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Abstract

The purpose of this paper is to solve the hierarchical variational inequality with the
constraint of a general system of variational inequalities in a uniformly convex and
2-uniformly smooth Banach space. We introduce implicit and explicit iterative
algorithms which converge strongly to a unique solution of the hierarchical
variational inequality problem. Our results improve and extend the corresponding
results announced by some authors.
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1 Introduction
Let X be a real Banach space with its topological dual X*, and C be a nonempty closed
convex subset of X. Let T: C — X be a nonlinear mapping on C. We denote by Fix(T)
the set of fixed points of T and by R the set of all real numbers. A mapping T': C — X is
called L-Lipschitz continuous if there exists a constant L > 0 such that
1Tx - Tyl < Lllx-yl, VYx,yeC.

In particular, if L = 1 then T is called a nonexpansive mapping; if L € [0,1) then T is called
a contraction.

The normalized dual mapping / : X — 2" is defined as

J@):={p € X*: (x,0) = |xl> = lol*}, VxeX, 1)

where (-, -) denotes the generalized duality pairing; see, e.g., [1] for further details.
Let U := {x € X : ||x|| = 1} be the unit sphere of X. Then the space X is said to
« have a Géteaux differentiable norm if the limit lim,_, o+ (|| + ty|| — ||l%||)/t exists for
eachx,ye U.
+ have a uniformly Gateaux differentiable norm if the limit is attained uniformly for
xel.
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« be strictly convex if and only if for x,y € U with x # y, we have
[(1-M)x+ry| <1, Vae(0,1).

We note that if X is smooth, then the normalized duality mapping is single-valued; and if
the norm of X is uniformly Gateaux differentiable, then the normalized duality mapping
is norm to weak star uniformly continuous on every bounded subset of X (see [1]). In the
sequel, we shall denote by j the single-valued normalized duality mapping.

Let X be a smooth Banach space. Let A, B: C — X be two nonlinear mappings and X,
be two positive real numbers. The general system of variational inequalities (GSVI, for
short) is to find (x*, y*) € C x C such that

(AAY* +x* —y*,j(x —x*)) >0, VxeC(C, @)
(uBx™ +y* —x*,j(x —y*)) >0, VxeC.

The equivalence between GSVI (2) and the fixed point problem of some nonexpansive
mapping defined on a Banach space is established in Yao et al. [2]. The authors [2] intro-
duced and analyzed implicit and explicit iterative algorithms for solving GSVI (2) by using
this equivalence, and they proved the strong convergence of the sequences generated by
the proposed algorithms. Subsequently, Ceng et al. [3] proposed and analyzed an implicit
algorithm of Mann’s type and another explicit algorithm of Mann’s type for solving GSVI
(2).

If X is a real Hilbert space, then GSVI (2) was introduced and studied by Ceng et al.
[4]. In this case, for A = B, it was considered by Verma [5] (see also [6]). Further, in this
case, when x* = y*, problem (2) reduces to the following classical variational inequality (in
short, VI) of finding x* € C such that

(Ax*,x —x*) >0, VxeC. (3)

This problem is a fundamental problem in the variational analysis, in particular, in the
optimization theory and mechanics; see, e.g., [7-12] and the references therein. A large
number of algorithms for solving this problem are essentially projection algorithms that
employ projections onto the feasible set C of the VI, or onto some related set, so as to iter-
atively reach a solution. In particular, Korpelevich [13] proposed extragradient method for
solving the VI in the Euclidean space. This method further has been improved by several
researchers; see, e.g., [4, 14, 15] and the references therein.

In the case of a Banach space setting, that is, if A = B and x* = y*, the VI is defined as

(Ax*,j(x—x*)) >0, VxeC. (4)

Aoyama et al. [16] proposed an iterative scheme to find the approximate solution of (4)
and proved the weak convergence of the sequences generated by the proposed scheme.
It is also well known [16] that, in a smooth Banach space, this problem is equivalent to a
fixed-point equation, containing a sunny nonexpansive retraction from any point of the
space onto the feasible set, which is usually assumed to be closed and convex. For the
complexity of the feasible set, the sunny nonexpansive retraction is difficult to compute.
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To overcome this drawback in a Hilbert space, where the retraction is a metric projection,
in Yamada [17], the feasible set is assumed to be the common fixed points of a finite family
of nonexpansive mappings, and an explicit hybrid steepest-descent method is introduced.
In this case, the variational inequality defined on such a feasible set is also called a hier-
archical variational inequality (in short, HVI). Yamada’s method is then extended to solve
more complex problems involving finite or infinite nonexpansive mappings (one can re-
fer to, e.g., [18, 19] and the references therein). Zeng and Yao [19] introduced an implicit
method that converges weakly to a solution of a variational inequality, containing a Lips-
chitz continuous and strongly monotone mapping in a Hilbert space H, where the feasible
set is the common fixed points of a finite family of nonexpansive mappings on H. Ceng et
al. [20] extended this result from nonexpansive mappings to Lipschitz pseudocontractive
mappings and strictly pseudocontractive mappings on H. Recently, Buong and Anh [21]
modified Yamada’s result and proposed a strongly convergent implicit method.

In this paper, we are going to solve the hierarchical variational inequality with the
constraint of a general system of variational inequalities in a uniformly convex and
2-uniformly smooth Banach space. We introduce implicit and explicit iterative algorithms
for finding a solution of the problem and derive the strong convergence of the proposed
algorithms to a unique solution of the problem. Our results improve and extend the
corresponding results announced by some others, e.g., Ceng et al. [3] and Buong and
Phuong [18].

2 Preliminaries

Let X be a real Banach space with the dual space X*. For simplicity, the norms of X and
X* are denoted by the symbol || - ||. Let X be a nonempty closed convex subset of a real
Banach space X. We write x,, — x (respectively, x, — x) to indicate that the sequence {x,}

converges weakly (respectively, strongly) to x. A mapping J : X — 2%", defined by

J@) = {o € X*: (x,0) = lpl* and [lo] = Ix]},

is called the normalized duality mapping of X. We know that J(tx) = ¢/(x) for all £ > 0 and
x € X,and J(—x) = —J(x).

Let U := {x € X : ||x|| = 1}. A Banach space X is said to be uniformly convex if for each
¢ € (0,2], there exists § > 0 such that for any x,y € U, ||%|| >1-8=|x—y|<e. Itis
known that a uniformly convex Banach space is reflexive and strictly convex. Also, it is
known that if a Banach space X is reflexive, then X is strictly convex if and only if X* is

smooth as well as X is smooth if and only if X* is strictly convex.
Proposition 1 ([22]) Let X be a smooth and uniformly convex Banach space, and let r > 0.

Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R,
2(0) = 0 such that

g(lx=yl) < lIxl® = 2(x, ) + Iy1%,  Vx,y € By,

where B, = {x € X : ||x|| <r}.
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Here we define a function p : [0, 00) — [0, 00) called the modulus of smoothness of X as
follows:

1
p(t) = sup §(||x+y|| +le=yl) ~L:ay e X llxl =1 Iyl =7 .

It is known that X is uniformly smooth if and only if lim,_, o+ p(7)/7 = 0. Let g be a fixed
real number with 1 < g < 2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(t) < ¢t? for all T > 0. For further details on the
geometry of Banach spaces, we refer to [1, 23] and the references therein. Takahashi et al.
[24] reminded us of the fact that no Banach space is g-uniformly smooth for g > 2. So, in
this paper, we focus on only a 2-uniformly smooth Banach space as in [2].

Lemma 1 ([25]) Let q be a given real number with 1 < q < 2, and let X be a q-uniformly
smooth Banach space. Then

e+ 117 < 2 + qly, J, (%)) + 2lxy,  Vx,y€X,

where k is the q-uniformly smooth constant of X and ], is the generalized duality mapping
from X into 2% defined by

Jo#) ={o e X*: (x,0) = lIx% llg]l = 2]}, VxeX.
Let D be a subset of C, and let IT be a mapping of C into D. Then I1 is said to be sunny if
H[H(x) + t(x— H(x))] = I1(x),

whenever IT(x) + £(x — T1(x)) € C for x € C and ¢ > 0. A mapping IT of C into itself is called
aretraction if I1% = I1. If a mapping IT of C into itself is a retraction, then I1(z) = z for each
z € R(IT), where R(IT) is the range of I1. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D.

Lemma 2 ([26]) Let C be a nonempty closed convex subset of a smooth Banach space X,
D be a nonempty subset of C and 11 be a retraction of C onto D. Then the following are
equivalent:
(i) 1 is sunny and nonexpansive;
(i) ITI(x) - TG < (x =y, J(T1(x) - TI())), ¥,y € C;
(iii) (x - T(x),j(y - TI(x))) <0, ¥x € C,y € D.

It is well known that if X is a Hilbert space, then a sunny nonexpansive retraction I1¢
coincides with the metric projection from X onto C. Let C be a nonempty closed convex
subset of a uniformly convex and uniformly smooth Banach space X, and let T be a non-
expansive mapping of C into itself with the fixed point set Fix(T') # #. Then the set Fix(T)
is a sunny nonexpansive retract of C; see, e.g., [2].

Lemma 3 ([2]) Let C be a nonempty closed convex subset of a real 2-uniformly smooth
Banach space X. Let Il ¢ be a sunny nonexpansive retraction from X onto C. Let the map-
pings A,B: C — X be a-inverse-strongly accretive and B-inverse-strongly accretive, respec-
tively. For given x*,y* € C, (x*,y*) is a solution of GSVI (2) ifand only if x* € GSVI(C, A, B),
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where GSVI(C, A, B) is the set of fixed points of the mapping G := Ic(I — LA)1c(I — uB)
and y* = Tc(x* — uBx™).

Proposition 2 ([27]) Let C be a nonempty closed convex subset of a real 2-uniformly
smooth Banach space X. Let the mappings A,B : C — X be «-inverse-strongly accretive

and B-inverse-strongly accretive, respectively. Then
|7 - 2A)x - (I - )\A)y||2 <llx=ylI* + 21 (*A — ) |Ax — Ay|)?
and
| = uB)x— (1 = By |” = Il = 11> + 20 (12~ B) 1B - Byl
In particular, if 0 <1 < :—2 and 0 < pu < K%, then I — LA and I — uB are nonexpansive.

Lemma 4 ([2]) Let C be a nonempty closed convex subset of a real 2-uniformly smooth Ba-
nach space X. Let I ¢ be a sunny nonexpansive retraction from X onto C. Let the mappings
A,B: C — X be a-inverse-strongly accretive and B-inverse-strongly accretive, respectively.
Let the mapping G : C — C be defined as G := (I — AMA)1c(I — uB). If0 < 1 < K“—z and

O<u< K%, then G : C — C is nonexpansive.

Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space X. Let I1¢ be a sunny nonexpansive retraction from X onto C. Let
the mappings A, B: C — X be a-inverse-strongly accretive and B-inverse-strongly accre-
tive, respectively. Let F : C — X be §-strongly accretive and ¢ -strictly pseudocontractive
with § + ¢ > 1. Assume that A € (0, l%) and u € (0, K%), where « is the 2-uniformly smooth
constant of X (see Lemma 2). Very recently, in order to solve GSVI (2), Ceng et al. [3]

introduced an implicit algorithm of Mann’s type.

Algorithm 1 ([3]) For each t € (0,1), choose a number 0, € (0,1) arbitrarily. The net {x;}
is generated by the implicit method

%, = tTTc(I=AA) (I = uB)xs + (1— ) eI —6,F)TTc(I-AA) (I - uB)x;, Vi€ (0,1),
where x; is a unique fixed point of the contraction
W, = tTlc(I = M) = uB) + (1 = )T - 6,F) (I — AT — uB).

It was proven in [3] that the net {x;} converges in norm, as ¢t — 0%, to the unique solution
x* € GSVI(C, A, B) to the following VI:

(F(x*),j(x —x*)) >0, VxeGSVI(C,A,B), (5)

provided lim;_, o+ 6; = 0. In the meantime, the authors [3] also proposed another explicit

algorithm of Mann’s type.
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Algorithm 2 ([3]) Forarbitrarily given xo € C, let the sequence {x;} be generated iteratively
by

Xxe1 = Brxx + vl — LA (I — uB)xy

+ (1= Bk = yi)c = MF)c( = AMA)c( - puB)xx,
where {Ar}, {Bx} and {yi} are three sequences in [0,1] such that By + yx <1,Vk > 0.

On the other hand, a mapping F with domain D(F) and range R(F) in X is called
(a) accretive if for each x,y € D(F), there exists j(x — y) € J(x — y) such that

(Fx— Fy,j(x-) >0,

where J is the normalized duality mapping;
(b) §-strongly accretive if for each x,y € D(F), there exists j(x — y) € J(x — y) such that

<Fx - Fy,jx —y)) > 8llx—y|> for some 8 € (0,1);

(c) a-inverse-strongly accretive if for each x,y € D(F), there exists j(x — y) € J(x — y)
such that

(Fx - Fy,j(x —y)) > a||[Fx - Fy||> for some a € (0,1);

(d) ¢-strictly pseudocontractive if for each x, y € D(F), there exists j(x — y) € J(x — y)
such that

<Fx — Fy,jx —y)) <llx-yl*-¢ ||x —y—(Fx —Fy)”2 for some ¢ € (0,1).
It is easy to see that (5) can be rewritten as (see [28])
2

(U-Px-U-F)y,jx-y)=¢|U-Fx~UI-F)y (6)

where I denotes the identity mapping of X. Clearly, if F is ¢ -strictly pseudocontractive with
¢ =0, then it is said to be pseudocontractive. It is not hard to find that every nonexpansive
mapping is pseudocontractive.

Let C be a nonempty closed convex subset of a smooth Banach space X and {T;}5, be
an infinite family of nonexpansive self-mappings on C. Then we set F := (-, Fix(T}). In
2013, Buong and Phuong [18] considered the following HVI with C = X: find x* € F such
that

(F(x*),j(x—2%)) =0, VxeF. 7)

In the case where X = H, a Hilbert space, we have J = I, and hence problem (7) reduces to
the HVI: find x* € F such that

(F(x*),x—x*)=0, VxelF. (8)
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Assume that F = ﬂf\il Fix(T;) is the set of common fixed points of a family of N nonex-
pansive mappings 7; on H, and F is an L-Lipschitz continuous and 7-strongly monotone
mapping, i.e., || Fx—Fy|| < L|x—y| and (Fx—Fy,x—y) > n|lx—y|? forallx,y € H. Zeng and
Yao [19] introduced the following implicit iteration: for an arbitrarily initial point xy € H,

the sequence {x;}?, is generated as follows:
xx = Bror + (L= B[ Tk — MnF(Tigar) ], Yk =1, )

where T = Tymoan» for integer n > 1, with the mod function taking values in the set

{1,2,...,N}. They proved the following result.

Theorem 3 ([19]) Let H be a real Hilbert space, and let F : H — H be a mapping such
that, for some positive constants L and n, F is L-Lipschitz continuous and n-strongly
monotone. Let {T;}, be N nonexpansive mappings on H such that F : ﬂf\il Fix(T;) # 9.
Let € (0,25/L?), xo € H, M)y € [0,1) and {Brlre, C (0,1) satisfying the conditions
Y roi M < 00, and let a < B < b,k > 1, for some a,b € (0,1). Then the sequence {x;};°,,
defined by (9), converges weakly to x* € F.

Recently, for deriving the strong convergence and weakening the condition on A4, Buong

and Anh [21] proposed the following implicit iteration method:
xe=T'%, T=TETY - T1,t€(0,1), (10)
where the sequence {T7} }ﬁ o is defined by

Tix:=(1-Bx+BiTix, i=1,...,N,
Tty := (I — A puF)y, x,y € H,

(11)

and proved that the nets {x;}, defined by (10)-(11), converge strongly to an element x* in (8).
Under the assumptions that N = 1, X is a real reflexive and strictly convex Banach space
with a uniformly Gateaux differentiable norm, and T is a continuous pseudocontractive

mapping, Ceng et al. [29] proved the following result.

Theorem 4 ([29]) Let F be a §-strongly accretive and ¢ -strictly pseudocontractive mapping
with § + ¢ > 1, and let T be a continuous and pseudocontractive mapping on X, which is
a real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable
norm such that F := Fix(T) # 0. For each t € (0,1), choose a number 1, € (0,1) arbitrarily,
and let {z;} be defined by

2y =t(I — wF)zy + (1 — 1) Tz;. (12)

Then, as t — 0%, {z;} converges strongly to x* € F.
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In [30], Takahashi introduced the following W-mapping which is generated by Ty, Tx_1,
..., T1 and real numbers oy, ox_1,..., o as follows:

Uik =1,

U g = o Ty Up o + (L= ),

Upi-1 = g1 T U + (1= o_1)d, 13)
Upp = Tollyz + (1 — )],

Wi = Uk =onTilgs + (1 —ag)l.

Kikkawa and Takahashi [31] considered the following strongly convergent implicit meth-
od:

1 1
Six=1-—)Ux+—f(x), and Ux= lim Wix= lim Uy x. (14)
k k k— 00 k—oo
However, the method (14) is very difficult to be grasped due to the limit mapping U.

Motivated by methods (10) and (12), Buong and Phuong [18] considered two implicit
methods by introducing a mapping Vj defined by

Vi=V},  Vvi=TT...TY, T =Q-a)l+oT, i=12,...,k 5)
where
o0
a; €(0,1) and Zoei < 00. (16)

i=1
In both methods, the iteration sequence {x}?2, is defined, respectively, by

xp = Vil = M F)xg, Vk>1, 17)
and

xk = v = AP + I = yi) Viexx, Yk >1, (18)

where A; and yj are the positive parameters satisfying some additional conditions. The
strong convergence theorems for methods (17) and (18) are also established.
We will make use of the following well-known results.

Lemma 5 Let X be a real normed linear space. Then the following inequality holds:
b+ 912 < l16l” + 20 e +9)), - Vay € X, Vja +9) €J(x +3).

Lemma 6 ([32]) Let C be a nonempty closed convex subset of a uniformly convex Banach
space X and T : C — C be a nonexpansive mapping with Fix(T) # 0. If {x,} is a sequence
of C such that x, — x and (I — T)x, — y, then (I — T)x = y. In particular, if y = 0, then
x € Fix(T).
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Lemma 7 ([2]) Let C be a nonempty closed convex subset of a real smooth Banach space
X. Assume that the mapping F : C — X is accretive and weakly continuous along segments
(that is, F(x + ty) — F(x) as t — 0). Then the variational inequality

x*eC, (F(x*),j(x-2"))=0, VxeC
is equivalent to the following Minty type variational inequality:
x*eC, (F(x),j(x—x"))>0, VxeC.

Lemma 8 ([3]) Let X be a real smooth Banach space and F : C — X be a mapping.
(a) IfF is ¢-strictly pseudocontractive, then F is Lipschitz continuous with constant 1 + %
(b) IfF is §-strongly accretive and ¢ -strictly pseudocontractive with 8 + ¢ > 1, then I — F
is contractive with constant \/? € (0,1).
(c) IfF is 8-strongly accretive and ¢ -strictly pseudocontractive with § + ¢ > 1, then for any
fixed number ) € (0,1), I — AF is contractive with constant 1 — A(1 — \/?) €(0,1).

3 Iterative algorithms and convergence criteria

In this section, we study iterative methods for computing approximate solutions of the

HVI (for an infinite family of nonexpansive mappings) with a GSVI constraint. We intro-

duce implicit and explicit iterative algorithms for solving such a problem. We show the

strong convergence theorems for the sequences generated by the proposed algorithms.
The following lemmas will be used to prove our main results in the sequel.

Lemma9 ([18]) Let C be a nonempty closed convex subset of a strictly convex Banach space
X, and let {T;} |,k > 1, be k nonexpansive self-mappings on C such that the set of common
fixed points F := ﬂf«;l Fix(T;) #. Let a,b and «;,i = 1,2,...,k, be real numbers such that
O<a<a;<b<]1,andlet Vi be a mapping defined by (15) for all k > 1. Then Fix(Vy) = F.

Lemma 10 ([18]) Let C be a nonempty closed convex subset of a Banach space X, and let
{T:}3%, be an infinite family of nonexpansive self-mappings on C such that the set of common
fixed points F = (\i5, Fix(T;) # 0. Let Vi be a mapping defined by (15), and let a; satisfy
(16). Then, for each x € C and i > 1, lim_, V,ﬁx exists.

Remark 1
(i) We can define the mappings

Vix:=lim Vix and Va:=Vix=lim Vix, VxeC.
k—o00 k— o0

(ii) It can be readily seen from the proof of Lemma 10 that if D is a nonempty and
bounded subset of C, then the following holds:

lim sup|| V,fx - VéoxH =0, Vi>1.

k=00 yeD

In particular, whenever i = 1, we have

lim sup || Vix — Vx| = 0.

k—00 yeD
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Lemma 11 ([18]) Let C be a nonempty closed convex subset of a strictly convex Banach
space X, and let {T;}5, be an infinite family of nonexpansive self-mappings on C such that
the set of common fixed points F := (o Fix(T;) # 0. Let ; satisfy the first condition in (16).
Then Fix(V) = F.

Lemma 12 ([33]) Let {x,} and {z,} be bounded sequences in a Banach space X, and let
{ak} be a sequence in [0,1] such that

0 <liminfog < limsupoyg < 1.
k— o0

k— o0

Suppose that xy, = agxr + (1 — ax)zi, Yk > 1, and

limsup(||zxs1 — 2kl = [1%%1 — %]l) < 0.

k— o0

Then limy_, o ||zx — x¢|| = 0.

Lemma 13 ([34]) Assume that {a} is a sequence of nonnegative real numbers such that
ar < (L= yi)ax + yide, Yk =1,

where {yx} is a sequence in [0,1] and {8;} is a sequence in R such that
@) Zlﬁl Yk = O0;
(i) limsupy_, . 8k <0 or > poy [Vadkl < 00.

Then limy_ o ar = 0.

Now, we are in a position to prove the following main results.

Theorem 5 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space X. Let I1¢ be a sunny nonexpansive retraction from X onto
C. Let the mappings A, B : C — X be a-inverse-strongly accretive and (-inverse-strongly ac-
cretive, respectively. Let F : C — X be §-strongly accretive and ¢ -strictly pseudocontractive
with § + £ > 1. Assume that )\ € (0, ;‘—2) and p € (0, K%) where k is the 2-uniformly smooth
constant of X. Let {T;}52, be an infinite family of nonexpansive self-mappings on C such that
F =g Fix(T;) N GSVI(C, A, B) # 0. Let {Vi}32, be defined by (15) and (16). Let {x;}32,
be defined by

xx = villeU = MF)c( = AA) (I — uB) Vi

+ (1 -y - AT — uB)Vixy,, Vk=>1,

where {yx} and {\y} are sequences in (0,1] such that yy — 0 and Ay — 0 as k — oo. Then
{xx )72, converges strongly to a unique solution x* € F to the following VI

(F(x*),j(x—x*))z 0, VxelF. (19)

Proof Let the mapping G: C — C be defined as G := I1¢(I — AA)1 (I — uB), where 0 < A <
Zand0<p< % In terms of Lemma 4 we know that G : C — C is nonexpansive. Then
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the implicit iterative scheme can be rewritten as
Xk = ykl'lc(l - MF)GVixr + (1 - Vk)Gkak: Vk > 1. (20)

Consider the mapping Uxx = yiI1c(I — M F)GVix + (1 - y1)GVix,Vx € C. From Lemmas 4
and 8(c), it follows that for each x,y € C,

Ui — Uiyl = || ye(TcU = ME)GVix = Tc(I = M F)GViy)
+ (1= 7)(GVix - GVi)|
< Ve[| = F)GVix = (I = 1aF)GViey|| + (1= 1) G Viex = GV |
<@ = MD)IGVix = GViyll + (1 = y)IGViex — GViyll
= (1= M) IGVix = GViy |
< A =yrt)lx =yl
where 7 =1 - /15;‘S € (0,1) (by using § + ¢ > 1). Due to yxixt € (0,1), Uy is a contraction
of C into itself. Hence, by Banach’s contraction principle, there exists a unique element
xx € C satisfying (20).
Next, we divide the rest of the proof into several steps.

Step 1. We show that {x;}3; is bounded. Indeed, take an arbitrarily given p € F. Then
we have Vip = p and Gp = p. Hence, by Lemma 8(c) we get

ok — I = | = 2F)G Vi + (1= yi) G Vi —I9||2
< vl Tcll = F)G Vi - p|* + (L= yO) | GVi — plI?
< Wl = 2F)G Vi - p||* + (1= 7)1 GV - pII?
= yi| (I = MF)G Vi — (I = MF)p — ME(p) ||2 + (1= v I GViexx — plI*
< e[ = DG Vi - pll + i [E@ ] + (1= v G Vi - pII?
< [ =MD IGVik - pI + 2t |[E@) "] + (1 - i)l GVaaxe — 2
= (1 - M OIGViexk — plI> + vkt ™| E (p) ||2
< (1= yha D)l - pI + yea | E@)). (21)
Therefore, ||xx — pll < |[F(p)|l/7, which also leads to the boundedness of {x;}%2;. So, the
sequences {Vixr}oo,, k)i, and {F(yx)}7e,, where y;x = GViay, are also bounded. Since
vk — 0 as k — oo, and the following relation holds
ek = GVixill = yie| e = MF)GVier = GV |
< W | = MF)GVixy — GV |

= yihie|F0i) | < wie|| F)

’

we obtain from the boundedness of {F(yx)} that ||xx — GVixk|| — 0 as k — oo.
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Step 2. We show that ||zx — Gz || — 0 as k — 0o, where z; = Vi for all k > 1. Indeed, for
simplicity, put g = N ¢(p — uBp) and uy = M (zr — uBzk). Then yx = Gzi = M (ug — LAug)
for all k > 1. From Lemma 2, we have

2
llux - qll* = || Mc(zx — uBzi) - Me(p — wBp) |
2
< ||z - p - n(Bzx - Bp) ||
< llzx - plI* = 21(B — k* 1) | Bz - Bp|)*
< llx = plI* = 2(B — <> ) || Bzx — Bp|*, (22)

and

lyx —plI? = | Mc(ux — AAwm) - Tic(g - 2Ag)||*
< |lux - g - MAug - Ag)||®
< llux = qlI> = 21 (e — k1) | Asgc — Aq|>. (23)

Substituting (22) for (23), we obtain

lyx = plI* < llxk = pII* = 2u(B — k> 1) | Bzx — Bp||?
=2 (a = k1) | Au - Aql®. (24)

From (21) and (24), we have

Il —pl? < (1= kD) Gz — plI* + vidat | E@) |
< IGz -pI* + nt Y |F Q)|
< llax = plI> = 21(B — x> ) |Bz — Bp ||

IEQ)I?
— 2 (o = k%2) | Aug - Aq + yk—(f ,

which immediately yields

2 2 2 2 IF@)I?
214(B - k) | Bz = Bpl|* + 2 (@ — k*1) | Aux - Aq| Ve

So, from 4 € (0, -3), 1 € (0, :%) and y; — 0 as k — 00, we deduce that
lim |Bzx —Bp||=0 and lim ||Aux —Agq| = 0. (25)
k— o0 k— 00

Utilizing Proposition 1 and Lemma 2, we have

lux —qlI* = || ez — uBzi) - Te(p — uBp)||*
< ((zx — uBzi) - (p — uBp), j(ux - q))

= ((zx - p»j(ux — @) + 11(Bp — Bz, j(ux - q))
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1

< E[llzk =P+l —ql” - g1 (|2 — mc — (0 - 9)]) ]
+ w||Bp — Bzi|lluk — 4l
1

< E[ka =pI” + llue — gl - &1 ||z — wx — 0 - )||) ]

+ ul|Bp — Bz || lur — g,

which implies that

Nk — gl < llxk = pI* g1 (| 2k — k= (0 - @) )
+2Ll|Bp — Bzi || llux — q. (26)

In the same way, we derive

e = pI* = | Ml ~ AAw) - Tc(q - 2Aq) |
< (ux — MAug — (q - 1Aq), j(yx - p))
= (ux = q,jOx - p)) + MAq — A, jyx - p))
< %[Iluk —ql* + lyx =PI - & (| -y + (0 - D]
+ A Ag — Awi|llyx — pll»

which implies that

Iy = plI* < lux - qll* - @ (||ux — yx + (0 - @|) + 211 Aq — Awellllyx - plI. (27)

Substituting (26) for (27), we get

lye = plI? < Nl = o1 - &1 (|2 — e = 0 - D) - &2 ux =36 + 0 - 9)|)
+2u||Bp — Bz ||l ux — qll + 2A[|Aq — Augllllyx - pl. (28)

So, from (21) and (28) it follows that

_ 2
= plI> < A= yida) 1 Gzx = plI* + vkt ™| F(p)

IF(p)II
< llyx —17”2 + )’kf

<lx-pl* g (|zx —m - 0 -a)|) —&(|ux -y + 0 - 9))
IF(p)II?
+2u|Bp — Bz ||l — gl + 21| Ag — Aui|| |lyx — pll + I

which hence leads to

gz -m-@w-9)|) +@(|w -y + - a||)

IE(p)I*
= 2]\ Bp — Bzl — gl + 211 Aq — Awcllllye = pll + vie—— (29)
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From (25), yx — 0 as k — o0, and the boundedness of {u;} and {yx}, we deduce that
Jim g1 (o - -(p-a)]) =0 and  lim g(Jlux - i+ (- a)]) = 0.
Utilizing the properties of g; and g,, we conclude that
lim ”zk — Uy — (p—q)” =0 and lim ||uk — Yk + (p—q)H =0. (30)
k— o0 k— 00
From (30), we get
lzk =yl < |zx — e = @ = D[ + |k =y + @ -] > 0 ask — oc.
That is,
lim ||zx — Gz|| = lim |z — i = 0. (31)
k—o00 k— 00
This together with ||x; — GVixx|| — 0 implies that
klim lxx — vkl =0 and klim Ik — Vixll = klim ll%x — zi|l = 0. (32)
Step 3. We show that w,,(xx) C F, where
wy(xr) = {x € C: xy, — x for some subsequence {xy,} of {xk}}.

Indeed, we first claim that |jx; — Vag|| — 0 as k — oo. It is easy to see from Remark 1(ii)
that if D is a nonempty and bounded subset of C, then, for ¢ > 0, there exists ko > i such
that for all k > kg

sup| Vix - Vix| <e.

xeD

Taking D = {x; : k > 1} and i = 1, we have

| Vixk — Vgl < sup || Vix — Vx| <.
xeD

So, it follows that
lim || Vixx — Vx|l = 0. (33)
k—o00

Noting that

1GVay = Varll < |GV — GVixr |l + |G Vixk — Vixre |l + || Viexr — V||
< 1V = Vil + | Gzie — zie |l + || Vaxx — Vel

= 2||Vixr = Vaeell + 11 Gzie — 2zl (34)
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from (31), (33) and (34) we obtain that
lim ||GVx — Vag| = 0. (35)
k—00

Also, noting that ||xx — Vai|| < |lxx — Vil + || Vi — V|, from (32) and (33) we get
lim |lx; — Vx|l = 0. (36)
k—o00

In addition, observing that

lex — Gl < Ml — zicll + llze — Gz |l + | Gzie — G ||
=< ek =zl + llze = Gzell + N2k — x|l

= 2ok — zx |l + llzx — Gzell,
from (31) and (32) we get
klim llxx — G|l = 0. (37)

Since X is reflexive, there exists at least a weak convergence subsequence of {x;}, and
hence w,,(xx) # ¥. Take an arbitrary p € w,,(x¢). Then there exists a subsequence {xy,} of
{#x} such that x;, — p. Since Vj is nonexpansive for all k > 1, V is a nonexpansive self-
mapping on C. Also, since X is uniformly convex and V and G are two nonexpansive self-
mappings on C, utilizing Lemma 6 we know from (36) and (37) that p € GSVI(C, A, B) and
p € Fix(V) = N, Fix(T;) (due to Lemma 11). Consequently, p € Fix(V) = (5, Fix(T;) N
GSVI(C, A, B) =: F. This shows that w,,(x;) C F.
Step 4. We show that w,,(xx) = ws(xx), where

ws(xg) = {x € C: xt; — x for some subsequence {xy,} of {xk}},
Indeed, by Lemma 9, we have |GVixi — z|| < ||xx — z|| for any fixed z € F, and hence

e =202 = | yeTel = MF)GViay + (1 - 1) GViaxy — 2]

= y[(McU = AF)GViex — (I = MF) G Vi, j(x — 2))
+ (Ak(l -~ F)GVixx + 1 = M) GV — 2z, ok — z))]
+ (1= )G Vixk — 2, j(xx — 2))

= ye[(Tc( = MF)GVixr — (I = MF)GVixr, j(Tc( - MF)GVixy — 2))
+ (MU = MF)G Vi — (I = M) G Vi, (% — 2)
—j(McU = ME)GVixx - z))
+ (Ml = F)GViexre + (1 = M) G Vi — 2, j(wic — 2))]

+ (1 - yk)<G‘/kxk - Z,j(x/< - Z))
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< n[|| el = MF)GVixx — (I = i F)G Vi | | ok — 2)
—j(Tc = MF)G Vi —2) |
+ (M = F)GViexre + (1 = M) G Vi — 2, (i — 2))]
+ (1= )G Viexk — 2, j(xx — 2))
< w[|| el = MF)GVixr = (I = iF)G Viexr | [ e = 2)
—j(McU = ME)G Vi - 2) |
+ M = F)G Vi — 2, (i — 2)) + (1= ) ok — 211 ]
+ (1 =yl — 2l
< v(|TTcU = MF)G Vi — GViex |
+ M| E(GViexn) |) [ ek = 2) = j(TlcU = ME)GVixx — 2) |
+ Vir{(I = F)GVierr = 2,k = 2)) + (L= yika) 1k — 21
< 2y | E(GVixn) | || (xi = 2) = j(Tc( = MF)G Vi - 2) |

+ Vihi|(I = F)GVitye = (I = F)z = F(2), (k= 2)) + (1= yiei) vk = 2]
Therefore, by Lemma 8(b) we get

llax = 2II> < (1= 1) Ik = zlI* = (F(2), j(xx — 2))

+ 2| F i) |||k = 2) = j(TTcU = AscF)as — 2)

’

which immediately leads to

1
T

+ 2| F(G Vi) | |k = 2) = j(Tlc = MF)GVixw — z)

2
e — 211” <

((F(2),j(z = xx))

), VzeF, (38)
where 7 =1 - /15;‘S € (0,1). Note that

| = 2) = (T = MF)GViwk — 2) | < |l — (I = ME)yi|
< lloek = 3l + Aic| F i) |-
Since the uniform smoothness of X guarantees the uniform continuity of j on every
nonempty bounded subset of X, we deduce from (32), Ay — 0 and the boundedness of
{yx} that

Jim it = 2) = j(Mc = MF)GVixx - 2) || = 0.

Now, take an arbitrary p € w, (xx). Then there exists a subsequence {xy,} of {x} such
that x;, — p. In terms of Step 3, we know that p € w,,(xx) C F. Thus, we can substitute x,
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for x; and p for z in (38) to get

o, 17 = — ()0 - )

+2|FOn)

it = p) = j(Tc = A F)yx, = p) |)- (39)

Consequently, the weak convergence of {xy,} to p together with (39) actually implies that
Xk, — p as i — 00, and hence p € w,(xy). This shows that w,,(xx) = ws(xk).

Step 5. We show that each p € ws(xx) solves the variational inequality (19). Indeed, take
an arbitrary p € w,(x¢). Then there exists a subsequence {xy} of {x} such that x;, — p as
i — 00. According to Steps 3 and 4, we know that p € ws(xx) (= wy(xx) C F). Replacing xy
in (39) with x4, and noticing that x, — p, we have the Minty type variational inequality

(F@,jz-p)) <0, VzelF,
which is equivalent to the variational inequality (see Lemma 7)
(F@)jp-2) <0, VzelF. (40)

That is, p € F is a solution of (19).

Step 6. We show that {x;} converges strongly to a unique solution in F to VI (19). Indeed,
we first claim that the solution set of (19) is a singleton. As a matter of fact, assume that
p € F is also a solution of (19). Then we have

(F@),j@-p)=o0.

From (40), we have
{F),jlp-p)) < 0.

So, by the §-strong accretiveness of F, we have
(F@,i@-p)+({F@),jp-p)<0

= (F®) - F(p),jp -p) <0
=8p-pl* 0.

Therefore, p = p. In summary, we have shown that each cluster point of {x;} (as k — o0)
equals p. Consequently, xx — p as k — oo. O

Theorem 6 Let C,X,I1c,A,B,F,{T;}72,F,8,¢, A and yu be as in Theorem 5. Let {V}22, be
defined by (15) and (16). For arbitrarily given x1 € C, let {xi}32, be defined by

X1 = Prxx + ville = XMA) (I — uB) Vixk

+ (1 - ,Bk - yk)l'lc(l - )\.kF)HC(I — )\.A)HC(I - ,uB) Vix, Vk>1,

where {\¢},{Bx} and {yi} are three sequences in [0,1] with By + yx < 1,Vk > 1, and satisfy
the following conditions:
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(i) limgooo Ak =0 and > poy i = 00;

(i) Timy o251 — %) = 0;

(iif) 0 <liminfr_ oo B < limsupy_, o (Br + y&) < 1.
Then {xi}72, converges strongly to a unique solution x* € F.

Proof Let the mapping G : C — C be defined as G := I1¢({ — AA)1 (I — uB), where 0 < A <
Zand0<p< K’% In terms of Lemma 4 we know that G : C — C is nonexpansive. Then

the explicit iterative scheme can be rewritten as
Xkt = Pk + VG Viexk + (1= B — yi) e = MF)GViex, Yk > 1. (41)

Next, we divide the rest of the proof into several steps.
Step 1. We show that {x;}72; is bounded. Indeed, take an arbitrarily given p € F. Then
we have Vip = p and Gp = p. Hence, by Lemma 8(c) we get

%1 = 2l = || Bt + vieG Vi + (1= B = vi) T — MeF)GViexyc = |
< Bullxi — pll + vl GVir = pll + (1= B — va) | e = MF)G Vi — p|
< Billxk = pll + yellxk = pll
+ (1= B = vi) | I = e F)GViex — (I = MF)p — M (p) |
< (Bx + vk = pll + A = B — vi) | (I = A F)GVixx — (I = M F)p |
+ (L= B =) |[F D)
< Bk + vi)llxx = pll + (1 = Br — vi) A = )| GViexr — pl

+ (L= B = v |[EF®@) |

F
< [1= (L e — yha e — pll + (1= B — e o) (TP)” ,

By induction, we conclude that

L] }

i1 — pll < maX{ llxo = pll,

Therefore, {x;}72; is bounded. So, the sequences {zx}72,, {¥x}52; and {F(yx)}32,, where z; =
Vixr and yx = GVixy, are also bounded.
Step 2. We show that |lwg,1 —xx || = 0 and ||xx — y«k|| — 0 as k — oco. Indeed, observe that

lyxs1 = yell = 1GVis1xks1 — G Vil
< ” Vk+1xk+1 - kak”
< NVisrxrsr = Vsl + | Visrxr — Vil
< _ \% Tk+1 —V
< oker =l + || VAT ke — Vi
K+l
< lar — xacll + | T e — e |

= |lr — Xl + caer ok — Ther k|l
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Set X1 = Bexk + (1 — Br)wy for all k > 1. Then wy = kak*(l"gk}{kgknC(I_A"F)y". Note that

[ Te = Ak Flyen = Mell — aF)yi|
< | U = AeaaF)yra = I = ey |
= |l yker = 7k = At FQikar) + M F )|
< Mkt = Vel + Aica | F s | + Aic | F i) |

< kst =2kl + Aest | EQrs) || + 2k | EQ) || + s llok — Tiesnsell-

Hence
”Wk+1 - Wk”
_ ‘ Vi+1Yk+1 t (1 - ,Bk+1 - yk+1)HC(1 - )\k+lF)yk+1
1- :3k+1
7k + (= B = v e = AF)yx
1- Bk
< Vik+1 Ve — Yk "
T = Brea ' 1- Bk
(1= Bs1 — Vis1) A - Be—w)
+ H ;Hc(l— M F)yinn — ————— (I — MF)yx
1-Brn 1- B
Vi1 Vi Vi
= - lyesill + ——yks1 = ¥kl
1- B l_ﬂk‘yﬂ 1- B Vi1 — Y
(= Brs1 = vis1) (L= B — &)
- Hc(l—)\,] IF) +1
1- ﬁk+1 1- ﬂk || o+ Vit ||
(L= Br— )
* 1—/3)/ || el = A1 EF)yr — el - )»kF)yk”
— Pk
Vk+1 Vi
= - + | e = AgnF
= ‘1 B 1-fr ‘(”ykﬂ” [Tt = A Flyean )
Vi
+ | (k1 = sl + ok 6 = Thesrcll)
1- Bk
(1= Br— k)
+ W(”xkﬂ = x| + et [FOran) | + Ak EQi) | + etk ok = Trsrxell)
Vk+1 Vi
= - + | = Mg F
T11-Bra 1-PBk ‘(”yk“” ” cl k+1 )ykﬂ ”)

+ lover = Xl + Aiest | FGran) | + Aac| F0i) || + etiess (116l + | Tesacl)-

Since {xx}, {yx} and {F(yx)} are bounded, we have that {||yx.ll + |[TIc({ = Ags1E)yis1]l} and
{lxkll + | Txs1xx]]} are bounded. So it follows from o — 0 and conditions (i) and (ii) that

limsup([|wis1 — wicll = i1 — xll) < 0.
k— o0

Hence, by Lemma 12, we get || wx — xx|| — 0 as k — oo. Consequently,

lim |[xg,1 — 2l = lim (1 - Be)llwi — xi ]l = 0. (42)
k— 00 k—00
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We also note that

lwi = yill = ‘

1- Bk
1—Br— vk
= ——|[Ic(d = A E)yr —
15 T = AkF)yx =y
< |Te = AeF)yx — My |

< AkHF(yk)” — 0 ask— oo.
It follows that

lim [[xx — yill = 0.
k—00

veyik + (1= Br — v e = A F)yk y

k
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(43)

Step 3. We show that ||zx — Gzi|| — 0 and |lxx — Vixk|| = 0 as k — oo. Indeed, for sim-

plicity, put g = l¢(p — uBp) and uy = M(zk — wBzk). Then yi = Gz = M (ur — LAuy) for

all k > 1. Repeating the same arguments as those of (24), we obtain

lye = pII* < ok = plI* = 200 (B — * ) 1Bz — Bpl* = 24 (@ — i* 1) || Aty — Aqll*.

Observe that

(44)

2
k1 =PI < Bl =PI + vl GViexk = pII> + (1= Br = vi) | TIcU = MF)GViexk - p|

< Bellak = pII* + vl GVixk - plI®

+ (1= i — ) | (I = MF)GViaxy — (I = 1F)p — W (p)||”

< Brllax = plI* + vl GViexr — pI?

+ (1= B = v)[( = D) I GVaa — pll + M EP)I]

< Bellxk = pII* + vl GViexs - plI®

+ (1= B -y [(1 = D) 1GVae - plI> + et | E ()| ]

< Brllax = plI* + vl GViexie — plI

+ (L= B = vl GVixe = plI* + Mt ™ | F(p)

= Bellxk = plI* + @ = BOIGVixrk = plI* + het ™ | F(p)

which together with (44) implies that

1 = pI* < Bicllak = plI* + A = B)[llxk = pII* = 240 (B — &> 1) | Bzi — Bpl|*
— 2 (o — k2 [Aug — Ag*] + Mt Y| F ) |*
= |l = plI* = 2(1 = B[ (B — «*1) | Bzx - Bpll?

+ Ao = 120) |Aug — Agl®] + [ E Q)|

(45)
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So, it follows that

2(1 - B[ (B - k1) 1Bz - Bpl® + (0 = k2) | Auy - Aq)?]
< llxx = plI? = kst — pI® + it | E Q)|
2

< llxk = xearl (I16x = 21 + 161 = 21) + 27 [ F@)| (46)

Since A € (0, K%), u € (0, K%) and Ax — 0 as k — oo, we deduce from (42) and condition

(iii) that
lim ||Bzx —Bpl|=0 and lim ||Au — Ag] = 0. (47)
k— o0 k— 00

Repeating the same arguments as those of (28), we get

lyk = plI* < llxx = pI* = g1 (||zx = = (0 = 9)||) - &2 (||ux =y + 0= 9)|)
+2u||Bp — Bzi || lux — ql| + 21||Aq — Aug|||lyx — pll. (48)

Combining (45) and (48), we have

ks =212 < Belle —pI* + @ = B [llxe — pI* — g1 (| 2 - i — (0 - 9))
~@(|ue—y + (0 - @)|)) + 201Bp - Baill s — gl
+24Aq = Awell|yx - pI]] + Mt | F ()|

< Iz —pIP* = - B& (|2 — u - 0 - D)) + & (Jur =31 + 0 - )]
+201Bp - Bzl lux - qll + 221 Aq — Ay - pll + it Y| F@)|°,

which immediately leads to

1-Bo[g(|zx - - - )|) + & (|ux -y + - |)]
<k = plI* = ok - pII>
+24011Bp ~ Bzell | — g1l + 211Aq — Augll 1y — pll + 2t [F(p) |
< ook = x| (Il = 21l + k1 = 1)
+240|1Bp — Bzelllux — qll + 211Aq — Augll |y — pll + 2t | F(p) |

Since Ax — 0 as kK — 00, and {4} and {yx} are bounded, we deduce from (42), (47) and

condition (iii) that
klggogl(”Zk = Uj — (P—Q)”) =0 and klifgogz(“uk — Ykt (P—Q)“) =0.
Utilizing the properties of g; and g;, we conclude that

lim ”zk — Uy — (p—q)” =0 and lim ||uk—yk + (p—q)H =0. (49)
k—o00 k—00
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From (49), we get
lzx —yill < |z —mc— - @)| + ||ux -y + - )| > 0 ask — oc.

That is,
lim ||z — Gzl = lim ||z — yk|l = 0. (50)
k— o0 k— 00

This together with (43) implies that
lim |xx — Vixg|l = lim ||lax — z¢|| = 0. (51)
k— o0 k—o00

Step 4. We show that w,,(x;) C F, where

wy (%) = {x € C: %, — x for some subsequence {xy,} of {xk}}.

Indeed, repeating the same arguments as those of (36) and (37) in the proof of Theorem 5,
we obtain that

lim ||xx — Vxil =0 and  lim |jx; — G|l = 0. (52)
k— o0 k— 00

Utilizing Lemma 6 and Lemma 11 and the nonexpansivity of V' and G, we conclude that
wylxr) C F.

Step 5. We show that lim sup;_, o (F(x*),j(x* — vx)) <0, where vi = Tc(I — A F)yy for all
k >1and x* € F is the unique solution of VI (19). Indeed, we first take a subsequence {vy,}
of {v} such that

limsup(F (x*),j(x* = vi)) = lim (F(x*),j(x* - v,)).

k— 00 i— 00

We may also assume that v, — z. Note that

vk = xcll = | T = AF)yi — x|

< || = ME)yie = x| < llye =kl + A |[EQre) | = 0 as k — oc. (53)

Combining (53) with w,,(xx) C F (due to Step 4), we get z € F. So, it follows from VI (19)
that

limsup(F (x"),j(x" —vi)) = lim (F(x"),j(x" = vs,))
= (F(x"),j(x" - 2)) 0.

Since v = Tc(I — ArF)y for all k > 1, according to Lemma 2(iii), we have

(I = MeF)yr = (I = ME)yg, j(x* = vi)) < 0. (54)
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From (54), we have

|ve = 2||* = (el = AcB)yi — &%, j(vi — %))
= (Ml = McF)yr — I = ME)yi j(vi — x%))
+(U = McF)yi — &%, j(vie — x%))
< (U = ME)yx = x*,j(vic — x*))
= ((I = McF)yi — I = McE)x™ j(vie = %)) + Al F (x7), /(2" = vi))
< (=) o 2+ Al E ()" )

1 1
< 20 harP e P ) =),
which immediately yields

o= | = Q= her) i — [+ 200 ()"~ we)

< (1-Xx7) ”xk —x* ||2 + ZAk(F(x*),j(x* - Vk)). (55)
Step 6. We show that xy — x* as k — o0. Indeed, from (45) and (55), we have

[ = < Bl =+ vy = 2| + @ = Be= v ==
< Bllmc ="+ e -2
+ (1= B — [ =2 ok =2 + 204 {F (x*), (" = )]
= [1= M1 - B = vyt e — 2|

+ (1= Br—yi)T - %(F(x*),j(x* - ). (56)

Since Y po, Ak = 00, limsup,_, oo (Bc + yx) <land 7 =1 - /12—5 € (0,1), we get

D = Br— )T = o0,
Pt

Taking into account limsup;_, . (F(x*),j(x* — vx)) < 0, we can apply Lemma 13 to relation

(56) and conclude that x; — x* as k — oo. O
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