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1 Introduction

In 1998, Czerwik introduced the following interesting concept.

Definition 1 (Czerwik [1]) Let X be a set and let d be a function from X x X into [0, 00).
Then (X, d) is said to be a b-metric space if the following hold:
(bl) d(x,9) =0 x=y;
(b2) d(x,y) = d(y,x) (symmetry);
(b3) There exists K > 1 satisfying d(x,z) < K(d(x,y) + d(y,z)) for any x,7,z € X
(K-relaxed triangle inequality).

We note that in the case where K =1, every b-metric space is obviously a metric space.
So this concept is a weaker concept than that of a metric space. Conditions (b1) and (b2)
also appear in the definition of metric space. So (b3) is a feature of this concept. Therefore
it is important to study how to use (b3) effectively.

Lemma 2 Let (X,d) be a b-metric space. For n € N and (xo,...,%,) € X",

n-2
d(x0,%,) < Zl(j+ld(xj:xj+l) + K" d(o,1,%4) @)
j=0
holds.
Proof Obvious. U

Considering the rearrangement inequality, we could tell that (1) is effective in the case
where d(xj,1,%;,2) is much smaller than d(x;, x;,1). Indeed, using (1), the following lemma
was proved.
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Lemma 3 (Lemma 3.1in [2]) Let (X, d) be a b-metric space and let {x,} be a sequence in X.
Assume that there exists r € [0,1/K) satisfying d(xy.1,%n42) < rd(x,, %441) for any n € N.
Then {x,} is Cauchy.

In the case where d(xj,1,%;.2) is not much smaller than d(xj, x;,1), how can we use (b3)
effectively?

Motivated by this question, in this paper, we first prove some inequality. Using this in-
equality, we improve Lemma 3. In order to understand deeply the mathematical structure
of a b-metric space, we give a condition, which does not imply the Cauchyness on se-
quences. Finally, we improve some Nadler-type fixed point theorems.

2 Preliminaries
Throughout this paper we denote by N the set of all positive integers and by R the set of
all real numbers. For an arbitrary set A, we also denote by #A4 the cardinal number of A.
For a real number ¢, we denote by [£] the maximum integer not exceeding ¢.

In this section, we give some preliminaries.

Definition 4 Let (X,d) be a b-metric space. Let {x,} be a sequence in X and let A be a
subset of X.

o {x,} is said to converge to x if lim, d(x,x,) = 0 holds.

.

{x,} is said to be Cauchy if lim, sup{d(x,,x,,) : m > n} = 0 holds.

« X is said to be complete if every Cauchy sequence converges.

+ A is said to be closed if for any convergent sequence in A, its limit belongs to A.
« A is said to be bounded if sup{d(x,y) : x,y € A} < 0o holds.

Remark While not every v-generalized metric space is metrizable [3-5], every b-metric
space is metrizable. So we note that there is no room for ambiguity in Definition 4.

Let (X,d) be a b-metric space and let CB(X) be the set of all nonempty, bounded and
closed subsets of X. For x € X and any subset A of X, we define d(x, A) = inf{d(x,y) : y € A}.
Then the Hausdorff metric H with respect to d is defined by

H(A, B) = max{sup{d(u,B) : u € A},sup{d(v,A) : v € B}}
for all A,B € CB(X).

3 Basicinequality
In this section, we prove one of the most basic inequalities on a b-metric space.

Lemma 5 Let (X,d) be a b-metric space. Define a function f from N into N U {0} by
Sf(n) =—[-log, n]. (2)

Forne N and (xo,...,%x,) € X",

n-1

d(xO’ x}’l) S I<f(n) Zd(x], x/+l) (3)
j=0

holds.
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Remark f is as follows:

f@=0,  f2)=1,  fB)=f(4)=2
fG)y=---=f@®)=3,  f9)=---=f016)=4,

Proof We first note that 2/")~1 < n < 2/ holds for any # € N. It is obvious that (3) holds
for n = 1. We assume that (3) holds for # with n < 2X for some k € NU {0}. Fix n € N with
2% < n < 2k*1, Then we note f(n) = k + 1, f(2%) = k and f (1 — 2¥) < k. We have

d(x0,%,) < Kd(xo, %) + Kd(xx, %)

2k_1 n-1
< KK'® 3" d(ay,x70) + KK 3" dl(o), 2501)
Jj=0 j=2k
n-1
< KM " d(x,x0)
j=0
n-1
= K" dog, x50).
j=0
Thus (3) holds for n. By induction, we obtain the desired result. a

Using Lemma 5, we give a sufficient condition for the Cauchyness on sequences. The
following lemma can be very useful when we prove existence theorems in complete b-
metric spaces. In order to demonstrate that, in Section 6, we improve some fixed point
theorems. See [6, 7] and others.

Lemma 6 Let (X,d) be a b-metric space and let {x,} be a sequence in X. Assume that there
exists r € [0,1) satisfying

d(xnﬂr xn+2) = rd(xmxwrl) (4‘)
forany n € N. Then {x,} is Cauchy.
Remark Compare Lemma 6 with Lemma 3.

Proof In the case where r = 0, the conclusion obviously holds. So we assume r > 0. We
choose ¢ € N satisfying

Krzé <1

Define a function f by (2). For m, n € N with n < m < n + 2¢, we have by Lemma 5

m-1
A%y, %) < I(f(m—n) Z d(xj; xj+1)

j=n

m-1

<K* Z Pl (%1, %))

j=n
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<K* er_ld(xl,xz)

j=n

<KY%"C,

where we put C = d(x;,%,)/(r(1-7)). For m, n € N with n+2° < m, putting u = [(m —n)/2"],

we have by (1)
n-1
Ay 2m) < D KAy i3 %y11120) + KAy 150 %0m)
i=0

n—-1
< § :Ki+(+lrn+izzc+I(HJFZ}"HHLZZC
i=0

2
. ol
< mC E I<l+€+1r12

i=0
> 14
< ”C Zl<i+l+1ri2'
i=0
1<€+1
1-Kr

— 41

Therefore {x,} is Cauchy. O

4 Example, part 1
In this section, we give a typical example of a b-metric space.

Lemma 7 Define a function [ by (2). Then the following hold.:
(i) f2n)=f(n)+1foranyneN.
(i) f(n+1) e{f(n),f(n) +1} forany n e N.

(ili) f is nondecreasing.
Proof Obvious. O

Lemma 8 Let K € [1,00) and put X = N. Define a function f by (2). Define a function g
from N U {0} into [0, 00) by

g(n) = (2n = 2P\ KIW 4 (20 _ )KL,

Then
g(n) = K(g([n/2]) + g(n - [n/2])), (6)
gn) —gn-1)=gn-1)-gn-2)>0, 7)
g(n) < K(g(k) + g(n - k)) (8)

hold for any n,k € N with 2 < n and k < n. Also g is strictly increasing.
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Remark The function g is as follows:

g =1,  g(2)=2K, g(3) =2K* + K,
2(4) = 4K2, g(5) = 2K3 + 3K?, 2(6) = 4K3 + 2K,
Proof We first show (6). Fix n € N. We consider the following two cases:
o 2m+1=2/Cm-1
o 2m+1> 21 o

Weputa =2n+1,b=[(2n+1)/2] and c = a — b. In the first case, noting f(a) > f(3) = 2, we
have

b= [(zf(2n+1)—1 n 1) /2] _ of @n+1)-2
and

c=@mD-1 1 _of@nt)-2 _ of@u+l)-2 | 1
Hence

fB)=fQ2n+1)-2=f(a)-2

and

F©=f@n+1)-1=f(@)-1
hold. We have
gla) = (2(2n +1)— 2f(2n+1))1<f(ﬂ) + (2f(2n+1) - I)Kf(“)’l
— (Zf(2n+1) +2 - 2f(2n+1))1<f(a) + (zf(2n+1) _ 2f(2n+1)—1 _ 1)I<f(a)—1
= 2K 4 (a - 2) K@
= 2K 4 pRI O 4 (¢ - 2)KT©
=K((2b - 2K/ 4 (2O — p)KI P
+ (2c _ Zf(C))Kf(C) + (Zf(C) _ C)Kf(C)—l)

= K(g(b) +g(c)).
In the second case, noting that a is odd, we have 2/@-1 > 2/2 > 2/@-2 11, So
V@2 of @241 <bcal2<b+l=c<2@1
holds and hence f(b) = f(c) = f(a) — 1 holds. So we have

g@) = (2b+2¢ - 2O VO I@ 4 (/) 1 o _p_ )@
= (26— P O) IO | (2O _ p) )
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b (20— POV KO | (O _ o)
= K(g(b) +g(c)).
Using Lemma 7, we have
g(2n) = (4n — PO KIC 4 (/@M _0) kS

= (4n — O I (DL o) T )
=2K((2n - 2K 4 (/) — ) KT
=K(g(n) + g(m))
=K(g([2n/2]) + g(n - [2n/2])).

We have shown (6).
We shall show (7). We have

g(2)-g(1)=2K-1>1=g(1)-£(0)>0.
Fix n € N with n > 2. In the case where f (1) = f(n — 1), we have
g(n) —g(n—1) = 2K/ — g1,
In the other case, where f(n) > f(n — 1), we have n — 1 = 2/®~1 and f(n - 1) = f(n) — 1. So
g(n) —gn—1) = 2K 4 (n = 2)K/ " — (n — 1)KV
= 2K/ _ g1,

Since f is nondecreasing and K > 1 holds, {g(n) — g(n — 1)} is also nondecreasing.
Let us prove (8). By (7), there exists a convex function from [0, o) into R whose restric-
tion to N is g. So we have

g(n) = K(g([n/2]) +g(n~[n/2]))
<K(g([n/21-1) + g(n - [n/2] +1))
<K(g([n/2]1-2) +g(n—[n/2] +2))

IA

- <K(g(1) + g(n-1)).

We have shown (8).
By (7), g is strictly increasing. O

The following example is a typical example of a b-metric space. Indeed, we use this ex-
ample in order to make Example 11.

Example 9 Let K € [1,00) and put X = N. Define functions f and g by (2) and (5), respec-
tively. Define a function 4 from X x X into [0, 00) by

dx,y) = g(lx - yl).

Then (X, d) is a b-metric space.
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Proof (bl) and (b2) obviously hold. In order to prove (b3), we note
dl,m) <d(,n) and d(m,n) <d(,n)

for any ¢, m,n € N with £ < m < nbecause g is strictly increasing. Fix £, m,n € Nwith £ < ,
£ #m and m # n. We consider the following two cases:

(a) m<Lorn<m,

(b) L<m<n.

In the case of (a), without loss of generality, we may assume # < m. Then we have
dt,n) <d,m) <dl,m) +d(m,n) < Kd(l,m) + Kd(m, n).
In the case of (b), we have by (8)
d(l,n) < Kd(£,m) + Kd(m, n).
We have shown (b3). O

5 Examples, part 2

We have proved that (4) implies the Cauchyness on sequences. In this section, we give
examples of that Y -, d(x,, %,.1) < 0o does not imply the Cauchyness on sequences. The
author thinks that such a property is one of characteristics of a b-metric space.

Example 10 Let K € [1,00) and let {«,} be a sequence in (0,00). Let X be a subset of
[1, 00) satisfying N C X and #(X N [1,4]) < oo for any a € [1, 00). Define a strictly increasing
function x from Ninto X satisfying x (N) = X. Define a sequence {v;} in N satisfying x (v) =
j for any j € N. Define functions f and g by (2) and (5), respectively. Define a function d
from X x X into [0, o0) by

0 ifm=n,
gn—m)oy if ve <m<n < forsomek eN,
d(x(m), x(n)) = 1 d(x(m),j +1) + Zf:/il di,i +1) + d(k, x (n))

if vi <m < v, <vp<n < v forsomej, k eN,

d(x(n), x(m)) ifm>n,
for all m,n € N. Then (X, d) is a b-metric space.

Proof It is obvious that (bl) and (b2) hold. Let us prove (b3). Define a function e from
N x N into [0, 00) by

e(m, n) = d(x(m), x(n)).
We note

e(l,m)<e(l,n) and e(m,n)<e(l,n)
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for any ¢,m,n € Nwith £ < m < n. Fix {,m,n € Nwith £ < n, £ #m and m # n. We consider
the following three cases:

(a) m<Lorn<m,

(b) vk <€ <m<n <y, forsomek €N,

() L<m<nand v <€ < vy < v <n =<y for some j,k e N.
In the cases of (a) and (b), we can prove (b3) as in the proof of Example 9. In the case of
(c), we further consider the following two cases:

(c-1) m < vy or vg < m,

(c-2) Vi <m <.
In the case of (c-1), without loss of generality, we may assume m < v;,;. We have

k-1
e(l,n) = e(b,vj) + ) e(vi,vin) + (v, )

i=j+1
k-1
=< Ke(@, Wl) + I<e(m, Vj+1) + Z e(Vi: Vi+1) + e(uk: I’l)
i=j+l
k-1
< Ke(£, m) + Ke(m, vj.1) + K Z e(v;, viy1) + Ke(vg, n)
i=j+l

= K(e(@, m) + e(m, n)).
In the case of (c-2), there exists p € N satisfying

Vis1 =< Vp =m< Vp+l = Vk.

We have
p-1
e(t,n) =e(l,vj,1) + Z e(vi, vis1)
i=j+1
k-1
+e(Vppia) + Y €V Vi) + (v, 1)
i=p+1
p-1
<e(l,vj1) + Z e(vi, vis1)
i=j+1
k-1
+ Ke(vy, m) + Ke(m, vp.1) + Z e(vi, V1) + e(vg, n)
i=p+1
p-1
< Ke(l,vj,1) +K Z e(vi, vis1)
i=j+l
k-1
+ Ke(v,, m) + Ke(m, vy.1) + K Z e(v;, vi1) + Ke(vg, n)
i=p+1

= K(e(é, m) + e(m, rz)).

We have shown (b3) in all cases. O



Suzuki Journal of Inequalities and Applications (2017) 2017:256

Example 11 Let K € (1, 00) and define a sequence {«,} in (0, 00) by o, =27"K~". Let X be
a subset of [1, 00) satisfying N C X and #(X N [#,n + 1)) =2”" for any n € N. Let x, {v;}, f, &
and d be as in Example 10. Then the following hold:
(i) (X,d) is a b-metric space.
(ii) D02, d(x(n), x(n +1)) < 0o holds.
(iii) {x (m)} is not Cauchy.
(iv) X is complete.

Proof We have proved (i) in Example 10. We have

o0 00 Vk41—1
Y d(x ) x(n+1) =" Y d(x(m), x(n+1)
n=1 k=1 n=vi
00 Vkp1—1 00 00
=Y =)y 2a=) KF<oo
k=1 n=vg k=1 k=1
We have

dnm,n+1)=g(2")a, =2"K"a, =1

for any n € N. Since the sequence {n} in X is a subsequence of {x (1)}, { x (1)} is not Cauchy.

Let us prove (iv). We note d(n, m) = |n — m| for any m, n € N. So lim,,, d(x (n), x (m)) = oo
holds for any n € N. Let {x,} be a Cauchy sequence in X. Then {x,} is bounded. So, there
exists z € X satisfying x,, = z for sufficiently large n € N. Thus, {x,} converges to z. O

6 Fixed point theorems
Czerwik proved the following fixed point theorem. See page 126 of [8]. Compare Theo-
rem 12 with Theorem 1 in [9] and Theorem 2.1 in [10].

Theorem 12 ([1]) Let (X, d) be a complete b-metric space and let T be a mapping from X
into CB(X). Assume that there exists r € [0,1/K) satisfying

H(Tx, Ty) < rd(x,y) ©)
forall x,y € X. Then there exists z € X satisfying z € Tz.

Using Lemma 6, we improve Theorem 12. We begin with a generalization of Theorem 3
in [11].

Theorem 13 Let (X, d) be a complete b-metric space and let T be a mapping from X into
CB(X). Assume there exists € > 0 satisfying the following:

(i) There exists r € [0,1) such that (9) holds for all x,y € X with d(x,y) < .

(ii) There exists x € X such that d(x, Tx) < €.
Then there exists z € X satisfying z € Tz.

Proof Put q:=(1+7r)/2 € (0,1). Then we have the following:
» Forx,y € X and u € Tx with d(x,7) < ¢, there exists v € Ty satisfying d(u,v) < gd(x, y).

Page 9 of 11
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In particular, putting u = y, we obtain the following:
+ Forx € X and y € Tx with d(x,y) < ¢, there exists v € Ty satisfying d(y,v) < gd(x,y).
Therefore we can choose a sequence {u,} in X satisfying

d(uy, Tuy) < d(uy, u) < €,
Up+l € Tum

A(Ups1, Uns2) < qd(unr Upi1)

for n € N. By Lemma 6, {u,} is Cauchy. Since X is complete, {u,} converges to some point
z € X. Since

d(z, Tz) < lim K(d(z, Upi1) + A(Upy1, Tz))

=K lim d(u,,1, Tz) < K lim H(Tu,, Tz)
n—00 n—oo
< Kgq lim d(u,,z) =0
n—00
holds and 7% is closed, we obtain z € Tz. O
Asadirect consequence, we obtain a generalization of Nadler’s fixed point theorem [12].
Corollary 14 Let (X,d) be a complete b-metric space and let T be a mapping from X into
CB(X). Assume that there exists r € [0,1) such that (9) holds for all x,y € X. Then there

exists z € X satisfying z € Tz.

Using Theorem 13, we can prove a generalization of Mizoguchi and Takahashi’s fixed
point theorem [13]. See also [11, 14-16] and others.

Corollary 15 Let (X,d) be a complete b-metric space and let T be a mapping from X into
CB(X). Assume that there exists a function « _from [0,00) into [0,1) satisfying

H(Tx, Ty) < a(d(x,))d(x,y)
forallx,y € X and

limsupa(s) <1
s—>t+0

forallt € [0,00). Then there exists z € X satisfying z € Tz.

Proof Since limsup,_, ., a(s) <1, we can choose ¢ > 0 and r € [0,1) satisfying a(t) < r for
any ¢ € [0,¢). Thus (i) of Theorem 13 holds. So we only have to prove (ii) of Theorem 13.
Define a function 8 from [0, co) into (0,1) by B(¢) = («(z) + 1)/2 for t € [0,00). As in the
proof of Theorem 13, we can choose a sequence {u,} in X satisfying

Upsl € TM,, and d(um—lv Mn+2) < ,B(d(unx un+1))d(unr un+l)
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for n € N. Since B(¢) <1 for any ¢ € [0,00), {d(u,, u,:1)} is a nonincreasing sequence in
[0, 00). So {d(uy, uns1)} convergesto some t € [0,00). Sincelimsup,_, ., B(s) <1land B(7) <
1, there exist g € [0,1) and § > O satisfying B(s) < ¢q for all s € [t,7 + §]. Choose v € N
satisfying d(u,, u,41) < T + 8. Then, for any n € N with n > v, we have

d(un+1) Mn+2) < ,B(d(urn un+1))d(un: un+1) S qd(um Mn+1);

which implies lim,, d(u,, u,;1) = 0. Therefore d(u,, u,,1) < d(u,, Tu,) < ¢ holds for suffi-

ciently large n € N. We have shown (ii) of Theorem 13. d
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