 Let 4 be a Weinstein wavelet on R? in L?} (R%). The Weinstein continuous
wavelet transform S} on R? is defined for regular functions f on R? by

S, () b,y) = @f@)hb,y(x) drg(x), (b,y) € Qan. (2.21)

It is easy to see that
V(b)) € Qs SY(F)B,y) = b f o Ty (). (2:22)
Proposition 2.4 Let f be in L% (]RTZ’), and let h be a Weinstein wavelet. Then we have
S ()b =07 T FHFw D@ Fw®G) ), (b,3) € Qun, (2:23)
and
B

o) = W13 V1 (2.24)
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Proposition 2.5 (Covariance properties) Let h be a Weinstein wavelet. The transforma-
tion S\ is a bounded linear operator from L%(R‘j) into the space of continuous bounded
functions on Q4,1. Moreover, we have the following covariance property:

Foranyf € L% (R9), (b,y) € Q441 and ¢ € R,

(G () Jer-tsron(22) (2.25)

Theorem 2.1 (Plancherel’s formula for SY) Let h be a Weinstein wavelet. For all f in
L3 (R9), we have

/ )] drp(x) = / /f ISY (), dus(b,9). (2.26)
Corollary 2.1 (Parseval’s formula) Let h be a Weinstein wavelet. For all fi, f, in L%}(RT{), we
have

_ 1 [o° _
A= [ [ ¥ @enST @b dus.). (227)
R4 Cn Jo R4

3 Localization operators for the Weinstein continuous wavelet transform

3.1 Preliminaries

We denote by B(L; (R9)) the space of bounded operators from L%(]RT_”{) into Ly (R4). The
singular values (s,(M)),en of a compact operator M € B(L%(Rf)) are the eigenvalues of
the positive self-adjoint operator |M| = v/M*M. For 1 < p < oo, the Schatten class Spisthe
space of compact operators whose singular values lie in #. Hence S, is equipped with the
norm

IMls, := (Z(S;‘(M))p) . (3.1)

j=1

In particular, S, is the space of Hilbert-Schmidt operators, and S; is the space of trace-class
operators. It is well known that the trace of an operator M € §; is defined by

o0
M) = " (Mv;,v)), (3.2)
j=1

where (v;); is any orthonormal basis for L% (H@). Moreover, if M is positive, then
tr(M) = [|M][s, - (3.3)

Moreover, a compact operator M on the Hilbert space L%(RT{) is Hilbert-Schmidt if the
positive operator M*M is in the space of trace class S;. Then

[o¢]
1Ml = WMI, = [ MM = (20 M) = 3 7 IMwil?, o (3.4)
1 B+

for any orthonormal basis (v;); basis for L% (@).
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For consistency, we define Sy, := B(Lfg (IRTﬁf)) equipped with norm

1M]lsy := sup MVl

(3.5)
_ Lﬁ
vel} (R%)

®Y"
vl — =1
13@d)

3.2 Boundedness

In this section, % and k will be two Weinstein wavelets such that

21l

— = Ikl 5 =7 = 1.
LZRY) LFRY)

Definition 3.1 The localization operator associated with the symbol 2 and two Weinstein
wavelets is denoted by L, x(a) and defined on Lé (I@) by

Lyx(@)(f)(x) = a(b,)SY (F) (b, y)koy () dug(b,y), x€RI.

vl
CrCr Sz,

Often, it is more convenient to interpret the definition of £ x(a) in a weak sense, that is,
for f, g in L3(R9),

(Lux@(f) g >L§ ®Y)

- ﬁ /Q alb ST (b NST @by dig(byy), g € 13 (R). (3.6)

Proposition 3.1 The adjoint of Ly, x(a) is Ly y(a).

Proof Forallf, gin L} (R4), from (3.6) it immediately follows that

(Lak(@(P.), - aB)SY ()b.Y)ST @b, diesb,y)

d:

I Tl N
1

VCiCr Sy,

= (Lin@)(Q).f) 130 (f, Len@)(g) 3@

a(b,)S" @)(6,9)S,” ()b, y) dus (b, )

Thus we get

Ly (@) = Lis(@). (37)

The objective of this subsection is to prove that the operators
Liyx(a) :L/ZS (]Rff) — Lé (Rﬁf)

are bounded for all symbols a € Lﬁﬂ(9d+l). We first consider this problem for a in

LL 5 (2441) and next in ijg (€244+1), and then by interpolation theory we deduce the result.
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Proposition 3.2 Let a be in L}t ﬁ(Qd+1)~ Then the localization operator Ly i(a) is in Sso,
and

1

| Lur@]s . < lellz, @4,

3
S

Proof Let f and g be in L%(RT{). From relations (3.6) and (2.24) we have

I(Eh,k(a)(f),g>L%(R7)| =< |a(B. )| (H®B.9)]|SY @B,9) | dis (b,y)

1
«/—cc /Qd
—— 8" ()]

)15

L/L Qd+1 (Qd+1)” ||L;l./5 Qd-*—l)

_«/CC

A

< Chck|lf||L/z;(R7+z)||g||L/zj(R71)||ﬂ||LLB(Qd+1)-

Thus,

1
N lall., @4, 0

Proposition 3.3 Let a be in L%(Qdﬂ). Then the localization operator Ly i(a) is in S,

[£ne@l]s,, =

and
| Lni(a) ||SOO = llallzgs, @)

Proof For all functions f and g in L%(@), by Hoélder’s inequality we have

1 -
(en@P)8)zp| = oo / a5} (N G|IST ©)(6,9)| i b.7)
d+1
1
oo el @an |58 Oz, 0,015 @l @,

Applying the Plancherel formula (2.26) for S} and S,Y, we obtain
’(Eh,k(ﬂ)V):g>L%(ﬁ)’ < ”a”Lﬁ%(Qdu)|V||L%(ﬁ)||g||L%(ﬂ)'
Thus,

| Lini(a) ”SOo = llallzys, @q.0)- 0

Remark 3.1 For a = a; + a. in L}Lﬂ (Rgs1) + Ll"fﬂ (£2441), from Proposition 3.2 and Proposi-
tion 3.3 we deduce that £, x(a) is in Sy and

1 1
”Eh,k(ﬂ)”&)O = T ”alHLLﬂ @z T laso ||L,3Cﬂ(szd+1) = max{ ﬁ)l} llall,

where

: 1
lla|l = inf{ Nl @y * Naoollzgs, (@q,) + @ = a1+ oo, a1 € Ly, (Qan) ace € LY, (Qun)}.
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We now can prove that £, (a) is in S, for every symbol a in Lﬁﬁ (Ry41), 1 < p < oc0.

Theorem 3.1 Letabeinl?, 4(Q24:1), p € [1,00]. Then there exists a bounded linear operator
Li(a): LE(RY) — L3 (RY) such that

1 \%
| Lhi@]s < (m) lallzz, @40
Proof Let f bein leg (R%). We consider the operator
T L, (Qan) N LY, (Qun) — Lj(RY)
given by
T(a) = Lyi(@)(f).

Then, by Proposition 3.2 and Proposition 3.3,

1
”7-(61) ”leg(@) =< ﬁ”ﬂlLé(Rd ”a”L};ﬁ (Qus1) (3.8)
and
[T @13 ) = V12 ) oo @ (3.9)

Therefore, by (3.8), (3.9), and the Riesz-Thorin interpolation argument ([19, Theorem 2],
see also [17, Theorem 2.11]) we get that 7 may be uniquely extended to a linear operator

on L}, (R4:1), 1 < p < 00, and we have

1
1 P
[ €@ 37, = 1 T@] 1y, < <—chck) 1y Nz 0 (3.10)

Since (3.10) is true for all f € LIZS(RT‘J{), the result is proved. O

3.3 Schatten-von Neumann properties for L, «(a)
Let us begin with the following statement.

Proposition 3.4 Let a be in L}t 5 (2441). Then the localization operator
Conta): 13 () L3 (1)
isin Sy, and

| Li@], < lally

g Qa,'+1

F



Mejjaoli and Ould Ahmed Salem Journal of Inequalities and Applications (2017) 2017:270

Proof Let {¢;,j =1,2,...} be an orthonormal basis for L%(@). Then by (3.6), Fubini’s the-

orem, Parseval’s identity, and relations (2.21) and (3.7) we have

2 1@y,
£

= ;(ﬁh,k(“)(ﬁbj): Ly i(a) () 13@)

= Z \/— O b y)<¢/» hby>L2 Rd (»Ch k( )(¢j)rkb,y>L%(@) d“ﬁ(b’y)
1 o
= 7T ), A )Y (B hny) 1@ i@ Cp), ]2 g, i (b.7)

J=1

1 *
- = /Q a0y s g s 5.

Thus, we get

> 1
> L@ @)}y = o /Q a9 25,45 dizs(b,9)
j=1 d+1

——— | Ly ila < 00. (3.11)

)5, Nallz), @

«/C Cr
So by (3.11) and Proposition 2.8 in Wong [17]
Cantas 2 () — £3(E)
is in the Hilbert-Schmidt class S, and hence compact. O

Proposition 3.5 Let a be a symbol in L‘Zﬂ (441), p € [1,00). Then the operator Ly x(a) is

compact.

Proof Let a be in Lﬂﬁ(QdH), and let a sequence (a,,),eN € L}Lﬂ(Qd+1) N L;?;(Qd+1) be such
that a, — a in L}, ;(Qq.1) as n — 00. Then by Theorem 3.1

1
1 P
| Lai(@n) = Lox(a) ||SOO =< <—Cth> llan - ﬂllLﬁﬂ(Qd+1)~

Hence Lyx(a,) — Lux(a) in Soo as n — co. On the other hand, since by Proposition 3.4
Ly x(a,) is in Sy and hence compact, it follows that £, () is compact. O

Theorem 3.2 Let a be in L};ﬁ (41). Then

(3.12)

1
ooy @

s = | £nida@)] 5 <

Page 11 of 25
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where 4 is given by
ab,y) = (Eh,k(ﬂ)(hb,y);kb,y)L[zj &y (b,y) € Qan.

Proof Sinceaisin L}lﬁ (R4+1), Lnx(a) isin S, by Proposition 3.4. By [17, Theorem 2.2] there
exist an orthonormal basis {¢;,j = 1,2,...} for the orthogonal complement of the kernel of

Ly x(a), consisting of eigenvectors of |£x(a)|, and an orthonormal set {¢;,j=1,2,...} in
L3(R9) such that

Ly(a)(f) = Zs,(f 9 30,9 (3.13)
j=1

where s;,j € N, are the positive singular values of £, x(a) corresponding to ¢;. Thus, we get

| Lhi@] g, = ZS; Zlﬁhk (¢j),<ﬂ;’>Ll23(Rq)~
j=

Hence, by Fubini’s theorem, Cauchy-Schwarz’s inequality, Bessel inequality, and relations
(2.21) and (2.20) we obtain

o0

[£0x@]l5, = S {Lnsla) @), 0 2

j=1

=3 i L, 0 SE @S0

1
Sm o |”(b’y)|
(Z Sy (¢) by)!) (Zys,y(¢,)(b,y)|2) dpg(b,y)
j=1 j=1

= o 1Ol Wil g )

CiCr ||a||L}lﬂ (Rq41)
Thus

| Lnila llall ;1

] Qd+l

9y = o

We now prove that £, x(a) satisfies the first member of (3.12). Indeed, from (3.13) we have

|d(B,p)| = [{Lni(@ (hy), k) 3@ |

oo
= 8i by B5) 2 ma (@ Kby) 2 ma
;/ VIRV LR (R

1 > 2
5 Z (hby, D) 2 Rd)| + | kby’§01>L2 Rd)| )
j=1

[\)
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Then, using Fubini’s theorem, we obtain
o0

- 1
./S‘Z |ﬂ(b’y){ dﬂﬂ(b:y) = 5 Zsj(/ |<hb,y’¢j)L?‘(M)|2dﬂﬂ(b:y)
d+1

j=1 d+1
2
+ /;zd+1 ’ (kb,yi ‘P})szj(Rz) | d/’Lﬂ (b;y)> .

Thus, applying Plancherel’s identity for S}’ and S, we get

Ch+Ck Ch+Ck
Y

f @(b,)| diup(b,y) < | Lhi@] .
Qa,'+1

The proof is complete. d

Corollary 3.1 Fora in LL 5 (2441), we have the trace formula

1
tr(ﬁh,k(ﬂ)) = «/ﬁ /Qd+1 a(b,y)(kb,y,hb,y)L%(R?) dug(b,y). (3.14)

Proof By Proposition 3.2, £, x(a) € S;. Then, using (3.2), we get

w(Lix(@)) = 3 _(Lis(@) @) b))z,

j=1
22 ==, b ) 1 o] s 59
1 -
= Z ¢}»hby L2 (®9) <¢/:kby)L2 &) dﬂﬂ(b )

N Chc Qg j=1

1
= k ,h d d by ’
\/m/;auf by b’y>L%(]R‘,f) Mﬂ( }’)

and the proof is complete. 0

Corollary 3.2 Let a be in I, 4(Ra441), 1 < p < 00. Then, the localization operator
Ch,k(a) :L?} (@) —> L% (@)

isin Sy, and

1 \7
”ﬁh,k(d)usp =< (ﬁ) ||ﬂ||Lﬁﬂ(Qd+1)'

Proof The result follows from Proposition 3.3 and Theorem 3.2 and by interpolation [17,
Theorems 2.10 and 2.11]. O
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4 Continuous Weinstein wavelet transform and time-frequency concentration
In this section, we suppose that the Weinstein wavelet / belongs to L}S(R‘f) al leg(]R‘jf ).

Proposition 4.1 Let h be a Weinstein wavelet on ]RTff in L% (H@). Then, S;‘IV (L%(]I@)) isa
reproducing kernel Hilbert space with kernel

1 -
/Ch(b/,y’;b,y) = C /@hb/'y/ (), (%) dAp (x). (4.1)

The kernel is pointwise bounded:

h|? —
IAIE,
D (4.2)

Y(,5),(b,y) € Qs |Ku(V,%5b,y)| < o

Proof Letf e leg (R?). We have

V(b,y) € Qan, S ((b,y) = /va(x)hb,y(x) dhrp(x).

Using relation (2.27), we obtain

1 o0
S = 5 /0 /R_dsh““ (5.5 ST o) (By) diss (6,7).

Applying Proposition 2.2(iii), we find that, for all 5,5’ > 0 and y,y’ € R4, the function
/ w /o 1 T ()
V> S () (YY) = o |y (0)hp (%) g (%)
h JRY

belongs to L%(@). Therefore, the result is obtained. O

In the following we denote:
Py :Li‘8 (ﬁd+1) — Liﬂ (82441) is the orthogonal projection from Liﬂ (2441) onto
SV 3 (RY).
Py :Liﬁ (Q1) = Liﬁ (Q441) is the orthogonal projection on Liﬂ (Q4,1) defined by

wel; (Qa), Puv=xuv,
where y;; denotes the characteristic function of U C Q4,1 with
0<pg(l):= /uduﬂ(b,y) < 00.
We put
1Pyl = sup{IPuPVl2 (@) € Ly (Rait) W12 (0, = 11-

We further prove the concentration of S” (f) in small sets.
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Proposition 4.2 Let h be a Weinstein wavelet, and let U C Q4,1 with

C
ug(U) < "

h? —
1A,

Then, for all f € L}, (R9), we have

®Y)

17211
L2(RY

(
[0 = xS D)3, 00 = VO 1 = —5—HaWDIF I3 (4.3)

where x5 denotes the characteristic function of U.

Proof From Plancherel’s formula (Theorem 2.1) we have
2 w 2 w 2 w 2
Ch”f”L%(R?) = ”Sh (f)HL,aﬂ(szdﬂ) = HSh () ”Liﬂ(u) + HSh () ”L,%ﬂ(w)' (4-4)
On the other hand, from relation (2.24) we have

[ 1SE 060 dien6.9) = 1SF D, 1000

(4.5)
2 2
< U1 g V1
Thus, using (4.4) and (4.5), we deduce the result. O

Remark 4.1 If S,lv(f) is supported in U and pg(U) < — G then f = 0.
2(

1%, —
13 r%)

We further prove the concentration of 8" (f) in arbitrary sets of finite measures.

Theorem 4.1 Let h be a Weinstein wavelet, and let U C Q441 with 0 < ug(U) < oo. If
Ph(LlZLﬂ(QdH)) N PU(Liﬂ(Qd+1)) = {0}, then there exists a constant C := C(h,U) > 0 such

that, for all f € L3(R%),
”Sly(/(f) - XLISLY(/(f) ”Lﬁ‘g Qi) = CW”%(RT{)' (4.6)
For the proof of this theorem, we need the following lemma.

Lemma 4.1 ([20]) Let H; and H, be two closed subspaces of a Hilbert space H such that
Hi NHy ={0}. Let Py, and Py, denote the corresponding orthogonal projections, and as-
sume that the product Py, Py, is a compact operator. Then, there exists a constant C > 0
such that, for f € H,

I1Pyyifllae + 1Py f 3 = Clf I (4.7)
Proof of Theorem 4.1 Define H; and H; by

Hy = Pu(Liﬂ(Qdu)), Hy = Ph(Liﬂ(Qdﬂ))-
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Proceeding as in [21], we prove that
%
1Py Pyl s = ( / |xu®,9)|[Kn (V53 8,9)* dpss (8,5 duﬂ(h,y)>
Q441 %2441

41l

&)
S _—
A/ Ch

Hence, Py Py, is a Hilbert-Schmidt operator and therefore compact. Now, Lemma 4.1 im-
plies the existence of a constant C > 0 such that (4.7) holds for Py, := Py; and Py, := Py,

up(U) < oo. (4.8)

Since
PH2L (8,}” )) =(Id —P;,)S,tv(f) =0,
this leads to (4.6). O

Definition 4.1 Let & be a Weinstein wavelet, and let I/ C 4,1 such that 0 < ug(U) < 0o.
Then
(1) We say that U is weakly annihilating if any function f € leg (RTf) vanishes when its
Weinstein wavelet transform S)" (f) with respect to the Weinstein wavelet / is
supported in U.
(2) We say that U is strongly annihilating if there exists a constant Cg(U) > 0 such that,
for every function f € L%(RT{),

(4.9)

Co@IS ) = xS Ol @0 = W3 g Vil

The constant Cg(U/) is called the annihilation constant of U.

The analogue of this definition was introduced by Ghobber and Omri [22] in the cadre

of windowed Hankel transform.

Remark 4.2
(1) Itis clear that every strongly annihilating set is also a weakly.
(2) From Proposition 4.2 we see that any set U C Q4,1 with pg(U) < ﬁ
3®9)
BB+

is strongly

annihilating.

(3) As the operator Py Py, is Hilbert-Schmidt and hence compact, from [23] we have
that if U is weakly annihilating, then it is also strongly annihilating.

(4) If ||PyPy|l <1, then, for all f € L3(R9),

w
S 0 0 2 VR Wy V1 (4.10)

1
V1= I1PyPy|?

(5) Following [23, p.88], we have that if U is strongly annihilating, then || Py Pyl < 1.

In the following, we prove the Benedicks uncertainty principle for the Weinstein wavelet
transform under some condition on the Weinstein wavelet. We note that the Benedicks-
type uncertainty principle for the windowed Hankel transform was studied by Ghobber
and Omri [22].
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Theorem 4.2 Let h be a Weinstein wavelet such that

/7 C drlE) <o (4.11)
{£ RS- Fy ()(€)70}

For any subset U C Q24,1 such that

[ xutv.9)din) < 00
RY
for almost every b > 0, we have
Py (le,_ﬁ(Qdﬂ)) ﬂPu(Liﬁ(Qdu)) ={0}. (4.12)

Proof LetF € Py, (lew (Raa))N Pu(LiB (24:1)) \ {0}. Then by the definition of the operators
Py and Py, there exists a function f € Ly (@) such that F = S (f) and supp F C U.

Let b > 0 be such that /_ Xxu(b,y)dg(y) < 0o. Consider the function F, defined by
R

4
Fy(5) =S (F)(b,y), yeRL
Then we have
suppFy C {y € RY: (b,y) € U}

and

/ d)»ﬁ(%') < Q.
supp Fp,

On the other hand, using (2.23) and hypothesis (4.11), we get

/ B dig(£) < 0.
(£ eR%: Fyy (Fp)(£)50)

Using Proposition 2.3, we obtain that Fj, = 0 for every b > 0, and hence F = 0. O
Consequently, we obtain the following improvement.

Corollary 4.1 Let h be a Weinstein wavelet on R? in leg (RY) such that

/ _ B d)»ﬂ(“g‘) <00,
(€RY:F ()()70)

Then, for any subset U C Qa1 such that 0 < pug(U) < oo, there exists a constant C :=
C(h,U) > 0 such that, for all f € L,23 (R9), we have

[S5"6) = xS N1z, 0400 = EWV N 2 (4.13)
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Now we will derive a sufficient condition by means of which we can recover a signal F
belonging to Li 5 (2441) from the knowledge of its truncated version following the Donoho-
Stark criterion [24].

Let /1 be a Weinstein wavelet function. A signal F € Li 5 (2441) is transmitted to a receiver
who knows that F € S}V (L% (@)). Suppose that the observation of F is corrupted by a
noise n € Liﬁ (€2441) (which is nonetheless assumed to be small) and unregistered values

on U € Q4,1. Thus, the observable function r satisfies

F(b,y) + n(b,y) if(b,y) €U,
0

r(b,y) = if (b,y) € U.

(4.14)

Here we have assumed without loss of generality that # = 0 on U. Equivalently,
r=(d-Py)F +n. (4.15)
We say that F can be stably reconstructed from r if there exist a linear operator
Ly, :Liﬂ(Qdﬂ) - Liﬁ(Qdu)
and a constant C(U, &) such that
[E=Lus®] 3, 0,9 = CUMIAIZ @, (4.16)
Proceeding as in [24], it is easy to prove the following:

Proposition 4.3 Let h be a Weinstein wavelet function such that

/ o i dhrg(&) < oo.
(RS- F ()()70)

Let U C Q4,1 with 0 < ug(U) < 00. Then F can be stably reconstructed from r. The constant
C(U, h) in (4.16) is not larger than (1 — ||PyPy|) L.

The identity

Q=(d~PyPy)" =) (PuPyy

Jj=0

suggests an algorithm for computing Q(r). Finally, using a method similar to that in [24],

we give an algorithm for computing L, ;. Indeed, put

k
Fe=> (PuPy)r.
j=0
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Then Fy — Q(r) as k — 00. Now

FQZV,

F1 =r+ PuPhF(), (4 17)
FZ :r+PuPhF1,

and so on. The iteration converges at a geometric rate to the fixed point
F =r+ PyPyF.

Algorithms of type (4.17), have been applied to a host of problems in signal recovery; see
[24] and others.

5 Heisenberg-type uncertainty inequalities for the Weinstein wavelet
transform

In this section, we establish many Heisenberg-type uncertainty inequalities for the Wein-

stein wavelet transform.

Proposition 5.1 We assume that the Weinstein wavelet h satisfies | h|| =1

L2®Y)
)3 +

Let s > 0. Then we have the following uncertainty inequalities.

(1) There exists a constant C1(B,s) > 0 such that, for all f € L% (IRTﬁf),

1G~)

(2) There exists a constant Cy(B,s) > 0 such that, for all f € L% (H@),

S ()

= GBI N gy (5.1

Ly (1)

iy 1Sy ()| [1617SY ()

2
Liip Q1) g (Ra) = CZ(’B’S)llf”L%(ﬁf (5.2)

(3) There exists a constant C3(8,s) > 0 such that, for all f € L% (IRT‘j) and every

measurable subset U of finite measure 0 < pg(U) < 0o,

1
134 (Ra:1) < C3(,3,S)MH H (E’y>

Proof (1) Let r € (0,1] be such that pg(U;) < Cy, where

u, = {(b,y) € Qi ” <%,y> < r}.

(RG] SY () (5.3)

L35 (@41)
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From Proposition 4.2 we have

IA

2 1 w 2
IVIIL%(@) m/;ﬁ 1Sy (N (b,y)|” dpp(b,y)

()|

2

ISY ()b, dig (b,y)

1
S'AZS(CI'I_/'L}@(L[))V/l VI=r

b

= rZS(ch—u,s 1) H H( ’y)

Thus we have obtained the result with C(8,s) := ¥*\/Cy, — ug(U,).
Now we will prove (2). Indeed, using the fact that ||( N <25(1617° + |Iyllf) in (5.1), we
get

St (f)

lelﬂ (Qd+l)

2
s oW |12 Ci(B,3)
Q1) + H |b| Sh (f) HL%Lﬂ (1) > 22s ”f”[%(@)

s 2
[o8 Ol

Replacing f by §,f := ﬁf (;) in the previous inequality, by (2.25) and by a suitable
iy

change of variables we obtain:

C1 (,3’ s)
225

sy Ol |lf||2

(a1 " H|b|758}‘lv(f) ”L2 (Qd+1)

Then (5.2) follows by minimizing the left-hand side of that inequality over ¢ > 0.

Now we will prove (3). Indeed, using the estimates

HSXV(f)HL,%Mur) f\/m||52”(f>”%mdﬂ>

and

”Sl"l)(/(f)”Lﬂoﬁ(Qdﬂ) = ”f”L%j@)’

we get

S

i =\ s 3 5,

Finally, the result immediately follows from (5.1). O
Now we recall the uncertainty principle of Heisenberg type for the Weinstein transform.

Proposition 5.2 ([25]) Fors,t > 0, there exists a positive constant C(B,s,t) such that, for
every f € L3(RY), we have the inequality

1 11° Fw (f)

s I Ilylltf

12 (Rd

s+ti > C(IB,S, t)”f”L%(@)' (5.4)
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Theorem 5.1 Lets,t > 0, and let h be a Weinstein wavelet on IRT‘j in L%(RT‘{). Then, for all f
in L%(}RT{), we have the inequality

t

2, = CBs G I 3 g (55)

¢ s
S+t
LY

T+s t
3 auplIEIFw()

IS,y (f)

Proof Let us assume the nontrivial case that both integrals on the left-hand side of (5.5)
are finite. We get from the admissibility condition (2.15) for /4 that

2dp()da
a

| e Femes i 7vne) -G [ eI Pt disle),
o Jrd RY

Using relation (2.23), we obtain
/ /_d 1617 Fuw (S (1)) @) duay (b, 8) = Ci /_d 1617 Fu (A dhs(&). (5.6)
o JRrd RY

Moreover, using (5.4), we get
¥b> 0, ( /_d||sn2f|fw(8h””(f)(b,-))(s>|2dxﬁ<s))”t
RY

< (L Isy . ar)
RY

> C*(B,s,1) /Rﬁysy (DB drg ).

Integrating with respect to bzﬁ%, we obtain

S
S+t

/0 [( /}R7 1€ 1% | Fur (S ()b, ~>)(;=)|2dxﬁ(s>)

] w1 db
x ( fRznynz S (f)(b’y)|2d)‘ﬁ(y)> ]W

o0 db
=Cs0 [ ISV Oe a0 s

The left-hand side of this inequality may be estimated from above using Holder’s inequal-
ity. The right-hand side can be rewritten by Plancherel’s formula for S}” . Therefore, from
(5.6) we get

(/0 /RV||s||2t|fw(s:“(f><b,~))<s>|2duﬂ<b,s>)”t

- 25| QW 2 o
g (/0 /Rz”y” S (.| duﬁ(b,w)

ok ( /R7 ||s||2f|fwcf(s>)|2dxﬁ<s)>
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h : ) &
X (/0 /R?”J’Hz |S}Y7(f)(b,y)| dMﬁ(b,J)))

> CX(B,s,)CullfII2, — .
> C(B,s,t) h”f”Lg(Ri)
This proves the result. O

6 Heisenberg-type uncertainty inequalities for the modified Weinstein wavelet
transform

There is no uncertainty principle of Heisenberg type for S," (f)(b, y) with respect to b.
For this, we consider the Weinstein wavelet & deﬁnecfl\lgy relation (2.16) and introduce

the modified Weinstein continuous wavelet transform S, given by

S} f(b,y) = PP F (Fuf 05 Fw E)0),  (b,9) € Q- (6.1)
Using this transform, we obtain the following theorem.

Theorem 6.1 Fors,t >0 and every f in L?,(}RTﬁf), we have

-~ S _t s
L ||||y||7||;g@)zc(ﬂ,s,t)(M(e-yz)(zt_4))z<w>|Lf||L2ﬁ(R7), (62)

Q1)

where

dr

ry+1

M:H— M(H)(y):‘/oooH(r)

is the classical Mellin transform.

Proof In the following, we assume that

o0 —
/ /_db2f|3yf(b,y)|2duﬂ(b,y) <oco and /7 1% [f )| dirg () < oe.
o Jre R?
Otherwise, (6.2) is trivially satisfied. Using Fubini’s theorem and (2.26), we have

f S CHISIETCE

Qa1
00 db
_ / B /_db2ﬂ+d+l|fwf<b5)|2|fw<h>(5)|2dxﬁ(s>7
0 R%
© 2 A\ [P db
:/@/o b*| Fuf (€) JT"W(”’)(E) jd)‘ﬂ(g)
. /@A(S)\fw(f)(f)izdlﬁ(é)
with
o0 A\ |? db
AE)= [ V'F h(—) —.
©- [ eFn(;) 5
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Using (2.16), by simple calculations we get

A®) = /0 B Fw(h)( )
© _pody t
=(f0 eyym)nsn2

= (M(e7") (2t - ) E]1*.

db
b

Thus

(/om/wb%’gyf(b’y)lzduﬁ(by)St(/ Iy [ )| dxm) &

=(M(e” )(2t 4)) &0 g0

(/ 11| Fw (H(E)] dxﬂ(5)> (/ Iy ()] dxﬁ(y))%.

Now, the result is obtained from Proposition 5.2. g

Remark 6.1
(i) Itis easy to see that M(e‘yz)(2t —4)<ooifand onlyif £ < 2.
(i) In the classical setting, the notion of the modified continuous wavelet transform was
first introduced by Wilczok [20].

Corollary 6.1 Fors,t>0 andf in Lé(RTf), we have

s+t

[ ||y||58th

s+t Qdﬂ) ” btst

Qdﬂ)
D - o)
> C(B,s5,6)C,"" (M(e7™) (2t — 4)) XD IlfllL% @)

Proof By the preceding we have

* 2| QW 2 st OO 25| oW 2 s
( / /sz ST £ b, duﬁw,y)) ( [ anyn S¥F(b,)| du,s(b,y))

- (M(e) @2t - 4)) 5 ( /@ ||f:||2f|fw(f)(s>|2dxﬁ<5)>

N S 2 4
x(fo fmnynz IS F(b,)| du,s(b,y)) -

The result follows from relation (5.5). O

Corollary 6.2 Fors,t >0 and for any f in leg (@), we have

s+t

Qd+1)

Jlcsa SWf

Qd+1)

> CBs, t>C;3“_*” (M(e)@t =) 59 1f
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Proof The result follows from Corollary 6.1 and the fact that
@) = 1y1* and  [B,y)]* = b*. 0
In the following, we give the local-type uncertainty principle.

Corollary 6.3 For s> 0, subsets U € Q4,1 such that 0 < ug(U) < 0o, and f in Lé (@), we
have

/ xS F B dsbry)
Qi
1 —_~ 1
SoWrll 2 SoW ol 2
<O G SN @ IlENSS L 0,0

where

2
Ha(LDIAE,

C(B,5,9v/Cr(M(e ) (2t - 4))

RY)

Cﬂ (S) =
Proof From relation (4.5), we have

* W 2 2 2
[ LISl duson) = na@i o W12, oo

On the other hand, from Corollary 6.2 we have

P < ooy N IZISTF B dptgb,3)3 [y, NAIFISEFB,)P dprp(b,3))2
LH®) ~ C2(s,5)v/Cp(M(e7)(2t - 4)) '

The result immediately follows. O

7 Conclusions
This paper is devoted to developing the localization operator theory for the continuous
Weinstein wavelet transform. Given a symbol a and two Weinstein wavelets /1, k, we inves-
tigate the multilinear mapping from (a, 4, k) € L}, 5 (Qa11) X L%(RT{) X L,23 (IRT‘j), 1<p<oo,
to the localization operator L (), and we give sufficient conditions for £;(a) to be
bounded or to belong to a Schatten class. Our results are formulated in terms of time-
frequency analysis.

The uncertainty principles in the context of the continuous Weinstein wavelet transform
are also established.
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