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Abstract

Baum and Katz (Trans. Am. Math. Soc. 120:108-123, 1965) obtained convergence rates
in the Marcinkiewicz-Zygmund law of large numbers. Their result has already been
extended to the short-range dependent linear processes by many authors. In this
paper, we extend the result of Baum and Katz to the long-range dependent linear
processes. As a corollary, we obtain convergence rates in the Marcinkiewicz-Zygmund
law of large numbers for short-range dependent linear processes.
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1 Introduction
There are many literature works concerning the convergence rates in the Marcinkiewicz-
Zygmund law of large numbers. One can refer to Alf [2], Alsmeyer [3], Baum and Katz [1],
Heyde and Rohatgi [4], Hu and Weber [5], Rohatgi [6], and so on.

Baum and Katz [1] obtained the following convergence rates in the Marcinkiewicz-

Zygmund law of large numbers.

Theorem 1.1 (Baum and Katz [1]) Let r > 1,1 < p < 2 and {X, X,,,n > 1} be a sequence
of independent and identically distributed (i.i.d.) random variables. Then EX = 0 and
E|X|'? < o0 imply

n
>
k=1

i n"2P<

n=1

> nl/ps) <oo foralle>O0.

When r =2, the cases of p =1 and 1 < p < 2 have already been proved by Hsu and Rob-
bins [7] and Katz [8], respectively.

Let {¢;,i € Z} be a sequence of i.i.d. random variables and {a;, i € Z} be a sequence of real
numbers. Here and in the following, Z denotes the set of all integers. Then {X,,,n > 1} is
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called a linear process or an infinite order moving average process if X, is defined by

o0
X, = Z ai g form>1. (1.1)

1=—00

If 3° . lail < oo, then {X,,,n > 1} has short memory or is short-range dependent. If
Y« lail = 00, then {X,,, n > 1} has long memory or is long-range dependent (see Chap-
ter 3 in Giraitis et al. [9]).

In the short-range dependent case, Koopmans [10] showed that if {; has the moment
generating function, then the strong law of large numbers for the linear process holds
with exponential convergence rate. Hanson and Koopmans [11] generalized this result to a
class of linear processes of independent but non-identically distributed random variables
{¢i,i € Z} and to arbitrary subsequences of {X,,n > 1}. Li et al. [12] extended Katz [8]
theorem to the setting of short-range dependent linear processes.

Theorem 1.2 (Li et al. [12]) Let 1 < p < 2. Let {a;,i € Z} be an absolutely summable se-
quence of real numbers. Suppose that {X,,, n > 1} is the linear process of a sequence {¢;,i € Z}
of i.i.d. random variables with mean zero and E|lo|% < 0o. Then

n=1

>

k=1

> n”"s) <oo foralle>0.

Note that Theorem 1.2 corresponds to Theorem 1.1 with r = 2. Zhang [13] extended
Theorem 1.1 with r > 1 to the short-range dependent linear process of a sequence of iden-
tically distributed ¢-mixing random variables. Since independent random variables are
also ¢-mixing, it follows by Zhang [13] theorem that Theorem 1.2 also holds for r > 1.

In this paper, we obtain convergence rates in the Marcinkiewicz-Zygmund law of large
numbers for long-range dependent linear processes of i.i.d. random variables. For conve-

nience of notation, let

~ Ut
W, (t) = (Z Iwm-lt> forn>1landt>0,
i=—00

where w,; = Y ;_; a;.k. In the long-range dependent case, Characiejus and Rackauskas [14]
obtained the convergence rate in the Marcinkiewicz-Zygmund law of large numbers for
the linear process {Y,,, n > 1} which is slightly different from (1.1) and defined by

o0
Y, = Zal[,,_,' forn>1, (1.2)
i=0
where a; = 0if i < 0.

Theorem 1.3 (Characiejus and Rackauskas [14]) Let {Y,,n > 1} be defined as above and
1<p<2. Let{a; i€ Z} be a sequence of real numbers such that

oo

D lail < oo,

i=—00
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where a; = 0 if i < 0. Assume that
W,.(q)/ W(p) = O(n"'"7V7)  for some q € (p,2].
IfE¢o = 0 and E[|¢o [P log(1 + [¢o1)] < 00, then

>

k=1

i nlp(

n=1

> W,,(p)s) <00 foralle>0. (1.3)

The above theorem shows a convergence rate in the Marcinkiewicz-Zygmund weak law
of large numbers with the norming sequence W, (p).

We now compare Theorem 1.3 with Theorem 1.1. Since Theorem 1.3 deals with only the
case r = 1, it is interesting to prove that Theorem 1.3 holds for the case r > 1. When r =1,
Theorem 1.1 requires a finite pth moment condition, but Theorem 1.3 requires more than
finite pth moment. To apply Theorem 1.3, it is necessary to estimate W, (p). If {a;,i € Z} is
an absolutely summable sequence, then we have, by the result of Burton and Dehling [15]

(see also Lemma 2.4), that for any ¢ > 0

and hence (1.3) holds with W,,(p) replaced by #’?. However, for the long-range dependent
case, it is not easy to estimate W, (¢).

In this paper, we extend Theorem 1.1 to the long-range dependent linear processes. As a
corollary, we obtain a long-range dependent setting of Theorem 1.2. Further, we propose
a method to estimate W,(¢) for the long-range dependent case.

Throughout this paper, C denotes a positive constant which may vary at each oc-
currence. For events A and B, I(A) denotes the indicator function of the event A, and
I(A,B) = I(ANB).

2 Convergence of long-range dependent linear processes

In this section, we extend Theorem 1.1 to the long-range dependent linear processes. To
prove the main results, we need the following lemmas. The first one is the von Bahr-Esseen
inequality (see von Bahr and Esseen [16]). The second is known as Fuk-Nagaev inequality

(see Corollary 1.8 in Nagaev [17]).

Lemma 2.1 Let{¢;,i > 1} be a sequence of independent random variables with E¢; = 0 and

E|gi|* < oo for some 1 < t < 2. Then, for all n > 1,

t n
E <C Y Ell,
i=1

Z gi
i-1

where C; > 0 is a positive constant depending only on t.
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Lemma 2.2 Let {{;,i > 1} be a sequence of independent random variables with E¢; = 0.
Then, for any t > 2 and x > 0,

d

The following lemma is well known and can be easily proved by using a standard method.

Zé’z‘

i=1

n 2x?
<@+2/8)xt Y EIGl 42 {_ ; }
>x) 1 +2/t)x ; |5il" +2exp (t+2)%et Y ", Var(g;)

Lemma 2.3 Let p >0 and ¢ be a random variable. Then the following statements hold.
(i) If0<0 <p, theny oo, n™PE|¢|°1(1¢| > n'P) < CE|¢|P.
(if) Ifp <q, then 305 mPEIC|1U(1C| < n''?) < CElg P,
(ili) Ifr>1,theny o) n"2E|LPI(| > n?) < CE|¢|™.
(iv) Ifrp < q, then 332, m=UPE|¢|9I(¢| < n'?) < CE|L|”.

The following lemma is useful to estimate W, (¢£) when the sequence {a;,i € Z} is abso-

lutely summable. However, it is not applicable to the long-range dependent case.

Lemma 2.4 (Burton and Dehling [15]) Let Y ;= _ a; be an absolutely convergent series of

oo
=

real numbers witha =), __ a;. Then, forany t >0,

1 o0
1' - E — t
1m |wuil* = |al’,
n—00 71
i=—00
where wy; =y ;_j Givk-

We now state and prove our main results. The first theorem treats the case r > 1.

Theorem 2.1 Letr>1and1 <p<2.Let{a; i€ Z} be a sequence of real numbers with

o0
Z la;|? < oo.
i=—00

Suppose that {X,,,n > 1} is the linear process of a sequence {¢;,i € Z} of i.i.d. random vari-
ables with mean zero and E|¢y|'P < oo. Furthermore, assume that one of the following con-
ditions holds.
(1) Ifl<rp<2,then
W,(q)/ W(p) = O(n"*P)  for some q € (rp,2).
(2) Ifrp > 2, then
W,i(q)/ Wa(p) = O(n""*P)  for some q > rp

and

W,i(s)/ Wyu(p) = o((logn)™)  for some s € (p,2].
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Then

n
DX
k=1

i n’2P<

n=1

> Wn(p)s) <oo foralle>O0.

Proof (1) For each n > 1, we have

ZX/( = Z Zal+k§l = Z [oe]

-0 k=1

Zwm Gl (1l > ') = EGI (¢l > n'?)]

[o¢]
+ 2 oulatlial <) - Est (1 < )]
=S, +S)

and hence,

[e¢]
Z n”ZP(
n=1

n
>
k=1

> W,,(p)£>
<> w2 P([S,| > Wa(p)e/2) + Y 2P(|S] > Wap)e/2).
n=1 n=1
By the Markov inequality, Lemmas 2.1 and 2.3, we have

Z n’_zP(’SH > W,,(p)s/2) < Zn"z

n=1 n=1

WE|S. P
e? Wi (p)

o0
< CZV!"Z B |wni|foE|Co|p1(|§0| > n''P)
Zi:—oo |wni [P

=CY W PEI (150 > n'P)

n=1

< CE|o|” < o0.

Thus the first series on the right-hand side of (2.1) converges.
Similarly, by the Markov inequality, Lemmas 2.1 and 2.3, we have

oo

2| r-2 27E1S, 1
ZVI 2P(|Sn| > Wn(p)S/Z) < ZEVI ZW:{(‘U)

n=1 n=

< Cin"z 32 oo |0l "E|50191(1S0| < n''P)
Wi (p)

n=1

- CZ - 2($ E;) E|go|I (50| < ')

Page 5 of 14

(2.1)
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< CY > (nM ) E | (120] < n'P)

n=1

= C Y PEIG | (10] < ')

n=1

< CE|o|"? < oo.

Hence the second series on the right-hand side of (2.1) also converges.

(2) For each n > 1, we have

ZXk = Z Zal+k§l = Z [oe]

i=—00 k=1

Zam,MM>m@%&MAWM>m@ﬂ

—00

%)
+ Z wm{z |a)ni€i| < Wn(p)) _Ea)nigil(|wm’§i| < Wn(p))]
T+ T)
and hence,
0 n
anzP( > Xk
n=1 k=1

< Zn’_zP(|Ty’,| > W,,(p)s/2) + Zn’_zP(|T;I'| > Wy,(p)s/2).

n=1

> Wn(p)8>

n=1

By the Markov inequality, Lemmas 2.1 and 2.3, we have

> " PP(|Th| > Wi(p)e/2)
n=1

2 ZEITP
=2 e Wy, (p)

n=1

=\ > ElwwgilPI(lwwti) > Wa(p))
sC Wi(p)

n=1
-C R a2 Z?j—mE|wniCi|pI(|wni{i| > Wo(p), G| > l’ll/p)
Wi (p)

n=1

N Cin"z o ElonibilPI(|wnitil > Wo(p), 15| < n'?)
n=1 Wf(p)

|lwnilPE|SiIP1(1Si| > n''P)

Wi (p)

5 C i nr—2 Z?:O—oo

2 o EllwnGilP 0l T (|nilil > W(p), 18] < nP)]

- r— Zi: o0
+CZn 2 o)

n=1

Page 6 of 14

(2.2)
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00 00 P P 1/p
< Cznr_z Zz:—oo'wm| 352);)1(|§0| >n'P)

+CY n? (Wa®)P~1 3235 oo lonil "El5o|1(150] < n''P)
Wi (p)

=CY W EILoPI(|%| > n'7)

n=1

o q
+ CEW”(&Z&) E|golI(1¢0] < n'P)

o0 (o @]
<CY W PEILPI(10] > n?) + C Y n T UPE|5|(10] < 1)

n=1 n=1

< CE|%|"? < oo.

Thus the first series on the right-hand side of (2.2) converges.
We next prove that the second series on the right-hand side of (2.2) converges. We have
by Lemma 2.2 that for ¢ > 2,

> W 2P(|T)| > Wap)e/2)

n=1
C P 22;— Elwpi&il t1(|a)m§z| < W, (19))
o W, (p)
' C;n exp{—z(t +2)%et Y7 Var(wulid (|onidil < Wu(p))) } (23)

Hence it is enough to show that two series on the right-hand side of (2.3) converge.

If we take ¢ > g, then we have by Lemma 2.3 that

r—2 Zz—f E|wy;&i t1(|a)m§z| < W.())
Z Wt(p)

= inr—Z Zzoffoo E|a)nl’§i|t1(|a)m§i| S Wn(p), |§.l| > }’ll/p)

n=1 W}’tl(p)
= r— Z?:—oo E|wni{i|tl(|wni§i| =< Wn(p)! |{l| = nl/p)
P Wi (p)
_ in,_z Y o Ellowlil P lomtilP I(lwulil < Wa), 8] > n''P)]
n=1 Wli(p)
r— Zr—oo |wm§z|t N, G| U (|wnili] < Wy (P) |&i| < nl/p)]
' Z 2 Wi (p)

roo Wa@))' P 35 o lwiPEIoP1(15o| > n'P)
n
W (p)

E%g

S
I
—_
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s i o2 (Wa®)) 1 327 o lowlE|g0l91( 0] < n'P)

n=1 Wnt(p)
00 00 q
_ w2 P I/p r=2 q Up
2Bl > ) + ) (i) Bt o)

i o0

= Z CEIGolI(160l > 1) + an_ “UPE| 50|91 (1g0| < 1)
n=1 el

< CE|%|"? < o0.

Hence the first series on the right-hand side of (2.3) converges.
Finally, we show that the second series on the right-hand side of (2.3) converges. Since
p < s <2, we have that

Z?:O_oo Var(wnigil(lwnigﬂ =< Wn(p)))
W ()
< Z?:_OOE|a)ni§i|21(|wniCi| =< Wn(p))
- W ()
_ Z?:O_OoE|wni§i|s+2_sl(|wni§i| =< Wn(p))
) W2(p)
- (W ®)*° 25 Eloudil?
- W3 (p)
_XE ol gl
W (p)

(WY,
‘(ww)'m

=o(1/logn),

which implies that

[e¢]

r—2 ‘92 Wy?(p)
-1 " {_ Z(t + 2)2et Z?:o—oo Var(wnigi1(|wni§i| = Wn(p))) }

> &2logn
<C r=2)_ ¢ e
= 21: " { 20t + 2)%eto(1) } <

n

The next theorem treats the case r = 1.

Theorem 2.2 Let1 < p < 2. Let {a;,i € Z} be a sequence of real numbers with

oo
Z la;|” <oo  for some 0 <6 <p.

i=—00

Suppose that {X,,,n > 1} is the linear process of a sequence {¢;,i € Z} of i.i.d. random vari-
ables with mean zero and E|{y|P < 0o. Furthermore, assume that

W,.(0)/ W,(p) = O(n"*1'7)
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and
W,.(q)/ W,(p) = O(n"'771P)  for some q € (p,2).
Then

2 Xi

k=1

i n-lp(

n=1

> Wn(p)e> <oo foralle>0.

Proof The proof is similar to that of Theorem 2.1(1). We proceed with two cases1 <6 <p
and 0 <6 <1.
For the case 1 <6 < p, we have by Lemmas 2.1 and 2.3 that

= , =, 2°E|S.|°
Zl’l IP(’Sn| > W,,(p)a/2) < ;I’l 1%

n=1

[e¢]

< Ci n—l Zz
n=1

oo l0nil ElGo|”1(180] > n'7)

W, (p)

0 %
- CZn-l(%) Elcol?1(1%] > n'?)
n=1

o0
< C Z ”l_ll’l(l/g_l/p)eE';O |p1(|§0| > nl/p)

n=1

=< CE|olf < o0.

As in the proof of Theorem 2.1(1), we have that
o0

> n'P(|S)] > Wa(p)e/2) < CE|gol? < oo.
n=1

For the case 0 <6 <1, we rewrite Y ;_; X as

Y Xe= Y outd(16l> 1) + Y wuled (16 <n"?) - Bl (16 < n'?)]
k=1 i=—00 i=—00

- wwEGI(|5] > n'P)

1=—00

=S, +S)-S.
If0<0<1,then Y o2 lanl < (O 02 lay|)"? < co. It follows by Lemma 2.4 that

W @)1 < W, () Y lwwil ElgolI (1] > n'')

i=—00
< Cn"VPE|golI(180] > n'F)

< CE|¢olPI(1go| > n'?) — 0
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as n — 00. Hence

o0 n
> n-1P< Y X
n=1 k=1

> Wn(p)g)

<CY n'P(IS,]| > Wu(p)e/3) + CY " n'P(|S)| > Wa(p)e/3).
n=1 n=1

The rest of the proof is the same as that of the previous case and is omitted. d

The following corollary extends Theorem 1.1 to the short-range dependent linear pro-

cesses.

Corollary 2.1 Letr>1,1<p<2,and rp > 1. Let {a;,i € 7} be an absolutely summable
sequence of real numbers. Suppose that {X,,, n > 1} is the linear process of a sequence {¢;,i €
Z} of i.i.d. random variables with mean zero and E|{o|'"? < 0o. Then

n
>
k=1

i n"2p<

n=1

> n“”s) <oo foralle>0.

Proof We first note that

oo 00 p
>l < <Z |ai|) < o0,
i=—00 i=—00

If 1 < p <2, then we take 6 such that 1 <6 < p. Then

o0 o0 0
> lail” < (Z |ai|> < 00,
i=—00 i=—00

By Lemma 2.4, for any ¢ > 0, there exist positive constants C; and C, independent of »
such that

Cin't < W,(t) < Cun't forallm> 1.

Then all conditions on W,,(-) in Theorems 2.1 and 2.2 are easily satisfied. Hence the proof
follows from Theorems 2.1 and 2.2. a

Remark 2.1 In Corollary 2.1, the case rp = 1 (i.e., ¥ = 1 and p = 1) is not considered. In fact,
Corollary 2.1 does not hold for this case (see Sung [18]).

3 An estimation of W, (t) for the long-range dependent case

As we have seen in Sections 1 and 2, it is easy to estimate W, (¢) for the short-range de-
pendent case. In this section, we propose a method to estimate W, (¢) for the long-range
dependent case. It is not easy to estimate W,,(t) when the sequence {a;,i € Z} is not ab-
solutely summable. For simplicity, we will consider non-increasing sequences of positive
numbers. For the finiteness of W, (t), without loss of generality, it is necessary to assume
thata; =0ifi <0and ) ) a’ < co.

i=1"i



Zhang et al. Journal of Inequalities and Applications (2017) 2017:241 Page 11 of 14

Lemma 3.1 Lett > 0. Let {a;,i € Z} be a non-increasing sequence of positive real numbers
satisfying a; =0 if i <0 and y ;- ai < 0o. Then

o0
n
§(a1+ S dp) +n Za < W t)§2n(a1+~~~+an)t+n‘2af.

Proof Since a; =0if i <0 and 0 <a; |, we get that

Wi = Z(z a,) ; Z(fa,+,> : f (Z %,)t

[o.¢]
<2m(ay +---+a,) +n E at,

i=n+1

o0
< 2n(my +---+a,,)t+nt2af.

Similarly,

W, (t) = ni(i:a,)t + i(i a,ﬂ)t

i=1

- (Za,) o Za

i=[n/2]
n t, ot t
§(a1+ “tdp) +n Z“i‘
Thus the proof is completed. d

The following lemma can be found in Martikainen [19].
Lemma 3.2 (Martikainen [19]) Let {b,, n > 1} be a non-decreasing sequence of positive real
numbers. Then
oo
1 " R .
Z e O(bn ) = hmmfb— >1 for some integer r > 2.
ib:

n—00
. n
=n

Similarly, we can obtain a counterpart of Lemma 3.2.

Lemma 3.3 Let {b,,n > 1} be a non-decreasing sequence of positive real numbers. Then

n
b; b
Z Z=00b, <<= liminf-=>1 forsome integerr=> 2.
1 1A n—oo bn
Proof The proof is similar to that of Lemma 3.2 and is omitted. O

Using Lemmas 3.2 and 3.3, we have the following lemma.
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Lemma 3.4 Let t > 1 and let {a,,n > 1} be a sequence of positive real numbers satisfying
na, 1, na', |, and

1t
1 . a, . Arp 1
- <liminf — <limsup — < | - for some integer r > 2.
r n—00  d, n—oo Ay r

Then the following statements hold.:
(i) Y, at=O(nal).
(i) Y%, a; = O(na,).

Proof The proof of (i) follows from Lemma 3.2. The proof of (ii) follows from Lem-
ma 3.3. O

Now we present a method to estimate W, () for the long-range dependent case.

Theorem 3.1 Let t > 1, and let {a,,n > 1} be a sequence of positive real numbers satisfy-
ing the same conditions as in Lemma 3.4. Then there exist positive constants C, and C,
independent of n such that

Cin'lal < Wi(t) < Con''al, foralln>1,
where a; = 0 if i <0.
Proof By the condition nal, |, we have (a,.1/a,)" < n/(n + 1), which implies 0 < 4, |. The
upper bound of W(¢) follows by Lemmas 3.1 and 3.4. For the lower bound, we have by
liminf,_, o a,./a, > 1/r that

arla, > 1/r for all large n.

It follows that for all large #

oo rn
t t t t 1+t t —t 1+t t
n E a;>n E a;>(r-n"a,,>r-Or'n'a,.
i=n i=n

Since O <a, |,
t t_t t_t
n(ay + -+ +app) = nln/2] ay,, > nn/2]'a,.
Hence the lower bound follows from Lemma 3.1. O

Finally, we give two long-range dependent linear processes.

Example 3.1 Leta; =1/iifi >1and a; = 0 if i < 0. Then the series Zz’o:—oo a; diverges, but
> . ak converges if £ > 1. Observe that

i=—

n
In(n+1) < Z“i <1+Inn.
i=1
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Ift > 1, then

1 > 1
—t+1 t —t —t+1
—n <y a;<n'+—n't.
t-1 - Z T t-1
=n
By Lemma 3.1, for any ¢ > 1, there exist positive constants C; and C, independent of # such
that

Cin(lnn)* < Wi(t) < Con(lnn)*  foralln > 2.

Let X, = Z;f_oo ain¢; be the long-range dependent linear process of a sequence {¢;} of
i.i.d. random variables with mean zero and E|¢y|"”? < 0o, where r >1and 1 < p < 2. Then all

conditions of Theorem 2.1 are easily satisfied. By Theorem 2.1,

o0 n
Zrz"zp ZXk >n"1nne | <oo foralle > 0.

n=1 k=1

Example 3.2 Letl<p<2.Leta; = 1/iifi>1and a; = 0 if i < 0, where 1/p<d <1. Then
the series Y > __a; diverges,but > ;> a! converges if¢ > 1/d. Since ay,/a, = 27%, we have
by Theorem 3.1 that

Con* 4 < Wi(E) < Con™ ¥ foralln = 1

Let X, = Z;f_oo ai.n¢; be the long-range dependent linear process of a sequence {¢;} of
i.i.d. random variables with mean zero and E|y|? < 0o. Take 6 such that 1/d < 0 < p. Then

all conditions of Theorem 2.2 are easily satisfied. By Theorem 2.2,

oo n
Z nlp ZXk >4 ) <00 foralle > 0.
n=1 k=1
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