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Abstract

New concepts of f;, ,-statistical convergence for double sequences of order & and
strong fy, ,-Cesaro summability for double sequences of order & are introduced for
sequences of (complex or real) numbers. Furthermore, we give the relationship
between the spaces w, ,(f, A, ), wj (f, A, ) and Wéoo(z,)n, W). Then we express the
properties of strong fy ;,-Cesaro summability of order 8 which is related to strong
fr,u-Cesaro summability of order &. Also, some relations between f, , -statistical
convergence of order & and strong f; ,-Cesaro summability of order & are given.
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1 Introduction

The first idea of statistical convergence goes back to the first edition of the famous Zyg-
mund’s monograph [1]. The statistical convergence was introduced for real and complex
sequences by Steinhaus [2]. Fast [3] extended the usual concept of sequential limit and
called it statistical convergence. Schoenberg [4] called it as D-Convergence. The idea de-
pends on a certain density of subsets of N. The natural density (or asymptotic density)
of a set A C N is defined by §(4) = lim,_, %|{k < n:k € A} if the limit exists, where
|A(n)| is cardinality of the set A(n) (see [5]). A sequence x = () of complex numbers is
said to be statistically convergent to some number ¢ if §({k € N : |x; — €| > ¢}) has natural
density zero for ¢ > 0. £ is necessarily unique, which is statistical limit of (xx), and written
as S-limx = £. The space of all statistically convergent sequences is denoted by S (see
[5-20]).

The order of statistical convergence of a sequence of positive linear operators was given
by Gadjiev and Orhan [21], and after that Colak [22] introduced statistical convergence of
order « and strong p-Cesaro summability of order o.

Statistical convergence was introduced for double sequences by Mursaleen and Edely
[23]. Besides this topic was studied by many authors (such as [15, 24, 25]). For some further
works in this direction, we refer to [26-30].

The concepts of convergence and statistical convergence for double sequence can be
expressed as follows.
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Let s> denote the space of all double sequences, and let ¢2, c* and ¢ be the linear spaces
of bounded, convergent and null sequences x = (x;) with complex terms, respectively,
normed by [|%[|(002) = sup; |%j|, where j, k e N={1,2, ...}.

A double sequence x = (xj,k)ﬁ=0 has Pringsheim limit £ provided that for every ¢ > 0
there exists N € N such that |«x;x —£| < e whenever j, k > N. In this case, we write P-limx = £
[31].

x= (x,»,k)ji',fzo is bounded if there exists a positive number M such that |x;«| < M for all j
and k, that is, ||x|| = SUP; g [k | < 00.

Let K € N x N and K(m,n) = {(j,k) : j < m,k < n}. The double natural density of K is
defined by

1
8,(K) = P-lim — ’K(m, n)’ if the limit exists.
nm,n N

A double sequence x = (xt);xen is said to be statistically convergent to £ if for every & > 0
the set {(j, k) :j <m,k < n:|xj — £| > ¢} has double natural density zero [23]. In this case,
one can write st-limx = ¢, and we denote the collection of all statistically convergent
double sequences by st;. Recently, Colak and Altin [27] introduced double statistically
convergent of order «, and they examined some inclusion relations.

The idea of a modulus function was introduced in 1953 by Nakano [32]. Later, Ruckle
[33] and Maddox [34] used this concept to construct some sequence spaces. Let us remind
modulus function.

f:10,00) = [0, 00) is called a modulus function if

1. f(x) =0 ifand onlyifx =0,

2. fix+y) <f(x)+f(y) for every x,y € RY,

3. f isincreasing,

4. f is continuous from the right at 0.

Hence, f must be continuous everywhere on [0,00). A modulus function may be

bounded or unbounded. For example, f(x) = 3, is bounded, but f(x) =«”, 0 < p <1 is

+X

unbounded.
Aizpuru et al. [35] introduced and discussed the concepts of f-statistical convergence
and f-statistically Cauchy sequences, a single sequence of numbers, where f is an un-
bounded modulus function. Bhardwaj and Dhawan [36] continued this work and defined
f-statistical convergence of order «.. This new idea was introduced by Borgohain and Savas
[37] under the name of ’f; -statistical convergence’ Aizpuru et al. also studied these con-
cepts for double sequences [38]. Mursaleen [39] introduced A-statistical convergence as
an extension of (V, 1)-summability of Leindler [40] with the help of a non-decreasing se-
quence, A = (1) being a non-decreasing sequence of positive numbers tending to co with

Ans1 < Ay + 1, A1 = 1. The generalized de la Vallee-Poussin mean is defined by

where I,, = [n — A, + 1, n].
A-statistical convergence of double sequences has been expressed by Mursaleen et al.
[41].
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2 f,u-double statistical convergence of order &
In this section, we introduce f; ,-double statistical convergence of order @ for double se-
quences.

Throughout this paper, we take s,¢,u,v € (0,1] as otherwise indicated. We will write &

instead of (s, z) and 8 instead of (1, v). Also, we define the following:

d<B <= s<u and t=<v,

d<f < s<u and t<v,

~

B < s=u and t=v,

112

N

€(0,1] <+ s,t€(0,1],

IS

€(0,1] < wu,ve(0,1],

=

1

1 incases=t=1,

N

B=1 incaseu=v=1,

a@>1 incases>1 and ¢>1.

Furthermore, we write S3(f,, 1) to denote S7,(f,, 1) and S%(f, A, ) to denote
8%, (f>2, 1) in the section below.

We begin with the following definitions.

Let A = (A,) and u = () be two non-decreasing sequences of positive real numbers
tending to oo with A,.; <A, +1, A1 =05 4y < iy +1, 1 = 0 and @ € (0,1] be given.

Let K € N x N be a two-dimensional set of positive integers and f be an unbounded
modulus function. Then 822()\, wu)-double density of K is defined as

822([() = n’}}gwqu {G,k) €1, x I, (i,j) € K}|) if the limit exists.

Definition 2.1 Let A = (A,) and u = (1,,,) be two non-decreasing sequences of positive
real numbers as above and @ € (0,1] be given.
(xjx) is said to be f;, ,-statistically convergent of order & if there is a complex number £

such that, for every ¢ > 0,

im0 < b -1z ] <o

In this case we write SZ(f, A, 1)- limj xj = £, and we denote the set of all f; ,,-statistically
convergent double sequences of order & by S2(f, A, ), where f is an unbounded modulus

function.

In the case of f(x) =x, @ ¥ 1 and A, = n, w,y = m, fi,,-statistical convergence of or-
der & reduces to the statistical convergence of double sequences [23]. If x = (x) is f3, .-
statistically convergent of order & to the number ¢, then ¢ is determined uniquely. f; , -

double statistical convergence of order @ is well defined for @ € (0,1] but it is not well
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defined for & > 1. For this, let us define x = (xj) as follows:

1, ifj+keven,

x]‘k =
0, ifj+kodd.

f®)

Since lim;, c =~ > 0, we have

SR +1 _

1
lim ——f(1G,k) el, x L, : |xx —1] > ¢e}|) < lim
n,memf(),;ﬂin) (|{ J }|) n,m—>00 f(2)"f1/'l’£n)
and
1 At 1
lim ———[{(,k) €L x L [z —0] = e} < _lim fw 0
n,m»oof()\,fqﬂm) n,m—>00 f(2)"fdﬂm)

for o > 1, thatis, s >1and ¢ > 1, so that x = (xjx) is f3,.-statistically convergent of order o
both to1and 0, i.e., S3(f, A, u)- limxj = 1 and SZ(f, A, u)- limx = 0. But this is impossible.

Theorem 2.2 Letf be an unbounded modulus function and o € (0,1]. Let x = (xjx), y = (i)
be any two sequences of complex numbers. Then
(i) I]"Sé(f,k,u)-limxjk =g and c € C, then S;(f,k,u)-limcxjk = cly;
(i) If SE(f, A u)-limay = €, and SE(f, A, p)-limyj = £y, then
S2(f, &, )~ lim(aje + yj) = £o + L1

Theorem 2.3 Let f be an unbounded modulus function and &, f be two real numbers such
that 0 < & < B < 1. Then S2(f,h ) S S?; (f, A, 1) and strict inclusion may occur.

Proof Let &, B € (0,1] be given such that & < f. Since f is increasing, we have

1
Frepy )f(|{(/’k) €Ly X Ly« |xjr — £ Zg”)
Sf(xslw F (16R) € L x Ly b — 1 = e}

for every & > 0, and this gives S2(f, 1, ) € S‘zé (f> X, ). To show that the strict inclusion may
occur, consider a sequence x = (x) defined by

jk, ifn—[A]+1<j<mandm—[|pm|] +1 <k <m,
Kjk=
’ 0, otherwise

and we take f(x) = #”, (0 < p <1) and hence x € S}é(f,)\.,[l,) for B e (%,1], (i.e., % <u<land

%<v§1),butxé$§(f,k,u)for&e(O,l](i.e.,0<s§%and0<t§%). O

The following results can be easily derived from Theorem 2.3.

Corollary 2.4 Ifx = (x3) is f3,,.-statistically convergent of order & to £, for some o such that
o €(0,1], then it is f, , -statistically convergent to £, and the inclusion is strict.
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Corollary 2.5 Let @,p € (0,1] be given. Then
() S22k 1e) = S3(f o0 0) if @ = B
(i) SZ(f, A p) =S*(f, A, w) ifa = 1.

3 Strongly double Cesaro summability of order & defined by a modulus
function
In this section, we give the relationships between the spaces Wé,o (f, 7 ), WA(f, A, ) and

5000 M ).

Definition 3.1 Let f be a modulus function and & be a positive real number. We have

2 _ — (. 2.,
Wi o(fs A 1) = {x-(x,k)es mly}Lnoo o) ZZf i) = }

jelnkel,
2 = = . —_
Wa(f,k,u)—{x—(x,k)es P lim ()L T ZE f (I — 1) = }
jeln kely
ws oA, 1) = {x:(x,k)es2:sup aZE z‘ Ix,kl <oo}
nm n m) jelukely

Theorem 3.2
(i) Letf be a modulus function. For & > 0, we have w3 o(f, A, 1) C wg (f, A, 1).
(ii) Let f be a modulus function. For & > 1, we have wZ(f, 1, ) C w2 _(f, %, ).

Proof (i) The proof of (i) is trivial.
(ii) Let x € wé (f, 2, ). By the definition of modulus function (ii) and (iii), we have

()Lnum)azzf |x/k| (A, m)azzf Ik = Z' +f |£| m)azzl

j€lnkel, j€ln kel, j€lnkel,
and since @ > 1andx € w2(f, 1, 1), we havex € Wé,oo(f’ A, 1), which completes the proof. O

Theorem 3.3 For any modulus function f and & > 1, we have wi(1, i) C wi(f, A, i),
W3 o (1) C W o (fs 0 ) and wi (A, 1) C wy (F, 3 o).

Proof We give the proof only when wé,oo()n,u) C Wé,oo(f’)“’”) and the rest of cases will
follow similarly. Let x € w2 (%, i), so that

sup = 55l <.
nm (Abhm)

j€ln kel,

Let ¢ > 0 and choose § with 0 < § <1 such that f(¢) < ¢ for 0 < ¢ < §. Now we write

()»n,U«m)"‘ sz 1) Z Z

jelnkely
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where the first summation is over || < § and the second is over |xj| > 8. Then ), <

1
€ G i T and, for |xj| > 8, we use the fact that
||
x| < —— <1+ ,
8
where [|£|] denotes the integer part of ¢. Given ¢ > 0, by the definition of f, we have

S (lwiel) < <1+ H'%k' D/(l) <27 ’k'

k|
é

for |xjx| > 8 and hence 3°, < 2f(1)57'3,; > 4y, 1%kl which together with 3°, < e

(}\nﬂ-m)&_l
yields
S ) < s S S e
(Rt jelnkely, Al jeln kely,
. ~ 2 2 .
Since@ >1and x € W&,oo()“’ 1), we have x € W5 oo (f> X, ) and the proof is complete. O

Theorem 3.4 Let f be a modulus function f and & > 0. IflimHoof(Tt) > 0, then wi(f,
Ao ) Cwa(ho ).

Proof Following the proof of Proposition 1 of Maddox [42], we have [ = hmt_mof f)
inf{@ : t > 0}. By the definition of /, we have f(¢) > It for all £ > 0. Since [ > 0, we get
t <IYf(¢) forall £ > 0, and so

—3 -t < m)a ——— " Fllsi - 1),

[X
(* ”'u”‘) jeln kely, Ant jeln kely,

from where it follows that x € w2 (f, A, u) whenever x € w2 (A, ). O

Theorem 3.5 For any modulus f such that limt_mo@ >0 and a > 1. Then wé(k,u) =
W2 (f, 2 ).

4 Relation between f, ,-statistical convergence of order o and strongly double
Cesaro summability of order & defined by a modulus function
In this section, we give the relationship between the strong f; ,-Cesaro summability of

order @ and f; , -statistical convergence of order S.

Lemma 4.1 Let f be an unbounded function such that there is a positive constant ¢ such
that f(xy) > cf (x)f (y) forall x > 0, y > 0 [42].

Theorem 4.2 Let0 <a < ﬁ < 1andf be an unbounded modulus function such that there
is a positive constant c¢ such that f (xy) > c¢f (x)f (y) for all x > 0, y > 0 and lim;_, », ﬂTt) >0.If
a sequence x = (x;i) is strongly f,, ,.-Cesdaro summable of order & with respect to f to £, then

it is f;,,,,-statistically convergent of order f to L.
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Proof For any sequence x = (xj) and & > 0, using the definition of modulus function (ii)

and (iii), we have

> > fllxe L) zf(ZZ|x;k—E|) > F([{G,6) € L x Ly s I — €] = £}]e)

j€lnkely jelnkel,

> of (|{(. k) € L x L : e — €] > e}|f(e))

and since @ < 8

= >3 (b =)
> n;ntcf(H(j,k) €Iy x Iyt |xp — £ > e}|f (e))
> nulqufq{(j,k) €Iy X I : | — £ = e}|f (e))
- mcfﬂ{(]’,k) € Ly X L : loe — €] = e} |f (e))f (" m”),

where, using the fact that limt_mo@ >0and x € wé (f> 2, ), it follows that x € Slzg()n, uw)

and the proof is complete. g
If we take § = & in Theorem 4.2, we have the following.

Corollary 4.3 Let f be an unbounded modulus function f(xy) > cf (x)f (y), where c is a
positive constant for all x > 0, y > 0 and lim;_, o @ >0 and & € (0,1]. If a sequence is
strongly f,,,-Cesaro summable of order a with respect to f to £, then it is f; , -statistically

convergent of order & to .

5 Conclusions

In this study, we define f; ,-statistical convergence for double sequences of order «,
where f is an unbounded modulus function. Besides this we also study strong f; ,-Cesaro
summability for double sequences of order @ and give inclusion relations. These results

are the generalizations of the studies by Meenakshi et al. [43].
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