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1 Introduction

The shunting inhibitory cellular neural networks (SICNNs) was introduced by Bouzerd-
out and Pinter [1] in 1993. They presented the biophysical interpretation of the networks
along with stability analysis of their dynamics. In the last two decades, SICNNs have been
extensively applied in psychophysics, perception, robotics, adaptive pattern recognition,
vision etc. In the feasibility analysis of these applications, the stability of networks is of the
greatest importance. Recently, many sufficient conditions have been obtained to ensure
the global exponential stability, locally asymptotical stability of neural networks via the
LaSalle invariance principle, Lyapunov functionals and differential inequality techniques
(see [2—-5] and the references therein).

Besides stability, there are two other important factors: delays and variance of coeffi-
cients, have to be considered in real applications. Due to the finite speed of information
processing, the time delays often exist in various neural networks. The time delay usually
changes the dynamical properties of neural networks, for example, the time delay often
cause oscillation, divergence or instability of neural networks. Thus it is important for us
to consider the delay effect on the stability of delayed neural networks. For example, in
order to deal with moving images, one must introduce the time delays in the signal trans-
mission among the cells. Recently, many authors have studied various neural networks
with distributed delays [6—9], which it is more appropriate to incorporate under the cir-
cumstances that neural networks have a spatial extent due to the presence of a multitude
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of parallel pathways with a variety of axon sizes and lengths and the signal propagation is
instantaneous and cannot be modeled with discrete delays [10].

It is more realistic to consider non-autonomous neural networks in the real world, be-
cause many disruptive factors, such as a voltage fluctuation, may vary coefficients (de-
cay rate and connection weight) and input signals of neural networks. Such functions,
which are both appropriate to model the practical situation and available with some ma-
ture mathematical theories, are of great interest as regards the adoption as coefficients
and input signals of neural networks. In the last decade, many authors studied the almost
periodic solutions of kinds of neural networks including SICNNSs (e.g., see [2, 11-16] and
the references therein). It is worthwhile to mention that pseudo almost periodic neural
networks attracted much attention [9, 17-19] very recently. The pseudo almost periodic
functions introduced by Zhang in [20—22] are a natural generalization of almost periodic
functions and have been widely applied in many areas. We refer the reader to [23-27] for
some recent work on this.

In view of the above-mentioned facts, we consider the SICNNs with continuously dis-

tributed delays as follows:

dxij(t)
dt

= —a;(t)x; (L) - Z C,(;l(t)/o kij(u)f (%2 (£ — 1)) dus oy (£) + Lij(8), (1

Cri €Ny (i)

where Cj; denotes the cell at the (i,j) position of the lattice, N,(i,j) denotes Cy’s r-
neighborhood {Cy; : max(|k —i|, |/ —j|) < r,1 <k <m,1 <[ < n}, x;4(¢) is the activity of
the cell Cy, L;(t) is the external input to Cy, a;(¢) > O represents the passive decay rate of
the cell activity, Cfl‘.l(t) is the connection or coupling strength of postsynaptic activity of the
cell transmitted to the cell Cy, and the activity function f(x) is a continuous function rep-
resenting the output or firing rate of the cell, k;;(«) is the kernel function determining the
distributed delays at the cell Cy, i € {1,2,...,m}, j € {1,2,...,n}. The decay rate a;(-), cou-
pling strength Cf;l (-) and external input L;(-) are all assumed to be pseudo almost periodic
(pap, for short).

The initial conditions associated with system (1) are of the form x;;(s) = ¢;(s), s € (—00, 0],
where ¢ = {¢;;(t)} is bounded and continuous on (-0, 0]. We make the following assump-

tions:

(T1) a;(-) e PAP(R;R) is ergodic, and 0 < a; = infycg a;(2).

(T2) Ly(-), Cjl(-) € PAP(R;R) and L} = sup,. |L;(£)], 0 < Cjl(¢) < Cy'.

(T5) f is Lipschitz continuous, |f(#) —f(v)| < plu — v|, Vu,v € R for a constant p.

(T4) The delay kernel k;; belongs to LY(R*) and f0+°o |kii(s)] ds < /Aq}- for some positive con-
stant /AQ,».

It
(Ts5) 0<38,q<1, where My = ||f|l = sup,er [f ()], L = maX(j,j){g—Z}, and

7 —kl
§= max{ Mk ZCkZENr(i’j) Cij }, q=2=8 <1 + 7ML )
(i) a 1 -8)My

_[1'
Under these assumptions, we have two innovation points which are supplements of the ex-
isting literature. One is that we assume the decay rate a;(-) is pap, while it was all assumed
to be almost periodic in the literature listed above. The solution of (1) is not necessarily
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pap for a general pap function a;(-). To compensate for this, we assume a;(-) also is er-
godic [20]. The other one is that we remove the assumption that there exists a positive

number A > 0, such that
+00
/ ’ki,»(s) |e’\°s ds < +00
0

for each i € {1,2,...,m}, j € {1,2,...,n}. This assumption was used as a foundation to
show the exponential stability in [2, 11, 12, 14—16]. In this paper, we explore a general-
ized Hanalay inequality by which we show that the solution of (1) is still asymptotically
stable without this assumption.

The main results of this paper are the following two theorems.

Theorem 1.1 Suppose T1-Ts hold, then system (1) has a pap solution in the region

. SL
B* = ¢€B|||<ﬂ—<ﬂ0||35m ,

where @g = { ff ~ els ‘“if(”)d”Li,-(s) ds}, and B is the pap m x n matrix valued function space.

Theorem 1.2 Let all the conditions of Theorem 1.1 hold. Then the pap ¢*(t) = {x;."j(t)} for
system (1) in B* is globally asymptotically stable, i.e. for any other solution x(t) = {x;(t)} for
system (1) with initial conditions x;(t) = ¢;(t), t € (—00, 0], @;(t) is continuous and bounded
on (-00,0],i€{1,2,...,m},je{1,2,...,n},

tlgnoo|x(t) - (p*(t)| =0.

This paper is organized as follows. The next section is on preliminaries including the
definition and properties of pap functions, boundness of the output of (1) and the gener-
alized Halanay inequality. The third section is devoted to the proof of our main results. An
illustrative simulation example is given in the fourth section. We also give a conclusion in

the last section.

2 Preliminaries
Let BC(R;R) denote the set of all bounded and continuous functions from R to itself.
Throughout the rest of this paper, i and j are in the sets {1,2,...,m} and {1,2,...,n}, re-

spectively, unless otherwise stated.

Definition 2.1 ([20]) Denote by PAP(R;R) the set of all such functions ¢ € BC(R;R), for
which

.1t
tlirgoz—t [t|¢(s)|ds: 0.
A function f € BC(R;R) is called pseudo almost periodic if f = g + ¢, where g € AP(R; R),
the space of almost periodic functions, and ¢ € PAP,(R;R). Denote by PAP(R; R) the set

of all such functions.
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Definition 2.2 ([20]) A function f € BC(R,R) is said to be ergodic if limg— o0 5 [ f(t +
s)ds = M(f) exists uniformly with respect to ¢ € R.

We set {x;(£)} = (eu(®),..., %108 o1 (8)s s Xin(8)s o s X1 ()5 ... %pun(£)). For each
x(t) = {x;j(t)} € R, define the norm |x(¢)| = max;;{|x;(t)[}. Let B = {p|o(t) = {¢;(®)}},
where ¢;;(t) € PAP(R;R). For each ¢ € B, if we define the induced module [l¢|z =
sup,cg lo(¢)|, then B is a Banach space.

Lemma 2.3 ([20], Lemma 3.1.9) Let a(t) € PAP(R;R) be ergodic. If M(a) < 0 and f(t) €
PAP(R; R) then

®(t) = a(t)x(t) + f(t)

has a unique bounded solution

x(t) = / t elf g (s) ds,

o0

which is also in PAP(R; R).

Lemma 2.4 ([28],Proposition 5.3.2) Suppose that k € L*(R;R) and f € PAP(R;R). Then
k*f € PAP(R;R).

Lemma 2.5 Suppose that T1-Ts hold. Then solutions for initial value problem of system
(1) are all bounded.

Proof If x;(t) > 0 for some ¢, we have

do;i(£) o _
C‘l’t < —agwi(t) + Myky Y Chlay(t) + L]
Crk1€Nr (i)
= (_Qij + Mf/}ij Z (_Zgl)xi,-(t) + L:; (2)
Cri €Ny (i)

If x;5(t) < O for some ¢, we have

do;i(£) h 7
o = a6 + Mrky Y. Glwo-L;
CkleNr(i:j)
= (‘21’1‘ +Meky ) C§l>xi/(t) - Lj. R
Cri €N (i)

Forie(l,2,...,m},je{1,2,...,n},since § <1,

—a; +Mf/A<,rj Z Cf;l <0. (4)
CrieNy (i)

It follows from (2)-(4) and by the comparison principle that the solutions for initial value
problems of system (1) are all bounded. O
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Lemma 2.6 (Generalized Halanay inequality) Letn>0,a; >b;>0,i=1,2,...,n. Suppose
x(t) be a nonnegative continuous function on [ty — T, to] and satisfy the inequality:

D x(t) < —ax(t) + bix(t) +n (5)
Jor t > ty, where D* is the upper right derivative, x(t) = sup,_, ., x(s), T is a positive con-

stant, the subscript i of a; and b; varies piecewise with t € R, then the following inequality
holds:

x(s) —

} .e_)‘min(t—to) + max{ n }’ (6)
a; — bj

1<i<n i

x(t) < max{ sup

1<i=n to—-T<s<tg a;—b;
where t > to, Amin = MiM<;<,{A;} and A; is the unique positive solution of the equation:

)\,,‘ =da; — bie’\i’. (7)

Proof First, we prove that equation (7) has a unique positive solution. Consider the func-

tion:
f(w) =p—a;+bie'*, pnel0,al.

Sincef(0) = —a;+b; < 0, f(a;) = bie*™ >0,f' (1) =1+b;te’™ > 0, thereisaunique A; € [0, 4;]
which satisfies equation (7).

Denote Z(t) = maxi<i<u{SUPy, _; <5<y, 1%(5) = aljbi |} - e~*mint=f0)  Obviously, inequality (6)

holds when tg — 7 <t < ty. Let C > 1, now we will show that

x(t) < CZ(t) + max{ﬂj A}, 8)

1<i<nm i

when t > £;.
Otherwise, there exist t;, 8 € R such that #y < t; < 8,

x(t) < CZ(t) + max{

1<i<nmn

}, whenty -t <t<f 9)
a;—b;

and

x(t1) = CZ(t1) + max{ 7 };
a; — bi

1<i<n

(10)

x(t) > CZ(t) + 1r£1;1<x{

n
=i=n (li—bi

when £ < ¢t < B. It follows from (5), (9) and (10) that

7 +b;| CZ(t; — T) + max n +7
a; — bi 1<i<sn| a; — hl'

1
=< C(—(ll‘ + bie)‘minf)Z(tl) - ((di - bl) lrnax{ 2 } _ 1)’7
a;—0;

<i<n

D¥x(t) < —ax(ty) + bix(t) + 1

< —a,-(CZ(tl) + max{

1<i<n
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< C(—(ll‘ + biekir)Z(tl)
= C(-1)Z(t)
= C(_)\min)Z(tl) = CZ/(tl)- (11)

Obviously (11) contradicts (10), and this implies that (8) holds on R. Since C > 1 is arbitrary,
(6) holds. This completes the proof. d

3 Proof of main results

In this section, we give the proof of our main results Theorem 1.1 and 1.2 in detail.

The proof of Theorem 1.1 Obviously B* is a closed subset of B. For Yo € B, consider the
solution x,(t) of differential equation

dxij _
de

—a;i(t)xij — Z Cgl(t) /0 kij(u)f (ra (€ — 1)) dus gy (£) + Ly (2).

Cii €Ny (i)

Since f is Lipschitz continuous and ¢y (t) € PAP(R;R), f(¢u(t)) € PAP(R;R) (see Corol-
lary 1.5.4 in [20]). Lemma 2.4 implies fowo kij(u)f (pri(t — u)) du € PAP(R;R). It follows
from Lemma 2.3 that (12) has a unique pseudo almost periodic solution

Xy (t) = {/ efst —aji(n |: Z Ckl / klj(u)f(</?kl(5 - u)) du (p,j(s) + L,j(s)] dS}

Cri €Ny (i)

Define the mapping T : B — B by (T'¢)(£) = x,(¢).

Lo d L;; Lj
lleolls = supmax{ / els ~4iM AL (5) ds } < supmax{ —} = max{ —} =L
teR (i) —00 teR () a; () 4
Thus, for all ¢ € B*, we have
L
llells < llo —@olls + llgolls < 1—s (12)

Now, we prove that the mapping 7 is a self-mapping of B*. In fact, for all ¢ € B*, together
with (12), we obtain

1Te - ol

-/:oo oy —aij(n)dn Z Cgl(t) /0 ki ()f (pu(s — ) du g(s) ds

(&) .
teRk Cri €Ny (i)

= sup max {

|

t +00
<supmax{ f el 37 cll(s) f Ikij(u>|Mfdu|<p(s)|ds}
—00 0

(&) o
teR ] CueN: (i)

t
f—agmdn s T ki
< supmax{/_oo els 0 " Mk Z Cl] 123 ds}

]
teR () CreNy (i)

{Mfku Y cuennin Co } L 6L
- .

_i]'

< max
(ir))
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This shows that (T¢) € B*. Next, we prove that the mapping 7T is a contraction on B*. In
fact, for all ¢,y € B*, we have

1T - TVl
- suﬂg‘(Tw)(t) —(Ty) ()|
_ igﬂg n(]l’g}j,)x{ /;OO efst —a;j(n)dn Z Cgl(S) |:f0 ki}-(u)f((pkl(s - u)) du (/7,‘]'(5)

Ci1 €Ny (i)

_ /0 Ky f (els - 0)) m,-m] ds

|

[ e 3 o] [k irets- )

Ci1 €Ny (i)

= sup max{
teR (i’j)

(Wt - ) dugy(s) + fo K 0)f (Vs — ) () — wi,(s>)} ds

In view of (12) and the equality above, we have

ITe - T ls

/ el ~aiim dn Z Ckl|:/ lj(u)|M|<ﬂkl(5 — )

CrieNy (i)

< sup max{/ els —aimd Z Ckl( 5" kl]Mf) ds} le—vls
—00

(&)
teR ) CueNy (i)

< sup max {
teR (i)

s — )| duls)] + / y/<i,<u>|Mfdu\¢i,-<s>-wi,<s>|]ds

< max
(&)

L
Mfku ch,eN, (i) C 1+ (I—IS)Mf)
lo—¥lz=qlle-¥ls.

_ij

Note that g < 1, the mapping T is a contraction. Therefore, the mapping 7" possesses
a unique fixed point ¢* € B*, Tp* = ¢*. By (12), ¢* satisfies (1), so ¢™* is a pseudo almost
periodic solution of system (1) in B*. The proof is complete. 0

The proof of Theorem 1.2 Since g <1 in T5, we can get easily
Mk s Mg cso 13
a;=Mpky > Ci>1—5ki ), Cf>0. 13)
CrieNr (i) Cr1 €Ny (i)

By Lemma 2.5, x(t) = {x;;(¢)} is bounded on R. We denote M, = sup,p [x(£)|.
Let y(¢) = {y;()} = {x(8) — x5(6)} = x(¢) — ¢*(¢), then

dy;(2) e
Y = —iyi0) - <C Z” Ci /0 ki ()f (s (& = 1)) daecyi(2)
ki €Ny (5))
- Z Cl{;l(t)/o kij(u)f (x5, (¢ — w)) dux;‘j(t)). (14)

Cr1 €Ny (i)
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For convenience, denote |y()| = |y;yj, (£)]. Since y(¢) is continuous, iy and j, vary piecewise
with ¢ € R. In view of (14), we have

D*|y(t)| = D*[yiyjo (£)]
=—ay) (t) ‘yioio @) ’

—Sgn(yio/o(f)){ Yoo ch® /0 Kigjo (ta)f (xxa(t — 1)) duszcioj, (£)

Cri€Ny(io5jo)

- Z Clkol}o ) / Kiojo (u)f(xltl(t - u)) du x?ojo (t)}

CrieNr(io,jo)

= —diyj, (2) |yio/0 (t) |

- sgn(yiojo(t)){ Z C,kollo(t) /0 Kiojo (u)f(xk;(t - M)) du(xiojo(t) - x;‘kojo (t))

Cri€Ny(ig,jo)

+ Z Clkollo ) /0 Kigjo () (f (a1t = 1)) = f (s (& = w))) duxj;, (t)}

Cri€Nr(io,jo)

=% !y(t)| + Z Cf()l/o /0 |kio/o(u)| Lf(xkl(t - ”)) | du|yi0/0(t)|

Cri€Nr(io,jo)

LD De /o | Kiojo (1) | [ ya (t = w0) | o, (8) | due

Cri€Ny(io,jo)
= %o |J’(t)| + Z Cf()l/OMfl}iOiO |y(t)|
Cri€Ny(i0,jo)
_ L +00
v Y S ki)l - )| du
- 0

CrieNr(io,jo)

= (_Qij + Mflzio}'o Z Clkol}0> |y(t)|

Cii€Nr(io,jo)

ML +00
* 1— Z Ctkoljo/O | lo/o HJ’ t—u)’du

Cri€Ny(i5jo)

For any € > 0, there exists a positive number T > 0 such that

Z Ckl/ |kzj(u)||y(t—u)|du

CkleNy i)

< ,uL Ckl |k (u)| M, 173 L du <e.
= ij 5 =

B CklENy i)
From the last two inequality systems, we get

D+ |y(t)| = ( lO]O + MkaOJO Z Clk()llo) |y(t)|

CrieNy(io jo

wL Kl
+ 1- 8 Clo]o /

CkIENr(to Jo)

)
‘ktolo ||)’ (t-u |du
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//«L _ +00
r— > / |Kigjo ()| [yt — )| due
CiieNy o jo) T
z =kl
= <—6_liojo + Mykigjo Y Cio/o> (@)
Cri€Nr(io,jo)
+ M—L/A( ; Z CM  max | (s)| +e€ (15)
1-8 V0 fofo y gt Y ’
Ciki€Nr(io,jo)
By Lemma 2.6, it follows from (15) that
|y(t)| < max{ sup |¥(s)— } oMy max{ ;}
(i0,j0) -T<s<0 Aiojo _Biojo (i0,j0) Aiojo _Biojo
€ Y €
<maxy sup |y(s)— e +max{ ———
(i0,j0) | —~co<s<0 Ai()j() _Bi()j() (i0,j0) Aio]o _Biojo
€ it €
< max M, + + e+ max{ ——— ¢, (16)
(i0,jo) 1- 8 Ai()jo - Bi()j() (i00) Aiojo - Bi()j()

- ki . ck B . —pLR . okl
where t > =T’ Aigjy = ;i = Mykigjo D ciyenyiojo) Cinjor Bioio = 155 Kiojo 2=y tinyjo) Ciojo A4
A = ming, ;) {Aij,} and Ay, is the unique positive number which satisfies the following

equation:

R L etigio T
)”lolo _Alolo _Bloloe 0o,

Because € is arbitrary, we get from (16) that |y(t)| — 0, t — +00. The proofis complete. (]

Remark 3.1 As we pointed out early that in order to show the exponential stability of
the solutions for system (1), many authors use the assumption 7. But we still can get the
globally asymptotical stability of the solutions in Theorem 1.2 without Tj. More precisely,
we can get the conclusion from (16) that, for any given ¢ > 0, solutions of initial value
problem of (1) will converge exponentially to ¢* with error O(e) where the exponent is

determined by ¢.

4 An example
In this section, we construct an example to demonstrate the results obtained in the previ-

ous sections.

Example 4.1 We consider the SICNNs model (1) with 3 x 3 lattice. Set r = 1, the activity
function f(x) = %(|x —1] - |x + 1), and the delay kernel k;(u) = m
We set the decay rate

3 +sint+exp(-|£]) 3 +cost+exp(—|t]) 4 +sin/2t
[aj(t)],, 5 = 3 +exp(—£?) 2 + cos~/2t 3+sint+exp(—|t]) |,
4 —sint 1+ exp (—£?) 4 +cost

Page 9 of 12
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the connection strength matrix

0.1]sin¢|  0.2|sin+/2¢] 0.1sin’¢
[clj(t)]3X3= 0.2| cost| 0 0.2cos*t |,
0.1cos?+/3t 0.2]sin~/3¢| 0.1]cos¢]|

the input signals

0.7 +0.2sin* £ + 0.1 5 0.4 +0.3cos? ¢ 0.9 +sint
[Lj(t)];,5 = 0.9 +2cos’t 0.6 +0.2sin” ¢ 0.8 +sin®¢
0.4 +2cos*t 0.5+0.4sin* ¢t +exp—t> 0.9+ 72

Itis clearly that the coefficients and input signals are all pap and a;(-) is ergodic. By direct

calculation, we obtain /AQ/' =1,Mf=1,1=0.1,and

2 2 3
[gij]gx'g: 31 2],
3 1 3
1 07 19
[Li]s=129 08 18],
24 19 29
05 08 05
—ki
[ > C,,} =08 12 08
CueNili) =% |05 08 05

The assumption 75 is valid, more specifically,

L+
=32-19, and ¢=0.146<1.

8 ~ {MkaZ chleNl(z,z)EIZdZ

} =012<«1, L
25%)

asp

Now Theorems 1.1 and 1.2 imply that this example SICNNSs has a globally asymptotically

stable pap solution. The fact is verified by the numerical simulation in Figure 1 where the

activty of cell at [1,1) position activty of the cell at (23] position
08 i ns

0s

u] 3 10 15 20 25 30

Figure 1 Numerical solutions of x11(t) and x3(t) of Example 4.1.
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initial value is

1 1 1
x)=| 1 1 02
02 1 1
fort <0.

5 Conclusion

In this paper, SICNNs with continuously distributed delays and pap coefficients and input
signals have been studied. We have obtained some sufficient conditions for the existence
and globally asymptotical stability of pseudo almost periodic solutions. These obtained
results are new and complement previously known results since the decay rate and delay
kernels considered here are more general. Moreover, an example is given to illustrate the
effectiveness of our results.

The SICNNS with continuously distributed delays is a kind of integro-differential sys-
tems. Lyapunov functionals and differential inequality techniques are the main methods
to deal with periodic and almost periodic solutions of SICNNS in the present literature. In
[29, 30], a special method reducing system of n integro-differential equations to system of
m (m > n) ordinary differential equations was presented. This idea opens new possibilities
in the study of almost periodic and pap solutions to SICNNs with distributed delays. This
should be one of our future research directions after this paper.
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