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1 Introduction
In this paper, we consider an unique continuation of the following linear coupled heat

equations:

yi(x, 8) — Ay(x, ) — alx, £)y(x, t) — b(x, t)z(x,£) =0, (x,£) € 2x(0,7T),
ze(x, £) — Az(x, £) — c(x, O)y(x, £) — d(x, £)z(x,£) =0, (x,t) € 2 x (0, T),
y(x,2) =0, (x,t) €0 x (0,7),
z(x,£) =0, (x,8) €02 x (0,T),

11)

where  is a bounded, convex domain of R (d > 1), with a smooth boundary 9. Let
o C Q2 be a nonempty and open subset of €2, and T is a positive number. Now we suppose
that

a(x,t),b(x,t),c(x, t),d(x,t) € L™ (Q x (0, T)) 1.2)
and

max{|allzo@x©,m), 18]l 2o @x (0,17, lellze@xo.1), |l re@xor) | <M, (L3)

where M is a positive number.
In this paper, we are concerned with the unique continuation for the solution of Eq. (1.1).
The main results obtained in this work can be stated as follows.
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Theorem 1.1 Let w be a nonempty open subset of 2. Then there are two positive numbers
p = p(Q,w) and C = C(Q,w) such that for each T > 0 and for each potential a,b,c,d €
L>®(Q x (0, T)) with condition (1.3), any solution (y,z) with y(-,0) = yo(-) € L*(RQ), z(-,0) =
20(-) € L*(), to equation (1.1) has the following estimate:

f (’y(x, T)|2 + !z(x, T)‘Z) dx
Q
c 2 2 2 2 o
< Cexp ?+C(MT+M %)) x (lyo@|” + |z0(x)|") da
Q
2 2 p

X /(|y(x, T)| + |z(x, T)| )dx . (1.4)
Theorem 1.2 Let w be a nonempty open subset of Q. If the initial data (yo,zo) # (0,0), and
Y0,20 € HY(R), then there exists a positive number C = C(Q2, w) such that for each T > 0 and
for each potential a,b,c,d € L*(Q2 x (0, T)) with condition (1.3), any solution (y,z) with

¥(-,0) = y0(-), z(-,0) = zo(-), to equation (1.1) has the following estimate:

1501122y + l1z0N22(g,

c - ) ||y0||i[1(9) + ||Zo||i11(9)
< CeT FMT+MT )exp(C(l +2M)Te“M T 5 5 )
0l 72y + 1201172 g

x /(|y(x, T)|2 + |2(x, T)!z) dx. (1.5)

Remark 1.1 The constant C in (1.4) or (1.5) stands for a positive constant only dependent
on ©, w. This constant varies in different contexts.

The study of unique continuation for the solutions for PDEs began at the early of the
last centaury. Besides its own interesting in PDEs theory, it also plays a key role in both
inverse problem and control theory. The first quantitative result of strong unique contin-
uation for parabolic equations was derived in 1974 in the literature [1]. In [1], the authors
establish the unique continuation for the parabolic equations with time independent co-
efficients in terms of the eigenfunctions of the corresponding elliptic operator, and their
results did not apply to parabolic equations with time dependent coefficients. After 1988,
there were more results of unique continuation for parabolic equations, and we refer the
reader to [2-9], and the rich work cited therein. In [10], the author discusses the unique
continuation for stochastic counterpart. In our paper, we mainly study this property for
the coupled heat equations. To the best of our knowledge, this topic has not been studied
in past publications. With the aid of frequency function methods, we can establish these
quantitative estimates (see [2, 6]).

The paper is organized as follows. In Section 2, some preliminary results are presented.
The proofs of Theorem 1.1 and Theorem 1.2 will be given in Section 3.

2 Preliminary results
Given a positive number A, we define

1 _laxgl?

G)»(x: t) = me AT-t+3) (x, t) € Q x (0, T) (21)
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Then, for each ¢ € [0, T], we write

Hy(t) = /Q (lyex, 0 + |2(x,0)[*) Ga(x, 1) dx, (2.2)

Dy (t) = /Q (|Vyex O + |Vzlx,0)*) G, £) dix, (23)
and

N (@) = %*:)), (2.4)

where (y(x,t),z(x, £)) are the solutions of equation (1.1). The function N; (¢) was first dis-
cussed in [11], and it was called frequency function (see also [2, 12], and [9]). Throughout
this section, we always work under the assumption H, () # 0. Next, we will discuss the
properties for the functions G, (x,t), H;(¢), D, (¢) and N, (¢). Now, we first fix a positive
number r and a point x( in the subset w such that B, C w. B, denotes the open ball, cen-
tered at the point xo and of radius r, in R?. Write m = sup,q | — xo|>. Lemma 2.1 is taken
from [2, 6].

Lemma 2.1 Foreach A > 0, the function G, given in (2.1) holds the following four identities
over R4 x [0, T):

0:G,.(x, 1) + AG; (x,1) =0, (2.5)
= (2 — o)
VG, t) = m@\(& £), (2.6)
2 B -1 i — x0;|*
3, G(x,t) = Tt Gi(x, 1) + WT—t4 )2 Gy.(x, 1), (2.7)
and, for i #j,

(% — in)(xj - xo;‘)

3:9,G (%, £) =
Gl = =y

GA (?C, t)' (2.8)
Lemma 2.2 For each ) > 0, the following identity holds for t € (0, T):

d 2
o In H, (£) = =N, (¢) + m /g;(y(aty - Ay) +2z(3z - Az))Gx dx. (2.9)

Proof By a direct computation, we can obtain

H(t) = Zf(yaty+z8tz)Gx dx+/(y2 +2°)3,G;. dx

Q Q
:Zf(yaty+zatz)Gxdx—/(y2+z2)AG,\ dx

Q Q
=2/(y8ty+zatz)dex—/ A(y2 +22)Gxdx

Q Q

= 2/ (y0sy + 20,2) G, dx — 2/ ((V9)* + yAy + (V2)* + 202) Gy dx
Q Q
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= 2/ (Y0 — Ay) + 2(3z — A2)) Gy dx — 2/ (IVy]* +|Vz[*) G, dx
Q Q

= 2/ (¥(3y — Ay) + 2(3,z — A2)) Gy, dx — 2D;.(¢). (2.10)
Q

Therefore, for each ¢ € (0, T'), we have

d H;(¢)
= =—-N,(¢ a A a Az))G; dx. 211
G0 = 0 =N+ 2 [ 0y 09+ 02-00)Grds. @)
This completes the proof of this lemma. d

Lemma 2.3 For each A >0 and t € (0,T), the functions H, and D, defined in (2.2) and
(2.3), respectively, satisfy

2H, (£)Dy (¢) = —[ZAy(aty 2(T_7:A)Vy+ 1(Ay aty)) G, dx

2
X — X0 1 2
2 = Vit (Az-
+ /Qz<8tz T =17 z+2( z 3t2)>Gxdxi|
2
+ (/ y(Ay—aty)G,\dx+/z(Az—Btz)dex) . (2.12)
Q Q

Proof By (2.5), (2.6), we can rewrite H; (¢) as follows:

H, () =2/(y8ty+zatz)dex—/(y2+22)Adex
Q

Q

:2/(y8ty+zatz)dex+/ V(y* +2*) VG, dx
Q

= 2/ (y0y + 20,2) Gy dx — / (2yVy + ZZVz)Mix)G,\ dx

X — X0 X — X0
=2 [ y(oy- -2 v\Gdx+2 [ z[0z- —— v;)G.d
/Qy( DT —t+ ) ) »axT / (tz AT —t+1) Z) »ax

—2/ by — 2% gy Yay_a))G.d
=2 | I\ 0= gy Yyt 38y -9 | Gudx

+2 /Q z(ﬁtz - %Vz + %(Az - 8tz)) G, dx
_ /S;y(Ay - 3,9)G,. dx — /Q z2(Az — 3,2)G,, dx. (2.13)
It follows from (2.6) that for each ¢t € (0, T')
D;(t) = /Q(|Vy|2 +1Vz|*)G; dx
= /Q VyVyG, dx + /Q VzVzG, dx

=/diV(yVka)dx—/ydiV(VyGA)dx+f div(zVzG;) dx
Q Q Q

- / zdiv(VzG,) dx
Q
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X — X0
=- AYG, d Vy————— G, dx — AzGy d
/nykar/nyz(T—t-,-)L)xx/QZZ’\x

X — X0
+/szindx
Q 2(T—t+)\.)
X —Xo 1
=- dy— ———— Vy+—(Ay—2
/Qy( YT e ) v+ 5By =)

X — Xo 1
- dz— ——20 G~ (Az-08,2) )G d
/QZ< TN T—t+ ) 2+ 5z tz)) »

1
)Gxd ——fy(Ay—Bty)Gxdx
2 Ja

1
- = / zZ(Az — 8;2) G, dx. (2.14)
2 Ja

This, combining with (2.13), shows that

/ X — X0 1
H = =0 Vy+ = (Ay-
2H, (£)Dy (2) |:2/Qy(8ty NT—1+7) y+2( y 8ty))dex

X — X 1 2
2 02— ———Vz+ —(Az-0 G, d
+ /QZ< iz T =17 z+2( z tz)> A x}

2
+ (/ y(Ay — 0,y)G; dx + / zZ(Az — 0;2)Gy, dx) . (2.15)
Q Q

This completes the proof of this lemma.

Lemma 2.4 Foreach A >0 and t € (0,T), then we have

Di(t) = —/ VY2, G, do +2f 3,9(VyVG,)do
Q2 19

—/ |Vz|28vada+2/ 0,z2(VzVG,)do
Fie) a0

X — X0 1 2
2 [ (oy- =22 Vy+ —(Ay-) ) Gid
/Q<ty 2Tt 2 ty)) *x

2
X — X0 1
—2 [ (82— = V24 S(Az-02) ) Gid

/Q<tz 2Tt 2 tz)) o

1 1 1
— | (Ay-89)*Grdx+ = | (Az-3,2)°Grdx + ————D;(t). (2.16
+2/Q(y 7) Ax+2/9(z 12) e Ty (@), (2.16)

Proof By a direct computation, we can derive
Di(¢) = 2/ V3, VyG, dx+/ |Vy|*0,G), dx
Q Q
+ 2/ V20, VzG, dx + / |Vz|*8,G;, dx
Q Q
= 2/ Vyd,VyG; dx—/ |Vy|?AG), dx
Q Q
+ 2/ Vz0;VzG, dx—f |Vz|2AG; dx
Q Q

=2 / div(Vyd,yG,) dx — 2 / 3y div(VyGy) dx — / [Vy|>AG), dx
Q Q Q
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+2 / div(Vz9,2G,) dx — 2 / 9,2div(VzG,) dx — / |Vz|2AG, dx
Q
2/ 0yAyG, dx — 2/ 9yVyVG; dx — /IVyI AG; dx
Q
-2 / 8,202G, dx — 2 / 8,2VzZV G, dx — / |Vz|2AG; dx
Q Q

2/ atyAyGAdx+2f ayVy G, dx - /|Vy| AGy dx
Q

2(T t+ A)

X — X0 2
-2 [ 0,z20zGydx+2 | 0,2Vz————G) dx — Vz|* AG, dx.
]Qtz zG; dx + /Q,z Z2(T—t+x) 5\ dx /QI z| 5\ Ax

However,

IVyI2AG, = div(|VyI*VG,) - 2div(Vy(VyVG,))
d
+20yVyVG, +2 ) VydydiV G,
i=1

and

V2> AG;, = div(|Vz|*VG,) - 2div(Vz(VzV G;))
d
+202VZV Gy +2) V2020V G
i=1

Now, we write
A= / VY%, G, do — 2/ 3,9(VyVG,)do
Q2 Q2
and
B= f |Vz|%8,G, do — 2f 8,2(VzVG,)do.
Q2 19
Then, by (2.18), (2.19), (2.20), (2.21), we obtain

d
/ |Vy|2Adex:A+2/ AyVyVGxdx+ZZ/ Vy0;y3;V G, dx
Q Q o Ja

X — Xo
A2 rayvy— "X G4
/Qy Yor—t+n)

2Xd:/a 9 A L ISP
+ iY0; + X
o N o ey P A=t

xl Xoi (x] xO])
2 0,0y G, d
* %}:/ MT—t+r2

Page 6 of 17

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

—A—2/AV7de+/|V|2_7lde
- I Tt T\ T+

X — X0
+2/(72(T t+)\) ) G)\dx

(2.22)
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In the same way, we get

X —Xo -1
Vz?PAG,dx=B-2 | AzVz———" G, d vz [ ——— |G, d
[ e a6 de b [ aever =R de | 9o (i )G

2
X — X0
2 —V G, dx. 2.23
* /g(z(T—HA) z) e (2:23)

Thus, we can rewrite (2.17) as

2 2
()= -A_B— _ XX _ _ XX
D)\(t)— A—-B 2/(2(T—t+)\)vy) G;‘dx 2/(2(T—t+k)vz) dex

+ 2/ (Ay + 0ry) VyG, dx + 2/ (Az + atz)7VzG,\ dx

2T -t+2)

1
- 2/;2 atyAka dx—2 \/s‘z atZAZGA dx + ka(t)

2(T t+ ,\)

2
X — X0
=-A-B-2 [ (8y- i Ay-dy) ) Gud
/Q(ty Tt 2 (y ry)) rdx

2
—2v/<8,z—&Vz+ —(Az - Btz)> G, dx
o t 2
1
2[ —(Ay + 8,9)*G,, dx—Zf 0yAyG) dx
Q4 Q

1 1
2/;2 Z(AZ +0;2)°Gy dx -2 /Q 0:z02G; dx + mD*(t)

_ 1 2
:—A—B—2/(8ty—&Vy+ E(Ay—aty)) G, dx
Q

2T —t+)
X — X0 1 2

-2 0z— ———Vz+ —(Lz-0 G, d

/Q<tz AT—t+n) 2t a8 tZ)) » o

1/(A 8)2Gd+1/(A 32)°G,.d L _»p (2.24)
+= - X+ = - x+ ——D;. .

2 Q y ty - 2 Q z 1% ~ (T—t+)\.) &

This completes the proof of this lemma. O

Lemma 2.5 Foreach ) >0 andt € (0,T), it follows that
d 2
7 [(T—t+MN.(0)] < 4M*(T + A). (2.25)

Proof Firstly, we compute Nj (£) as ¢t € (0, T). By (2.24) and (2.15), we derive that

S 1
N = 2<Hx(t)

2 la g1 poy
_M{_ IRV

2
) [D,(OH, () - Dy (OH, ()]

X — X 1 2 1 9
2 [ 8y - c——Vy+ —(Ay—-8) ) Grdx+ = | (Ay-89)°Gd
/Q<ty Tt y+ 5Ly ty)> Ax+2/9(y 1)° G, dx

X — X 1 2
2/9(&2 2(7"71:0)\)vz+ —(Az - atz)) dex+—/(Az 0:2) Gxdx}
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1 ’ X — Xo 1
) (Hm)) {‘[Q/Qy@y‘ 2T —een ) T2 34))@ da

X — X0 1 2
2 0z————Vz+—(Az-0 G, d.
+ /QZ< 1z 2T —t+7) Z+2( z tZ)> A x]

2
N [ /Q WDy = 09)Gy dx + /Q Z(Az—atz)dex} }

1 A+B

(T-t+x)N“ H, (t)

2 2 ) X — X v I(A 2))G. d
+(Hx(t)> {[/Qy< ty_m J’+§ Y = t}/) 2 aAx

X=X 1 >
+ /QZ(BtZ— Z(Tti)")vz-l- E(AZ— 8,52)>G,\ dx:|

X — Xo 1 2 9 9
- TP gyy S (Ay-
/Q<8ty NTtr ) y+2( y Bty)) dex‘/g(y +2°)G dx

X=X 1 2
_/Q<8tz—2(T_7ti)L)Vz+ E(AZ—B,:Z)) dexA(y2+Zz)dex}

1 2
- (H,\(t)> [/szy(Ay —01y)Gy dx + /QZ(AZ —3,2)Gy, dx]

+ H,\l(t) [/Q(Ay - 9,9)%G) dx + L(Az - 3,2)°G,, dx]. (2.26)

2

Let

— X 1
0 Vy+ —(Ay - 0),

X
=9y —— 0
RERCANDYT ORPIP DR

B =0z— N SN l(Az—atz).
2 2

(T—t+A)

It follows from the Cauchy-Schwarz inequality that

/aszdx/(y2+z2)Gxdx+/ ﬂszdx/(y2+z2)dex
Q Q Q Q

=/(a2+ﬁz)dex/(y2+z2)dex
Q

Q

2
> [/yoedex+/z,BG)\dx:| .
Q Q

It, together with (2.26), shows that

1 A+B

N;(8) - 7@ — A)Nk(t) + zHl(t)

[ / (Ay - 3,9)*G), dx + / (Az - 3,2)*G), dx} <0. (2.27)
Q Q

- H,(2)

In what follows, we will discuss the properties of A and B. Since y = z = 0 on 92, we have
Vy =9,yv, Vz = 9,zv on 9L2. If the domain €2 is convex, we can derive that ((x—x) - v) > 0.
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According to (2.20) and (2.6), then

A= |Vy|28],GAda—2/ 3,9(VyVG,)do
aQ 191

o 2((x - x0) - _r
__2(T—t+k)/39|vy| ((x—0) V)Gxd0+(T—t+)\)

X f va((x - xg)Vy)Gk do
ile)

v 2l ). 1
- 2(T—t+A)/39|Vy| (Ge=0) ”)G*d‘”(T-Hx)

x/ 19,y1%((x = %0) - v) Gy, do
90

1

=5 2 31) 2 — . d 0.
2(T—t+A)X Q| W ((x x0) U)GA o >

In the same way, we get

1
TAT—t+A) X /asz 19,21 ((x = x0) - v) Gy do > 0.

Combining with (2.27), we get

(T -t + X)N; (2) — No(2)

(T—-t+A)

2
_ Tt)[ / (Ay— 0,9)2G dx + / (Az—,2G, dxi| (2.28)

Using equations (1.1) and (2.28) can be written as

(T-t+2)

(T —t+ )N, (¢) - N, () < T[[ (ay+bz)2dex+/(cy+dz)2G,\dx]

AM*(T -t +A)
< _
- H, (¢)

< 4M(T + ).

(Iy) + 12I*) G;. dx
Q

Thus,

%[(T —t+ AN (0)] <4M*(T + 1), Vte(0,7).

This completes the proof of this lemma. d
Let
Jo(1y(x,0)* + |2(x,0 )Iz)dx)
Kuyzr =21n +8MT +4M*T* +
et (fguy(x, T)[ + 2w, T)[?) d

Then we have the following lemma.
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Lemma 2.6 Foreach A >0, we have
d A
ANGV(TY+ =< (=+1 ]CM,y,z,T' (2.29)
2 T
Proof Integrating (2.25) over (¢, T), we have

ANG(T) < (T =t + AN, (8) + AM>(T + A)(T - ¢)

< (T + AN, () + 4M2T(T + 1).

Integrating the above over (0, %), we obtain

ngA(T) < (T+A)fiNA(t)deMZTZ(Tm). (2.30)
0

By integrating (2.11) over (0, %), we get

: _ [t (F o2
/0 N, (t)dt = - B dt+/o Hk(t)/Q[y(aty—Ay)+z(8tz—Az)]Gxdxdt
(L) % o2

=—In H(0) +/0 A /Q[—y(ay+bz)—z(cy+dz)]G,\dxdt
H,(0) [% 2 ,

§lon(§) +/0 H/\(t)/g2M(y +2°) G dxdt

<In H)\((;) +2MT.
H;(3)

This, alone with (2.30), shows that

T H, (0
S MN(T) < (T+A)[1n *(T) +2MT+2M2T2:|.
g
We have
d _|x—x0|2
H(0)  Jo(y(x, 0) + |2(x, 0))(T +2)7% - ¢ 7T dx
H)\(g) N _|7C—7¢0\2

d N
Joy@ D2 + 126, D)L +2)75 e 2 da

d
2

Jolly O) + 125, 0)1?) dx - (5 + )
a _ g2
Jo(ly(x, %)I2 + |z(x, §)|2) e WE gy (T + )L)%t

_ 0@ 0P + 0P dx - (+ 18
T Lol D+ 26 D2y dx - (T +2)%

Jo(y(x, 0)1 + |2(x, 0)|%) dx

JooGe, D)2 + 12(x, D)2 dx’

m
<elr
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Therefore,

T Jo(y(x,0)1? + |2(x,0)]?) dx
SANA(T) < (T + 2
alf) = (L )[ <f9 Iy D)% + |2(x, L)12) dx

) +2MT + 2M2T2].

Using the energy estimate

fQ(D}(x’ T)|2 + |Z(x, T)|2)dx < OMT
JallyGe D)% + l2(x, $)12) dx

)

we obtain

A Joly(x, 0)1 + |2(x,0)1*) dx \  m 22
0002 (7:41) [ S T o ) 7 T e

A d
= (? + 1) (ICM,y,z,T - 5)

This is (2.29). O

While most of the proof of the following lemma is similar to Lemma 3 of [2], we would
rather give the proof in detail for the sake of completeness.

Lemma 2.7 Foreach T >0 and y, € L*(R), zo € L*(Q), the solution y and z, with y(-,0) =
¥0(+), 2(-,0) = z9(-), to (1.1) holds the estimate:

[1—%<—+1>I€M”T:|/ |x—x0|2(|y(x,T)|2+|z(x,T)|2)e xix()l dx
r T Q

x—xq |2
= 8)\’<% + 1>ICM,}’:Z,T/ (|y(x; T)|2 + |Z(x, T)’2)6_| 4/{)I dx.
By

Proof We first point out the following fact: for any f € H}(2) and for each A > 0, we have
0 < [, IV(f(x)exp(- 'x_x"‘ ))|? dx. By computing the right-hand term, we get

|x — o> 2 _lw=
/—SA V(x)‘ e @
Q

.4 / 1) P . (2.31)

It follows from (2.31) and (2.4) that

le—x0|2(|y(x, | |zx,T){)
I xo\

<8 <2k/ (IVy, D + |Vzle, T)[*)e dx
Q

|x— "0‘

dx



Zheng et al. Journal of Inequalities and Applications (2017) 2017:234

d
) /Q(|y(x, ) + |2x, T)[*)e )

§8A<AN,\(T)+g)/(|y(x,T)|2+ |2(x, T)|*)e
Q

|x—: "0‘

<1(a(0)+ 5 )| [ (b D + et )3 a
By

r2

+ 1 v — %0 (|y(, T)}2 + |20, T)’z) -5 x0| dx:|
Q\B,

It, combining with (2.29), shows that

2 2 2\ _ ol?
/le—xol (|y(x,T)| +|z(x,T)| )e o dx
A 2 2 _\%—xo\z
§8k(:7+1)ICM,y,z,T[/ (ly D))" + |2(x, T)|)e =
By

1 -
+r_2/ |x—x0|2(‘y(x,T)‘2+ ’z(x,T)’z) : 0| dx]
Q

We get

81
[1—r—2(—+1)sz”T]/ e =0 ([ye, 1| + o, T) e 3

%o %
4

A
< 8k<? . 1>iCM,y,Z,T/ (Iyee, T + |2z, T)[P)e
By

This completes the proof of the lemma.

3 Results and discussion
3.1 The proof of Theorem 1.1

dx

dx.
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(2.32)

(2.33)

(2.34)

Proof We start with proving (1.4). We take A > 0 in the estimate of Lemma 2.7 to be such

that

8A 1
}‘2 (T +1)’CMsz— 5

By direct computation, we have

1 Tr2
A==|-T+ |T?+——).
2 4ICM,y,z,T

Since % < K1y, it follows that

Ty2
4’CMsz

1 T+ /T?+

X =2 Tr2

4'K:M,y,z,T

=8| T+ T2+T4r2 ! — Kyt
4'ICM,y,Z,T Tr2

(3.1)
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<8(2r I\ 1
+ —
= 4"CM,y,Z,T T7'2 M,y,z, T

4r

1
< 16 + ﬁ r_21CM,y,z,T~

Therefore, we have

e% < e(4m+r\/r7)%21CM‘y’Z’T

14 Lz 272
< e(4m+r\/ﬁ) 79 e(4m+r\/ﬁ) 5 (F+8MT+4M>T?)

( Jo (19, 0)2 + |2(x, 0)[?) dx )2<4m+rﬁ>/r2
X .

Jo Uy, T) 12 + |2(x, T)1?) dx
By Lemma 2.7, we get

ls=xo1

[ =P (ot D fes, 1)
Q

_lxl?

<2 [ (o) + et D) H
By
Then we derive that

/Q(’}’(x, T)]2 + |z(x, T)\Z)e-% dx

_lx=xg?

5/(|y(x:T)|2+iZ(x,T)|2)e o dx
Q

lx=xq|

2
5/ (|ye, ) + |2, T)[F)e 3 dx
QNlx-xo|=r

=012

+/(|)’(x,T)‘2+|z(x,T)]2)e‘ o dx
Br

lx—xg|2

1
= rj/;|x—9¢o|2(|y(x, T)|2 + |Z(x, T)|2)e’ Iy

_lx=xp?

+/(|y(x,T)|2+|z(x,T)|2)e - dx
B,

x—xq |2

<2 [ (D + et D)
Br

< 2/ (| 1) + [2x, 7)) .
By
Thus,

/Q(W’ T)|" + |26, 7)) dx

<2e# / (ly6e 7| + |2, T)[*) dx
By

< Ze(4m+rﬂ) %2 g e(4m+rﬁ) rlz(% +SMT+4M2T2)
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(3.2)
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( Lo (1@, 0)]% + |2(x, 0)[2) dax )MWM”
Ty T2 + 2(x, T)?) d

X / (|y(x, T)‘2 + ’z(x, T)’z) dx. (3.3)
B,
Then we have

‘/Q(b/(x’ T)|2 + |z(x, T)|2) dx

2
 CoS o ST T <f9(|y(x,0)|2+ |z(x,0)|2)dx)c”

ene T (b TP + 12 TP da

X /B (|y(x T)|2 + |2(x, T)|2) dx,
which is equivalent to the following inequality:
/Q(’y(x, T)’2 + !z(x, T)‘Z) dx

<
< CeC/TeC(MT+M2T2)</ (|y(x,0)|2 + et 0)‘2) dx) 2.C
Q

2
([t riia)
Br

< Cexp(% + C(MT+M2T2)> (/Q(}yo(x)|2 + }zo(x)|2) dx)rhc

J i
r2+C

([ s s ) )

— 72
r2+C

Letp and then the above inequality can be written as

/JW’ T)[* + |26, 7)) dx
1-
< Cexp(g + C(MT+M2T2)> (f (Iyo(x)|2 s IZO(x)|2) dx) p
T Q
b
([ s e D)) »

Thus, we can obtain (1.4). This completes the proof of this theorem. g

3.2 The proof of Theorem 1.2

Proof In order to give (1.5), we should first prove the following backward uniqueness es-

timate:

2 2
2y ||J’(x,0)||H(1) + ||z, O)HHé) 55)

(x,0)17, + llz(x, 0)|7
[y, 0) 1175 + |l 172 <exp(C(1+2M)TeCM i ;
lly(x, )17, + ll2(x, 0)1I7,

lyGe, )72 + Nz, T, ~
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For yo,20 € H)(S2), the solutions of equation (1.1) y(x, £), z(x, £) € L*(0, T; H*(2) N HY(2)).

Then we can define a function ®(¢) as follows:

X% 0%, + |lz(x 0|2
fly( )”H(l) llz( )||H(1)

[6)) =
O = I, + 1w O, ~

Let f = ay + bz, and g = cy + dz. By direct computation, we obtain

d (1
E(?l)’lliz) =—||y||i,é —(ay + bz, y), (3.6)

||Z||L2 ||Z|| —(cy + dz,z), 3.7)

d (1
%<2IIyIIH1) IIAy||L2+ Ay(ay+b2)dx,

d
Z\3 |z|| IAzlle + Az(cy+dz)d
Then
d © (”y”il(l) + IIZIIf{é)/(IIylliz +12l7,) - (IIyII21 + ||Z|| )(“)/”22 + 117,
Z () =
dt (1%, =+ T2l,)?

B 2
(1% + l121%)?

X {(—Ilﬁylliz — 1Azl +/fAydx+/gAde)(llyllfz +l1z113,)
Q Q

+OM%+MQ+/ﬂW+/ﬂWyM%+M%H
Q Q

2
(912, + l2]1%,)2

X {(—IIAylliz - llazlz +/fAydx+_/gAde)(llyllfz +llzll72)
Q Q

1 2 1 2
+ <||y||i,(1) +||Z||f{(1) +§(/nydx+f9gzdx>> —Z(/nydx+/ﬂgzdx> }

Integrating by parts and using Cauchy-Schwarz inequality, we have

dcp(t)— 2
dt (1% + l121%)?

x {(—Ilﬁyllfz — 1Azl 7, +ffAydx+/gAde)(llylliz + l12117,)
Q Q

; </S2(—Ay+§)ydx+/;z<—Az+g)zdx)z—i(/;zfydx+/;2gzdx)2}

- 2
= (1% + 12122

x {(—Ilﬁyllfz — 1Azl 7 +/fAydx+/QgAde>(llylliz + |12117)
Q
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-Az+ =

(o

2

< - @@
(712, + l121%)?

x {(—IIAylliz — 1Azl 7, +/fAydx+/gAzdx)(llylliz + l12117,)
Q Q

g 2 2
||z||L2) ——</fydx+/gzdx) }
2|2 4\ Jq Q

Iyllz2 +
12

2 2

+(H—Ay+§ L —Az+§ Lz)(nyniﬁnzn;)}.
Thus,
d 2 f 2 g 2
—@(t)s—(H— +H— Iy1172 + llz7
dt Uyl2, + 12122\ 202 1212 (I + =l2)
LI+l llay + bzl + lley + 2,
2(lly12, + llz1%,) 2([y1%, + l1z11%,)
2 2
_ W + 1zl o,

2 2 -
1%, + 212,

With the aid of Gronwall’s inequality, we obtain, for ¢ € (0, T),
®(t) < eM T P(0). (3.8)

This, combining with (3.6) and (3.7), indicates that

1d
0= 2= (IylF + llzla) + 17 + 12l + @y + bz,3) + (ey + dz,2)
1d
= 5 7 (15 +11z152) + @O + 11212) + 2M SO (IyI7 + l121172)
1d ,
< ia(llylliz +l2l) + (1 + 200 LT D) (1 + l12]%)- (3.9)

Integrating (3.9) on (0, T'), we get the desired estimate
|3 0)[72 + 2, 0)] 2 < exp(2(1 + 200 T T 0(©)) (3t )| 12 + 26, T 2).
Thus,

lly (e, 0)117, + llz(x, 0117,
yCe, 17, + Iz, TN

Iy 0)12, + ||z(x,0)||;%>

2
<exp (2(1 +2M)TeMT
ly(x, 0)[17, + llz(x, 0)[I2,

This is the proof of (3.5), and we have completed the proof of Theorem 1.2. d

4 Conclusions
In this work, we discuss the unique continuation for the linear coupled heat equations.
Our results demonstrate that the value of the solution equation (1.1) can be determined

uniquely by its value on an arbitrary open subset w of €2 at any given positive time T In
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other words, if the solution of equation (1.1) satisfies y(-, T) = z(-, T) =0 on w, theny =z = 0
on © x (0,T). This is the quantitative version of the unique continuation property for
equation (1.1).
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