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al(ab)+ (1 —a)T(a,b) < NS(a,b) < BL(a,b)+ (1 - B)T(a,b)

holds fora,b > 0witha=#bifandonlyifa > 1/4and B < 1-m/[4log(1 + V2,
where NS(a, b), L(a,b) and T(a, b) denote the Neuman-Sandor, logarithmic and second
Seiffert means of two positive numbers a and b, respectively.
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1 Introduction
For a,b > 0 with a # b, the Neuman-Sandor mean NS(a, b) [1], the second Seiffert mean
T(a,b) [2], and the logarithmic mean L(a, b) [1] are defined by

a-b

NS(@ by = sinh™*[(a - b)/(a + b))’ (1)
a-b
T@h) = S =ty o) 1.2
a-b
P foga—togh

respectively. It can be observed that the logarithmic mean L(a, ) can be rewritten as (see
as [1])

~ a->b
" 2tanh [(a - b)/(a + b))

L(a,b) (1.3)

where sinh™ (x) = log(x + +/1 + #2), tanh ™ (x) = log /(1 + x)/(1 — x) and tan"!(x) = arctan(x),
are the inverse hyperbolic sine, inverse hyperbolic tangent, and inverse tangent, respec-
tively.
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Recently, the means NS, T, L and other means have been the subject of extensive re-
search. In particular, many remarkable inequalities for the Neuman-Sandor, second Seif-
fert and logarithmic means can be found in the literature [2-16].

Let P(a,b) = (a — b)/(2sin " [(a — b)/(a + b)]), S(a,b) = /(a® + b2)/2, Aa,b) = (a + b)/2,
I(a,b) = 1/e(b?1a®)V/ b9, G(a,b) = V/ab, and H(a,b) = 2ab/(a + b) denote the first Seif-
fert, root-square, arithmetic, identric, geometric, and the harmonic means of two positive

numbers a and b with a # b, respectively. Then it is well known that the inequality
S(a,b) > T'(a,b) > NS(a, b) > A(a,b) > I(a,b) > P(a,b) > L(a,b) > G(a,b) > H(a, b)

holds for a,b > 0 with a # b.
In [17] and [18], the authors proved that the double inequalities

S(a, b)*3 A3 (a, b) < NS(a, b) < S(a, b)) A7 (a, b),
Ol4-S(ﬂ) b) + (1 - Ol4)G(6l, b) < NS((Z, b) < ﬂ45(ﬂ, b) + (1 - 134)G(d’ b)
hold for all a,b > 0 with a # b if and only if @3 <1/3, 2(log(2 + V2)—log3)/log2 < B3 <1,

oy <2/3 and B4 > 1/[ﬁlog(1 ++/2)].
In [19], it was showed that the inequality

P*2(q,b) T (a,b) < NS(a, b) < PP2(a,b) T* "> (a, b)
holds for all @, b > 0 with a # b if and only if o, > 1/3 and

4log(1 +/2)
s

ﬂzslog( )/log2=0.1663....

Let Ly(a, b) = (a”*! + bP*')/(a? + bP) be the Lehmer mean of two positive numbers a and
b with a # b. In [10], the authors proved the double inequality

Ly, (a,b) < NS(a,b) < Lg,(a,b)
holds for all a,b > 0 with a # b if and only if o; = 1.8435... is the unique solution of the
equation (p +1)"7 = 2log(1 + +/2), and B; = 2.

Let

(LY, p A0,

Mp(d,b) = M p—()

be the pth power means of two positive numbers a and b with a # b. In [20], the authors
proved the sharp double inequality

MlogZ/(logn—logZ)(a; b) < T(ﬂx b) < M5/3 (ﬂ: b)

holds.
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Gao [21] proved the optimal double inequality
2e
I(a,b) < T(a,b) < —I(a,b)
T

holds for all @, b > 0 with a # b.
Yang [22] proved the inequality

A)J®(a,b)G P (a,b) < L(a, b) < A (a, )G9 (a, b)
holds for all 4,5 > 0 with a # b if and only if p > 1/4/5and 0 < q <1/3. And the inequality
My(a, b) < L(a, b) < My3(a, b)

was proved by Lin in [23].
In [24], the authors present bounds for L in terms of G and A

2 1
G?3(a,b)AY3(a,b) < L(a, b) < gG(a, b) + gA(a, b)
for all a,b > 0 with a # b.
The purpose of this paper is to answer the following questions: What are the least value
a and the greatest value 8 such that
aL(a,b) + (1 -a)T(a,b) < NS(a,b) < BL(a,b) + (1 - B)T(a,b)

holds for all a,b > 0 witha #b ?

2 Lemmas
It is well known that, for x € (0,1),

! LA 1 o
tanh - (x) =+ — + — +--- = Py ”1
w 3 5 Z2n+1 (2.1)
n=0
xB xS x7 o0 (—1)”
tan (k) =X — — + — — — ... = x2mL 99
¥ 3 5 7 ;2n+1 (2.2)

To establish our main result, we need several lemmas as follows.

Lemma 2.1 ([25]) Let

1 X

sinhx 1z *2(sinh ™ x)2

H(x) =

Then H(x) is strictly increasing on (0,1). Moreover, the inequality

3

H(x) < g - % 2.3)
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holds for any x € (0,0.76) and the inequality

x  17x°
H - — 2.4
(<) > 3 90 @4

holds for any x € (0,1).

Lemma 2.2 Let S(x) = 1/tanh™ % — x/[(1 — #2)(tanh™'x)?]. Then

2 1 1
Sx) < —gx - ng - §x5 (2.5)

forany x € (0,1) and

2 5
S(x) > —gx —x - % (2.6)
for any x € (0,0.76).
Proof Let
2 1 1
Gx) = (1 —ac2)(tanh_1 x)2 S(x) + =x+ —x° + = |.
3 3 3
Then direct computation leads to
G(0) =0, (2.7)
/ 1 -1
G (x) = 3 g(x) tanh™ x, (2.8)

where g(x) = (2 — 7x° — 3x%)tanh '« + 2x° + 2x° — 2. It follows that

1
g«) = . ngl(x), (2.9)

where g (x) = (—42x° — 6x)(1 — x?)tanh~'x — 17x° + 4x* + 5x%. Considering (2.1), we have

3.5
gax) < (—42x5 — 6x) (1 —xz) (x + % + %) —17x° + 4x* + 5x°

1
= g(42x12 +28x" +146x° - 291x° + 40" - 547)
<x*(216x° - 291x* + 404> - 5) <0, (2.10)

for x € (0,1). Thus, (2.9) and (2.10) as well as g(0) = 0 imply g(x) < 0 for x € (0,1). There-
fore, combining (2.7) and (2.8), we get G(x) < 0 for x € (0,1). It means inequality (2.5)
holds.

Let

5
Q(x) = (1 - %) (tanh™ x)2|:S(x) + %x +a® 4 %:|
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Direct computation leads to

Q(0) =0, (2.11)
Q) = %ql(x) tanh™ x, (2.12)
where

q1(%) = 6x° + 24x” — 8x + (8 + 124° — 45x* — 212°) tanh ™" x.

When x € (0,0.7], considering (2.1) and the fact 8 + 12x* — 45x* — 21x° = (3 - 21x%) + (5 +

1242 — 45x%) > 0, we can get

x %P
q1(%) > 6x° +24x° — 8x + (8 + 12x% — 45x* — 21x°) (x g E)

21

168 167 116
= —Exu —16x° - — &' - —&" + —&°

5 5 3

5f 269 , 167 , 116
S| —x" - —ax"+—]>0.
5 5 3

When x € (0.7,0.76), direct computation leads to

¢1(0.76) =1.8639...> 0, (2.13)

4, (%) = g2(x)/ (1 - %), (2.14)

where g, (x) = 92x% — 87x* — 51x° + (12647 + 54x° — 204x> + 24x) tanh ™' x. Considering (2.1)
and the fact 126x” + 54x° — 204> + 24x < 12x(15x* — 172 + 2) < 0, we can get

3 5
X X
72(x) < 92x% — 87x* — 51x® + (12627 + 54x° — 204a° + 24x) <x g E)
126 264 , 516 4 301
= x4+ a0 a® - i - 2834 + 11647
5 5 5 5
< 2x*(91x* - 304% - 20) + 2 (116 — 24347) < 0. (2.15)
Thus, (2.13)-(2.15) imply that
q1(x)>0 (2.16)

holds for any x € (0.7,0.76).
Therefore, Q(x) > 0 for x € (0,0.76) follows from (2.11), (2.12) and (2.16). That means
inequality (2.6) holds. O

Lemma 2.3 Let T(x) = 1/tan"Yx — x/[(1 + x?)(tan"'x)?]. Then

2 1 2
T(x) < gx - §x3 + ;xs (2.17)
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forany x € (0,1) and

2 2, %
T(x) > —x— —x°+ —
35 7

forany x € (0,0.76).

Proof Let

M) = [ 769 2 . 22 )

Differentiating M(x), we have M’ (x) = [¢t(x)tan"'x]/21, where

t(x) = 14 + 14 — 124 + (—424° + 5x* - 21x* — 14)tan"'x.

Page 6 of 11

(2.18)

For x € (0,1), we have —42x° + 5x* — 21x% — 14 < —42x° —16x% — 14 < 0. Thus from (2.2), we

can get

£(x) < 14 + 140° — 12x° + (—42x° + 55" — 21x% — 14) <

131 7
=14’ — =—x7 — 243
3
89 7
<——x" - =x%<0.
3 3

Therefore M'(x) < 0 for x € (0,1). Considering the fact M(0) = 0, we get M(x) < O for

x € (0,1). So the inequality (2.17) holds.
Let

Differentiating N(x), we have N’(x) = n(x)tan x, where

2 4 2 9 4 2
nx) = Zx+ —a° - Zx° — <x6 R —) tan~! x.

3 5 7 7 5
Because of
4 9 2
—x - Zat ) +a%+ 250
5 7 3

for x € (0,0.76), it follows that

2 4 2 9 4 2
nx)> x+ -0 - Zx = (x® - Zat+ —a%+ D
3 7 5 3

=2 —x" >0.

Considering the fact N(0) = 0, the inequality (2.18) holds.
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Lemma 2.4 The function f(x) = AS(x) + (1—A) T (x) — H(x) is strictly decreasing on (0.76,1),
where ) =1 -1 /[4log(1 ++/2)] = 0.1089... and H(x), S(x) and T (x) are defined as in Lem-
mas 2.1, 2.2 and 2.3, respectively.

Proof Direct computation leads to

S =2 x—tanh™ x
~ T (1-#2)2(tanh ' x)3’
S//(x) — 2 (p(x)

(1 - x2)3(tanh 1 x)*’
where ¢(x) = 3(1 + #%)tanh ™ x — 3x — 4x(tanhx)2. It follows that

_ R(x)
T 1-a2

@' (%)

)

where R(x) = —4(1 — x?)(tanh~'x)? — (6x® + 2x)tanh~'x + 6x%. From (2.3), we can get

x3 2 x3
R(x) < —4(1-#7) <x+ E) - (64° +2x) (x+ E) + 6x°
4, 2, 16

= a8+ Zxf - —xt <.
9 9 3

Thus ¢(x) is strictly decreasing on (0.76,1). Considering the fact ¢(0.76) = -0.5821... <0,
we have ¢(x) < 0 for any x € (0.76,1). In other words, §'(x) is strictly decreasing on (0.76, 1).

Let ¢(x) = AS(x) + (1 — A)T'(x). It was proved that T”(x) is strictly decreasing on (0.7,1) in
Lemma 5 of [26]. Thus, from the monotonicity of §'(x) and 7"(x), we have

¢'(x) <25'(0.76) + 1 — A)T7(0.76) = —0.0043...< 0

for any x € (0.76,1). That is to say, ¢(x) is strictly decreasing on (0.76,1). Considering the
monotonicity of H(x) in Lemma 2.1, the proof is completed. d

Lemma 2.5 We have

4-11r , 272+13 , 1-4A
X = X+
28 45 3

>0

for x € (0,0.76), where ) =1 — 1 /[41og(1 + +/2)] = 0.1089.....

Proof Let

4-11% , 270+13 , 1-4a
n(x) = X = X+ .
28 45 3

Then it is easy to verify that n(x) is decreasing on (0, t), where

4 [160log(l ++/2) - 27
== x 02+ V2) =277 | pyos
15 117 — 281log(l + v/2)

Considering 1(0.76) = 0.01693.... > 0, we have n(x) > 0 for x € (0,0.76). (]
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3 Main results
Theorem 3.1 The double inequality

al(a,b) + 1 —-a)T(a,b) < NS(a,b) < BL(a,b) + (1 - B)T(a,b)

holds for any a,b > 0 with a # b if and only if o > 1/4 and

T

-——=0.1089....
4log(1++/2)

B=1

Proof Because NS(a, b), L(a, D), T(a, b) are symmetric and homogeneous of degree 1, with-
out loss of generality, we can assume that a > b and x := (a—b)/(a+b) € (0,1). Let p € (0,1)
and A =1-7/[4log(1 ++/2)] =0.1089.... Then by (1.1)-(1.3), direct computation leads to

NS(a, b) x
Ala,b) - sinh™' &’
L(a,b) x
A(a,b)  tanh %’
T(a,b) «x

Ala,b)  tanlx’

Let
Fo(x) = tL(a,b) + 1 -1t)T(a,b) — M(a,b)
e Ala, b)
x x x
=t————+(1-t)— - —. 3.1
tanh™ x +( )tan—lx sinh ™! x 1)
Then it follows that
F% (0*) =0, (3.2)
F,(0%) =F,(17) =0. (3.3)

Differentiating F;(x), we have

Fllx) = t|: 1 x 1 ]

tanhx 1-a2 (tanh ! x)2

11 1 X 1
+ p— p—
tanlx 1+ x2 (tan1x)2

[ 1 x 1 :|
~sinhtx V1 + 2 (sinh™x)2
=tS(x)+ 1 -8)T(x) - H(x),

where H(x), S(x) and T'(x) are defined as in Lemmas 2.1-2.3, respectively.
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On one hand, from inequalities (2.4), (2.5) and (2.16), we clearly see that

F/ =-S -Tx)—-H
1) = 2S@) + Tl - Hix)
1 2 1 1 2 1 2 1
(2l L) 3 (Al le Ee) (2
4\ 3 3 3 4\3 3 7 3 90
13 11
=+ —x°<0
90 84

for any x € (0,1). It leads to

Fi(x)<Fi1(0)=0 (3.4)

1 1
7 1

for any x € (0,1). Thus, from (3.1) it follows that
1 3
NS(a,b) > —L(a,b) + —=T(a,b)
4 4
for all a,b > 0 with a # b. Considering L(a, b) < NS(a, b) < T(a, b), we can get
NS(a,b) > alL(a,b) + (1 -a)T(a,b) (3.5)

forallw > 1/4 and a,b > 0 with a # b.
On the other hand, from inequalities (2.3), (2.6) and (2.17), we have

2 > 2 2 > 3
Fi (%) > -\ xiats D +(1-2) L@ D)o (EE
3 4 3 5 7 3 9

4-11n , 27A+13 , 1-4a
=X X — X+
28 45 3

for x € (0,0.76). According to Lemma 2.5, we have

F(x)>0 (3.6)
for x € (0,0.76). Lemma 2.4 shows that F; (x) is strictly decreasing on (0.76,1). This fact
and F;(0.76) = 0.0713... > 0 together with F;(17) = —oo imply that there exists xy €
(0.76,1) such that F; (x) is strictly increasing on (0,x0] and strictly decreasing on [x,1).
Equations (3.1) and (3.3) together with the piecewise monotonicity of F;(x) lead to the
conclusion that

NS(a,b) < AL(a,b) + 1 - 1)T(a,b)
for all a4, b > 0 with a # b. Considering L(a, b) < M(a, b) < T(a, b), we can get

NS(a,b) < BL(a,b) + 1 - B)T(a,b) (3.7)

holds for 8 < A and all @, b > 0 with a # b.
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Finally, we prove that L(a, b)/4 + 3T (a, b)/4 and LL(a, b) + (1 — A)T'(a, b) are the best pos-
sible lower and upper mean bound for the Neuman-Sandor mean M(a, b).
For any €1,€2 >0, let fy =1/4 — €1, to = 1 + €3. Then one can get

E, (x) 1 X 3 X X (3.8)
xX)=|--¢g|———+| -+t )] —— = —, .
h 4 " tanh & 4" anTx  sinh'x
x x
Fox)=(A+e))———+(1-A—-€)——— — —. 3.9
nlx) = 2)tanh_lx ( 2)tanflx sinh ™ x (39)
Let x; — 0* and x; — 17, then the Taylor expansion leads to
2
Fy (%) = gelx% +0(xf), (3.10)
F;, (%2) = —4€y/m + O(xy — 1). (3.11)

Equations (3.8) and (3.10) imply that if o < 1/4, then, for any €; > 0, there exists o7 € (0,1)
such that NS(a,b) < (1/4 — €1)L(a, b) + (3/4 — €)T (a, b) for all a, b with (a — b)/(a + b) €
(0,01).

Equations (3.9) and (3.11) imply that if 8 > A, then, for any €, > 0, there exists o, € (0,1)
such that NS(a,b) > (A + €3)L(a,b) + (1 — A — €3)T(a, b) for all a, b with (a — b)/(a + b) €
(1 -09,1). a

4 Conclusion
In the article, we give the sharp upper and lower bounds for Neuman-Sdndor mean in
terms of the linear convex combination of the logarithmic and second Seiffert means.
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