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Abstract

In a real uniformly convex and p-uniformly smooth Banach space, a modified
forward-backward splitting iterative algorithm is presented, where the computational
errors and the superposition of perturbed operators are considered. The iterative
sequence is proved to be convergent strongly to zero point of the sum of infinite
m-accretive mappings and infinite B-inversely strongly accretive mappings, which is
also the unique solution of one kind variational inequalities. Some new proof
techniques can be found, especially, a new inequality is employed compared to some
of the recent work. Moreover, the applications of the newly obtained iterative
algorithm to integro-differential systems and convex minimization problems are
exemplified.

Keywords: p-uniformly smooth Banach space; 8-inversely strongly accretive
mapping; y;-strongly accretive mapping; u-strictly pseudo-contractive mapping;
perturbed operator

1 Introduction and preliminaries
Let X be a real Banach space with norm || - || and X* be its dual space. ‘—’ denotes strong
convergence and (x,f) is the value of f € X* at x € X.

The function py : [0, +00) — [0, +00) is called the modulus of smoothness of X if it is
defined as follows:

1
px(£) = sup{ 5 (e + 1+ lx=yll) ~L:x,y € X, 2l =1, Iyl < t}.

A Banach space X is said to be uniformly smooth if pr(t) — 0,ast — 0. Let p > 1 be
a real number, a Banach space X is said to be p-uniformly smooth with constant K}, if
K, > 0 such that px(t) < K,#” for t > 0. It is well known that every p-uniformly smooth
Banach space is uniformly smooth. For p > 1, the generalized duality mapping J, : X — 2X"
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is defined by
Jpxi={f € X*:(x f) = [l If ]| = )P}, xe X,

In particular, J := J; is called the normalized duality mapping.

For a mapping T : D(T) E X — X, we use F(T) and N(T) to denote its fixed point set
and zero point set, respectively; that is, F(T) :={x € D(T) : Tx =x} and N(T) = {x € D(T) :
Tx = 0}. The mapping T': D(T) E X — X is said to be

(1) non-expansive if

ITx— Tyl < llx -yl for Vx,y € D(T);
(2) contraction with coefficient k € (0,1) if
| Tx - Tyl < kllx—yll for Vx,y € D(T);

(3) accretive [1, 2] if for all x,y € D(T), (Tx — Ty, j(x — y)) > 0, where j(x — y) € J(x — »);
m-accretive if T is accretive and R(I + AT) = X for VA > 0;
(4) O-inversely strongly accretive [3] if for 6 > 0, V&, y € D(T), there exists
jo(x =) € J,(x — y) such that

(Tx = Ty, jip(x - 9)) = 0| Tx = Ty||”  for ¥x,y € X;

(5) y-strongly accretive [2, 3] if for each x,y € D(T), there exists j(x — y) € J(x — y) such
that

(Tx - Ty,j(x — ) > vl -y

for some y € (0,1);
(6) w-strictly pseudo-contractive [4] if for each x,y € X, there exists j(x —y) € J(x — )
such that

(T~ T7,j(x—9)) < llx = 91> - |~y — (Tx - ) |*

for some u € (0,1).

If T is accretive, then for each r > 0, the non-expansive single-valued mapping J7 : R(I +
rT) — D(T) defined by JT := (I + rT)7! is called the resolvent of T [1]. Moreover, N(T) =
FUT).

Let D be a nonempty closed convex subset of X and Q be a mapping of X onto D. Then
Q is said to be sunny [5] if Q(Q(x) + t(x — Q(x))) = Q(x) for all x € X and ¢ > 0. A mapping
Q of X into X is said to be a retraction [5] if Q* = Q. If a mapping Q is a retraction, then
Q(z) = z for every z € R(Q), where R(Q) is the range of Q. A subset D of X is said to be
a sunny non-expansive retract of X [5] if there exists a sunny non-expansive retraction
of X onto D and it is called a non-expansive retract of X if there exists a non-expansive
retraction of X onto D.



Wei et al. Journal of Inequalities and Applications (2017) 2017:227 Page 3 of 22

It is a hot topic in applied mathematics to find zero points of the sum of two accretive

mappings, namely, a solution of the following inclusion problem:
0 € (A + B)x. (1.1)

For example, a stationary solution to the initial value problem of the evolution equation

Z—b; +(A+Bu, u(0)=ug (1.2)

can be recast as (1.1). A forward-backward splitting iterative method for (1.1) means each
iteration involves only A as the forward step and B as the backward step, not the sum A + B.

The classical forward-backward splitting algorithm is given in the following way:
Xps1 = ([ +1r,B) I -1r,A)x,, neN. (1.3)

Some of the related work can be seen in [6—8] and the references therein.
In 2015, Wei et al. [9] extended the related work of (1.1) from a Hilbert space to the
real smooth and uniformly convex Banach space and from two accretive mappings to two

finite families of accretive mappings:

x0 €D,

¥n = Qpl(1 — ) (x + €4)],

2y = (L= By + Bulaoyn + s @ity 0 = iBiya)],
Xns1 = Vullf ®n) + ([ = vuT)zn, neNU{0},

(1.4)

where D is a nonempty, closed and convex sunny non-expansive retract of X, Qp is the
sunny non-expansive retraction of E onto D, {e,} is the error, A; and B; are m-accretive
mappings and 6-inversely strongly accretive mappings, respectively, where i = 1,2,...,N.
T : X — X is a strongly positive linear bounded operator with coefficient y and f : X — X
is a contraction. ZZ:O am =1,0 < a,, <1. The iterative sequence {x,} is proved to converge

strongly to pg € ﬂﬁl N(A; + B;), which solves the variational inequality

(T = nf)po,J(po —2)) <0 (L5)

forVz e ﬂﬁl N(A; + B;) under some conditions.

The implicit midpoint rule is one of the powerful numerical methods for solving ordi-
nary differential equations, and it has been extensively studied by Alghamdi et al. They
presented the following implicit midpoint rule for approximating the fixed point of a non-
expansive mapping in a Hilbert space H in [10]:

X €H, % =(1—a)x, + aT(%) neN, (1.6)

where T is non-expansive from H to H. If F(T) # {J, then they proved that {x,} converges

weakly to py € F(T) under some conditions.
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Combining the ideas of forward-backward method and midpoint method, Wei et al.
extended the study of two finite families of accretive mappings to two infinite families of

accretive mappings [3] in a real g-uniformly smooth and uniformly convex Banach space:

X0 € D,
Yn = Qpl(A —at) (%, + 6/71)],
Zy = Sn_yn + ,Bn Zlojl ai];j,f,‘ [J% - Vn,iBi(yngzn )] + Cne/,:;

X1 = Yulf @n) + U =y T)zn + €, neNU{0},

1.7)

where {e}, {e))} and {e]'} are three error sequences, A; : D — X and B, : D — X are
m-accretive mappings and 6;-inversely strongly accretive mappings, respectively, where
ieN.T:X — X isastrongly positive linear bounded operator with coefficient v, f : X —
X is a contraction, Zflil a,=1,0<a,<1,8,+ B, + ¢, =1for ne NU{0}. The iterative
sequence {x,} is proved to converge strongly to py € ﬂ;le (A; + B;), which solves the

following variational inequality:

(T =nfpo (o —-2)) <0, ze[ |N(A;i+B). (1.8)

i=1

In 2012, Ceng et al. [11] presented the following iterative algorithm to approximate zero

point of an m-accretive mapping:

X0 € X,
Yn = OpXy + (1 - an)],{:,xm (19)

Xn+l = ﬁr(f(xn) + (1 - ,Bn)[]é,yn - )\nﬂnF(]é,yn)]: neNU {0}:

where T : X — X is a y-strongly accretive and p-strictly pseudo-contractive mapping,
with y + > 1, f: E — E is a contraction and A : X — X is m-accretive. Under some
assumptions, {x,} is proved to be convergent strongly to the unique element p, € N(A),

which solves the following variational inequality:

(o —f (o), J(po —w)) <0, VueN(A). (110)

The mapping F in (1.9) is called a perturbed operator which only plays a role in the con-
struction of the iterative algorithm for selecting a particular zero of A, and it is not involved
in the variational inequality (1.10).

Inspired by the work mentioned above, in Section 2, we shall construct a new modified
forward-backward splitting midpoint iterative algorithm to approximate the zero points
of the sum of infinite m-accretive mappings and infinite 6;-inversely strongly accretive
mappings. New proof techniques can be found, the superposition of perturbed operators
is considered and some restrictions on the parameters are mild compared to the existing
similar works. In Section 3, we shall discuss the applications of the newly obtained iterative
algorithms to integro-differential systems and the convex minimization problems.

We need the following preliminaries in our paper.
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Lemma 1.1 ([12]) Let X be a real uniformly convex and p-uniformly smooth Banach space
with constant K, for some p € (1,2]. Let D be a nonempty closed convex subset of X. Let
A : D — X be an m-accretive mapping and B : D — X be a 0-inversely strongly accre-
tive mapping. Then, given s > 0, there exists a continuous, strictly increasing and con-
vex function @, : R* — R* with ¢,(0) = 0 such that for all x,y € D with ||x| <s and
Iyl < s,

|74 = rB)x ~JA (I - rB)y|”
< lx = ylI” - r(p6 — K,*")||Bx — By||”
— (| (1 =J5) U = 1By = (1 = J7) (U = rB)y ).
1
In particular, if 0 <r < (%)1ﬁ , then JA(I - rB) is non-expansive.
Lemma 1.2 ([13]) Let X be a real smooth Banach space and B : X — X be a p-strictly
pseudo-contractive mapping and also be a y-strongly accretive mapping with (1 + y > 1.

Then, for any fixed number § € (0,1), I — 8B is a contraction with coefficient 1 -§(1—, / I_Ty).

Lemma 1.3 ([2]) Let X be a real Banach space and D be a nonempty closed and convex
subset of X. Let f : D — D be a contraction. Then f has a unique fixed point.

Lemma 1.4 ([14]) Let X be a real strictly convex Banach space, and let D be a nonempty
closed and convex subset of X. Let T,, : D — D be a non-expansive mapping for each
m € N. Let {a,,} be a real number sequence in (0,1) such thaty . | a,, = 1. Suppose that
Moy E(T0) # 0. Then the mapping Y o an Ty is non-expansive and F(Y o anTy) =
N BT,

Lemma 1.5 ([12]) In a real Banach space X, for p > 1, the following inequality holds:
e+ Y1 < 16117 + Py jp(x + ), Vay € Xyl +9) € Jp(x + ).

Lemma 1.6 ([15]) Let X be a real Banach space, and let D be a nonempty closed and convex
subset of X. Suppose A : D — X is a single-valued mapping and B : X — 2X is m-accretive.
Then

F((I +rB)Y(I - rA)) =N(A+B) forVr>O0.

Lemma 1.7 ([16]) Let {a,} be a real sequence that does not decrease at infinity, in the sense
that there exists a subsequence {a,, } so that a,, < a,, . forallk € NU({0}. Forevery n > ny,

define an integer sequence {t(n)} as
t(n) =max{ng <k <n:ai < a1}

Then t(n) — 00 as n — oo and for all n > ny, max{d(u), an} < drpy.
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Lemma 1.8 ([17]) For p > 1, the following inequality holds:
ab < lup + p;lb!’%1 ,

for any positive real numbers a and b.

Lemma 1.9 ([18]) The Banach space X is uniformly smooth if and only if the duality map-
ping J, is single-valued and norm-to-norm uniformly continuous on bounded subsets of X.

2 Strong convergence theorems

Theorem 2.1 Let X be a real uniformly convex and p-uniformly smooth Banach space
with constant K, where p € (1,2] and D be a nonempty closed and convex sunny non-
expansive retract of X. Let Qp be the sunny non-expansive retraction of X onto D. Let
f X — X be a contraction with coefficient k € (0,1), A; : D — X be m-accretive mappings,
Ci: D — X be 6;-inversely strongly accretive mappings, W; : X — X be p;-strictly pseudo-
contractive mappings and y;-strongly accretive mappings with u; +y; > 1 for i € N. Suppose
{w}l)} and {wgz)} are real number sequences in (0,1) for i € N. Suppose 0 < r,,; < (%)ﬁ for
ieNandneN,k, €(0,1)forte(0,1), X5 0P| Wi] < +00, Y2 0 = % 0 =1 and
N N(A; + C;) # 0. If, for each t € (0,1), we define Z}' : X — X by

[e¢] ¢}
Ziu=tf @)+ (1-1) (1 —key o) W) (Z T - rn,tci)QDu>,
i=1 i=1

then Z}! has a fixed point uy. Moreover, if *} — 0, then u} converges strongly to the unique
solution qq of the following variational inequality, as t — 0:

(90 —f(q0).J(qo —w)) <0, Vue[|N(A;+Cy). (1)
i=1

Proof We split the proof into five steps.
Step 1. Z} : X — X is a contraction for t € (0,1), x; € (0,1) and n € N.
In fact, for Vx,y € X, using Lemmas 1.1 and 1.2, we have

|2t -2y

<t|[f(x)-f)| + Q-1 x

Z oI = K, W) (Z a)l@]f:l"[, (I - Vn,ici)QDx)

i=1 i=1

gtknx—yn+(1—t)2w§”[1_xt<1— y)}llx—yll
o

i=1 g

<[1-@-0]lx-yl,

00 o0
-3 (I =k, W) (Z a)gz)];tfi (- rn,iCi)QDy>

i=1 i=1

which implies that Z}' is a contraction. By Lemma 1.3, there exists #} such that Zu} = u}.
That is, " = tf () + (1 = I — s Y05 0" W) (55 0 Tk (1 = 1, C) Qo).
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Step 2. Iflim; . %} = 0, then {u} is bounded for n € N, 0 < t < @, where a is a sufficiently
small positive number and #/ is the same as that in Step 1.
For Vu € (5, N(A; + C;), using Lemmas 1.1, 1.2 and 1.6, we know that

||u;’ —u|| < tk||uf’ —uH + t|[f(u)—u“ + (l—t)/tha)El)HW,-ull

i=1

+1-1¢) Z |
- Z wz('z)];:fi - Vn,iCi)QDM:|

i=1

(- KW[ZG) ] (I—rn,C)QDut

i=1

< thl|u —u + £ f @) —u + Q-0 Y " Wil

i=1
00 1,
-0yl 1w (1 ) o -l
i=1 Hi
oo
=< tuf(u) - u” +(1-t+ tk)”u:’ - u|| +(1- t)KtZwEUHVVi”HMII.
i=1
Then
fut ] < V0=l T PN Will
' - 1-k :
Since lim;¢ °t = 0, then there exists a sufficiently small positive number @ such that 0 <

Kt‘ <1lfor0<t<a. Thus {u}}isbounded forn e Nand 0 <t <a.
Step 3. If lim, K—; =0, then u} - Z;’:l a)(2 LI -1, C)Qpuf — 0,as t — 0, for n € N.

Tn,i

Noticing Step 2, we have

oo
) =" 0P JA L - 1 C) Qo

i=1

<tHf uy; |+tZa)

];ill 1 rnzct) DM? H

o0

1

1 - t)«; Z wl( )
i=1

— 0,

W, <Z a)?)];tfi (- Fn,i@)QD”?) H

i=1

ast— 0.
Step 4. If the variational inequality (2.1) has solutions, the solution must be unique.
Suppose g € (i N(A; + C;) and vy € (5 N(A; + C;) are two solutions of (2.1), then

{0 —f (o), J (o = v0)) < O, (2:2)
and

{vo = f(v0),J (vo — uo)) < 0. (2.3)
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Adding up (2.2) and (2.3), we get

(o — f () = vo + £ (v0), ] (g — o)) < 0. (2.4)
Since

(0 —f (o) = vo +f (Vo) J (o — v0))
= [luo = volI* = {f (o) —f Vo), ] (o — v0))

2 2 2
> |lug — voll* — kllzeo — voll* = A — k) llueo — vo I,

then (2.4) implies that g = vy.

Step 5. If lim; o *f = 0, then u} — ¢qo € N N(A; + C), as t — 0, which solves the
variational inequality (2.1).

Assume t,, — 0. Set uy, := uy and define y: X — R by

() :LIMHu”m —u 2, ucX,

where LIM is the Banach limit on [*°. Let
K= {x eX:ux)= minLIM”u:’n —x||2}.
xeX

It is easily seen that K is a nonempty closed convex bounded subset of X. Since u}, —
>3 w?)]f}j;i (I = r,;C)Qpuls, — 0 from Step 3, then for u € K,

2
o0
2 .
ull, - Za)l( )]fl’,i (I =1, Ci)Qpu

i=1

w (Z TR - rn,iC»QDu) = LIM

i=1

< LIM||u:‘n - qu = u(u),

it follows that > a)gz)];i‘;i(l - 1m,iC)Qp(K) C K; that is, K is invariant under

>3 wl(z)]f:,f,.(l — 14;C;)Qp. Since a uniformly smooth Banach space has the fixed point
oo

property for non-expansive mappings, . “%@) ];if (I = 1,;C;)Qp has a fixed point, say qo,
in K. That is, Y 1 wgz)];iff (I — r,,;C:)Qpqo = qo € D, which ensures from Lemmas 1.4 and

1

1.6 that g € ﬂ?:l N(A; + C;). Since qq is also a minimizer of u over X, it follows that, for

te€(0,1),
0< wu(qo +tf(q0) — tqo) — 11(qo0)
= t
_ Ly 1 = 40~ (q0) + tqoll* - llult, — qoll
t
_ Lyt o= 20 = (@) + tg0,] (4, — 40 — 1 (q0) + tq0)) — e, - 9ol

t
= LIM((u,, — g0, (14}, — g0 — tf (o) + tq0))

+ t{qo — £ (q0), ] (4, — g0 — tf(q0) + tq0)) — || s, — G0 ||2)/t'
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Since X is uniformly smooth, then by letting ¢t — 0, we find the two limits above can be

interchanged and obtain
LIM(f(q0) — 40,7 (4}, — 90)) < 0. (2.5)

Since ", — qo = tu(f(ul) — qo) + (1 — t)d - Ky, folwgl)W,-)(folwgz)]%(l -
,:Ci)Qpul),) — go], then

s, — o = (1, — 40,7 (14, - 90))
< tulf (ul)) —f(CIO)J(M:',, —q0)) + tm{f (q0) — 90,7 (4}, — 90))

(2)]A — i) Qo — qo | ||l — qo |
(1=t | > ol Wi (Z WP g (1 - rn,,-Ci)QDufn) ey, — 0 |
i=1 i=1
< (U=t + 1) 2 = qo|* + nlf (q0) = g0.] (1 — q0))
+ (1 =tk wal)Wz<Z D _rn,ici)QDM:ln> |, = g0
i=1 i=1

Therefore,

et~ g0 < . k[(f(qo) q0,J (4}, - qo))

ZwDW<Zw Jdi (I—rmC)QDu)

i=1

tm

|y, - g0 ||}. (2.6)

Since '(;7’” — 0, then from (2.5), (2.6) and the result of Step 2, we have LIM ||u”, — go > <
0, which implies that LIM ||u”, — o> = 0, and then there exists a subsequence which is
still denoted by {u],,} such that u},, — go.

Next, we shall show that g, solves the variational inequality (2.1).

Note that 22, = t,,f () + (1 = t) I — k1, Doy a)fl) LAI03 wfz)];:fi (I -1,;C;)Qpul), then
for Vv e N N(4; + C),

<Z o JA (T = 1 Ci)Qpuly, — £ (u3,), (14, — v)>

i=1

1 > > ‘ ) )
= a<<[ — K¢, lzzlwl(l) VV[) (Z wl('Z)];:zl,i(I - rn,iCi)QDum>;](Mm - V)>

i=1

1 oo oo ‘
— t—<u;qn — mKL’m wal)‘m(Z a)l(z)];ifl (I — rn,iCi)QDu:l;«I)’](u:ln - V)>
i=1

m i=1
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<Zw (- Kth)<ZCU ]A’,(I - VmC)chfn>
-3 oI = K, W) (Z ‘052)/22 - ’n,iCt)QDV) J (u4y, - V)>
i=1

i=1

1 2 K, nd
=l - E<Zw“v¢f(m - v)>
0o [’}
+ Ktm<Z wl(l) VVL <Z w,(Z)];ifl (1 — rn,iCi)QDu;’n) ,](u:’n - V)>
i=1

i=1

sl So i (- 52) o

oo

=2 S oM Walvi |, |

"=l

e, =]

00
(1)
+ K¢, w;
i=1
00

<=3 oM Wil e, - v|

moi=1

(Zw Joi (= 10iC)Qpit), )

i=1

= vl

%)
§ : 1
+ K, C()l( )
i=1

— 0,

Ww; (Z w§2)];‘}1{l, (- rn,iCi)QDu:ln)

i=1

as t,, — 0. Since x, — qo and J is uniformly continuous on each bounded subset of X,
then taking the limits on both sides of the above inequality, (g0 — f(q0),/(q0 — v)) <O,
which implies that g, satisfies the variational inequality (2.1).

Next, to prove the net {u} converges strongly to go, as ¢ — 0, suppose that there
is another subsequence {uz,} of {u}} satisfying uj; — vo as tx — 0. Denote uz by u;.
Then the result of Step 3 implies that 0 = limy, o () — Zlofl wfz)];ifi(l - 1.,:C)Qpuy) =
Vo— Yo (2)]%( - 1,:C;)Qpvo, which ensures that vy € (5, N(4; + C;) in view of Lem-
mas 1.4 and 1.6. Repeating the above proof, we can also know that vq solves the variational
inequality (2.1). Thus go = vo by using the result of Step 4.

Hence u} — g9, as t — 0, which is the unique solution of the variational inequality (2.1).

This completes the proof. O

Theorem 2.2 Let X be a real uniformly convex and p-uniformly smooth Banach space
with constant K, where p € (1,2] and D be a nonempty closed and convex sunny non-
expansive retract of X. Let Qp be the sunny non-expansive retraction of X onto D. Let
f: X — X be a contraction with coefficient k € (0,1), A; : D — X be m-accretive map-
pings, C;: D — X be 6;-inversely strongly accretive mappings, and W; : X — X be ;-
strictly pseudo-contractive mappings and y;-strongly accretive mappings with u; +y; > 1 for
i € N. Suppose {wl@}, {a)l@}, {0}, 1B}, (94}, {vu), {64}, {84} and {¢,} are real number se-
quences in (0,1), {r,;} C (0,+00), {a,} C X and {b,} C D are error sequences, where n € N
and i € N. Suppose (5, N(A; + C;) # V. Let {x,} be generated by the following iterative
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algorithm:

X1 eD,

Uy = QD(anxn + ﬂnan)r
Aj ntVn
Vu = ﬁnun + Vn Z?:OI 0)52)]}",“' (1 - rn,iCi)(%) + Snbm

X1 = 8f () + (L= 8,0 = £ Y05 0V W) Y208 ol Jobi (I = 1, C) (2222, e N

Under the following assumptions:
(i) an+Bu<lL, O +v,+§,=1forneN;
(i) 35 a)gl) =X5 wlgz) =1
(i) Yooy llanll < +00, Doy 1byll < +00, Yoo (1 — @) < +00, D oy &, < +00,
limy, 00 D iy i = 0

(iv) limy—008, =0, Y 001 8, = +00;

V) 1—ay, + llaull = 0(8,), & = 0(8,), & = 0(€4), Vi = 0, as n — o0;

vi) > a);l)llWiH <+00,0<7r,; < (%)IﬁforieN, neN,
the iterative sequence x, — qo € [ ooy N(A; + C;), which is the unique solution of the varia-
tional inequality (2.1).

Proof We split the proof into four steps.

Step 1. {v,} is well defined and so is {x,,}.

Fors,t € (0,1), define Hy, : D — D by Hyx := su+ tH(*5*) + (1 -s—t)v, where H : D — D
is non-expansive for x € D and u, v € D. Then, for Vx,y € D,

2 2

| H 0 — Hygyll < ¢

‘u+x u+y

—[|X = .
=9 y

Thus H;, is a contraction, which ensures from Lemma 1.3 that there exists x;, € D such
that H ., = x;. That is, xg, = su + tH(“52) + (1 - s — £)v.

Since ) 5 wfz) =1land ;‘Lfl. (I - r,,;C;) is non-expansive for # € N and i € N, then {v,} is
well defined, which implies that {x,} is well defined.

Step 2. {x,} is bounded.

For Vp € (5, N(A; + C;), we can easily know that

ltn =PIl < onllxn = pll + Bullanll + (1 =)l
And

Uy +Vy

v = pll < Oulluy, —pll + vy -p +&,411by, -pl
Vy Vy
< ﬁn"’? ||Mn—P||+§||Vn =pll + &by - pl.

Thus

29, + v 2¢
v —pll < <#>|Iun -pll+ ——lb, - pll

2-vy, 2—vy,

28,

2-v,

< aullxn = pll + Bullanll + @ = cn)pll + 21164l + el (2.8)

Page 11 of 22
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Using Lemma 1.2 and (2.8), we have, for n € N,
”xn+1 —19|| = 8n “f(xn) _f(p) ” + 8;4 “f(p) —P”

o0 [o¢]
(1 5> ol W) > oy - rn,ic»(“” . ””) p
i=1

i=1

+(1-6,)

< 8uklln = pll + 8u|[f @) — p|| + A= 808, > 0 IWilllIpl

i=1

Zw“(l W) S ol (I—rnlC)<””+V”)

i=1

+(1-=6,)

o0 o0
- Z oI - ¢, W) Z a)gz)];:fi (I =rniCp

i=1 i=1

< 8ukllxn = pll + 8 [f (0) — p|| + (L= 8¢ Y &P I Wil

i=1

+(1—6n)|:1—§,,<1—2a)51) /1_7”)}
i=1 Hi

3
x [anllxn =Pl + Bullanl + A= an)lpll +21ball + 5 "U x|l
—Vn

!(1—8»[1—9(1 iwf“ )}8 k}uxn pl+8:|f@) -pl

+(1—8,,)|:1—§,,<1—Zw51) /1_”")}
i=1 Hi

X [ﬂnllanll + A =an)llpl +116all + 5 o IIPII]

IA

+(1=8)8 > oM I Willllpl. 2.9)

i=1

By using the inductive method, we can easily get the following result from (2.9):

IIWIIIIPII If (o) - pll
||xn+1—P||§max{||x1 p”’z o ) 1=y [fl—k
1‘2;’:1“’;‘ i

Soelelogn)
ik ||p||].

Therefore, from assumptions (iii) and (vi), we know that {x,} is bounded.

x [ﬁkllﬂkll + A= adllpll + 16l + 5

Step 3. There exists qo € (;5; N(A; + C;), which solves the variational inequality (2.1).
Using Theorem 2.1, we know that there exists u] such that u} = tf(u)) + (1 — £)(I —
Kty o @ 1)VV)(Z ],m( - 1,,;C;)Qpu}) for ¢t € (0,1). Moreover, under the assump-
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tion that £ — 0, u} — qo € N N(A; + C), as t — 0, which is the unique solution of the
variational inequality (2.1).

Step 4. x, = qo, as 1 — 00, where ¢y is the same as that in Step 3.

Set Ci := sup{2llatnxy + Bucn = qo 1P, 21l qo | lltnn + Buctn = qo 1P~ : n € N}, then from Step
2 and assumption (iii), C; is a positive constant. Using Lemma 1.5, we have

”un - qO ”p S an”xn - 40 ”p —17(1 - an)(qO)]p(anxn + ﬂnan - 40))
+pﬁn(ﬂm]p(anxn + ,Bnﬂn - qO))
< oullxn = goll” + Ci(1 — ) + Cill@nl|. (2.10)

Using Lemma 1.1, we know that

nd Uy +V »
||vn—qo||Psﬁnnun—qonpwniljwﬁ” —rn,ici)( = ”)—qo
i
+En”bn_q0”p
B+ 2 ) 1t = qo1? + 2 [1v = gol1”
) n—4q0 o WVn 90
ad Uy +V »
-1
_vn;a)gz)rn,i(@p—rﬂj I<p) Cl< n2 ")—Clqo
i
> Uy +V Uy +V
(2) n n
o (5
- (1—];‘}1’;[)(610 =11, Ciqo) ) +&ullby — qoll”.
Therefore,
D, + v 2&
v — QO||p<—||Mn qoll? + ——11by — qoI”
2-v 2—vy,
p

2v, < _ U, +Vv
- '; > oPr(0p -1 K,) ci< ”2 ”)—C,-qo
T

@ un +Vy Uy + Vy
Z @; " Pp fm =7, Ci 5
). (2.11)

Now, from (2.10)—(2.11) and Lemmas 1.4 and 1.5, we know that for n € N,

— (I-777)(q0 = 7:Ciq0)

”xn+1 —4q0 ”p

8 (f (%) — o) + (1= 8,) (Zw UAXIETS ,)(M”;V">—qo)
o0 00 p
~0-85 Zw?)W’(Z of 705 )) H
i=1 i=1
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Uy + Vy 4

5(1_8;’1) — 4o

+p8n<f(xn) _f(qo)»]p(xrul - 6]0)) +P5n<f(6lo) - qo»]p(xwrl - 610))

~p-3 )g<2w”w (Zwmﬁ‘l (- rnlC)< "2 V")>,Jp(xn+1 —qo)>

i=1
_ 2 _ 2
5(1_5n><"”" il 1ol >

+P8nk”xn —40 ” ||xn+1 —4qo ”p_l +P5n(f(610) - qO’]p(anrl - 610))

-p(1- 8n)§n<zw1)w(zw(2)j (I_rnzc)<un+vn)>:]p(xn+1_q0)>

i=1 i=1

€n

IIb - qoll

Uy +Vy
C; -C;
( ) ) 90
Uy +Vy Uy + Vy
I ];é”)( 2 - rn,icj( 2 ))

+pk8n ll%, — 90 %041 = q0 ”p_l +P5n(f(610) - qO’]p(anrl - 610))

-p(- 8n)§n<zw1)w(zw(2)j (I_rnzc)< n+vn)>’]p(xn+1_q0)>

= (1 - 8n)||xn _pOHP +C (1 -0yt ||(l,,,||) + /(5,,”36,,, — 40 ”p

=< (1—5,,)””,, —P0||2 + (1_871)|:

p

o0
-5 Vn > PO - 1K)
~Vn T
—Vy 121: i (pp(

- (1-72)(q0 = r,iCiq0)

+ k(Sn ||xn+1 —4qo ”p +

+v +
Zw%(Hl e )

- (I-727)(g0 = r,iCiq0)

(o]

1)

+ 28, Z a)f
i=1

) +l95n(f(6]0) - q0v]p(xn+1 - 610))

(Zw A - rn,c:)(””””»’
i=1

||]p(xn+1 -

which implies that

l%1+1 — go lis
1-3,(1-k) Gl -ay + laxl)
< - 7 _ p, -~ - - "7
= ol +

1 &n
+ 1- 8;1/( (2 —, ”bn - QOHP +p8n(f(40) - 610Jp(xn+1 - 610))
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o0

1

+2¢, Z wf )
i=1

M(Z JA’,(I—rn,C)(””””)M
i=1

Uy +Vy Uy +Vy
Pty e (52)

”]p(errl - 610) ”)

-(1- 5)

- —];:fl.)(% = 14,:Ciqo)

)‘

From Step 2, if we set C, = sup{Y " Wi(X, ;2)];,:’:,-(1 = iGN llen =
qollPt:ne N}, then Cyisa posmve constant.

Let gy, = 2020 zkk),eff) = s G-, +a, T (i1 —
q0)) +2¢,C3] and 5 = (1 - n) 32 1 M( Y o §0p(||(1 ]rn,)(u"w" —i’nzC(u”w”)) -
/rn,,-)(% —11,iCiqo) ).

Then

%1 = goll” < (1= &) [l — goll” + eMel® — @, (2.12)

Our next discussion will be divided into two cases.
Case 1. {||x, — qo ||} is decreasing.

If {|lx, — qo||} is decreasing, we know from (2.12) and assumptions (iv) and (v) that

0<e? <eP(e? — 2 — goll”) + (% — gollI” = 1Xns1 — qoI”) — O,

which ensures that 375 @ @, (| [/ ) (4252 =1, Ci(“25)) = (T, (do = riCigo) ) —
0, as n — +00. Then, from the property of ¢,, we know that ) 7 @ (2 Iz - ,m)(@ -

P Ci(“2)) — (I = J12i)(go = riCiqo) | — 0, as m — +00.

Note that lim,_,o0 Y s 74 = 0, then

oo
Uy ;r Va Z‘”EZ)];:Z(I _ Vn,ici)<un ;r w)
i=1
[o¢]
<Y o?
i=1
o0
+ Z wfz)r,,,,'
i=1

— 0,

(1-7A ) - rn,,-ci)(”” - ””) — (= J{) U = rniCi)ao

2
Cf(un+v,,>

Zw il Cigo |

as n — oQ.

Now, our purpose is to show that limsup,,_, . &x ¥ <0, which reduces to showing that

hmsupn—>oo {f(qO) - qO:]p(er—l - qO) < 0.
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Let 1} be the same as that in Step 3. Since || || < ||u} —qoll + lIqol, then {«}} is bounded,
as t — 0. Using Lemma 1.5 again, we have

‘u?_unﬂzn r
2
i Uy +V
= uf—zwfz)féfi(f—rn,ici)( n2 n)
i=1
00 U, +v Uy +V, 8
(2) 7A;
+;wi ]:«:,i(l_rn,ici)< n2 n)— n2 -
p
< Zw ]A’(I anc)<un+vn)H
@ U, +v, U, +v Uy +,
+p<;w ]A (I—Vmc)< = n)“ n2 n’]p(u?_ ”2 ")>
00 o0
516 +0-0 (153w ) (ol 0- i
i=1 i=1
0 U, +V ?
=Y o -rc)( )H
- N 2
i=1
o Uy, +V, Uy, +V Uy tVv
+p<;w()] (I—rmC)< - ")— =) "’]P(”?_ > n)>
L untv|f A n
< MI_T +pt Za) ] (1 i l)QDut
o0
a3 f(zw?v:w—rn,ic»ow?),
i=1
Uy +V
]p(ut ZC{)(Z)] (I—V;“C)< < ")>>
i=1
oo U, +v U, +v U, +v
@) 74, n ¥ Vn n*n L
+p<i=21wi ]z,i(l_rn,ici)( 5 )‘ D) Jp(”?_ B )>’
which implies that

t<2 wl@)];:fi (I = 1, C)Qpuy — f (u7)

i=1

oo [e¢]

K .

+(1-0)) w}”\%(} w?)/;‘;;(l—rn,ici)QDu;’),
i=1

i=1

fp(ut Zw‘”ﬁ* (1—rMC)(””””))>
i=1

o0

U, +v, U, +v,
2 :w,(z)]éi,v(l_ rn,iCi)( n n) _ HUn n
= g 2 2

p-1
n Unt Vg

D)

l
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So,  limy_qlimsup,, , o (X0 @ i (I — rn,iC)QDut — fa) o+ L1 - 1) x
Y% o Wi o T - i COQout), Jpl = 3255 ) J,n,(z FaiC(#5))) < 0.

Since u! — qo, then ) - @ ],m(l rniC)Qpul = Y N rm (I - 14,;C)Qpqo = qo, as
t— 0.

Noticing that

<40—f(q0 ]p<q0—Zw ]A (1 F,,,C)(u”+v”>>>
i=1

=<6I0—f(%)]p<%—zw ]Al I - rntc)(un+vn)>

i=1

[o¢]
. un + Vn
~Jp (”? - Z wﬁz)lrﬁ; (I~ rn,ic ) )>
i=1

<610—f(610)]p<ut Za) ]A (I - rn;C

i=1

un+vn>)>

<q0 f(q())]p<LI()—Zw ]Az I — rnlc)(un+vn>>

i=1

—fp(ut Zw T (I—rn,C)(”"””>)>
i=1

<q0_f 20) - Zw AL = i C) Qo + £ (i)

-2 —t)ZwI)W<Zw ]A’(I VnLC)QDMt>

i=1 i=1

/p(u —Zw‘”ﬂ* (I—rmC)<”””"))>
i=1

¥ <Z T = 10 C) Qo ~ f (uf)
i=1

oo o0

K, .

+(1-0)) wﬁ”\%(} wﬁ”/;‘;;(l—rn,ici)QDu;’),
i=1

i=1

(ut Zw g1 - rn,C)(””””)>>,
i=1

we have imsup,, . , . (40 —f (o), Jp(q0 — Yoo @ T, (I = 1, Ci) (“22¥n))) < 0.
From assumptions (iv) and (v) and Step 2, we know that x,, — Y o o) Jr (I -

ll rnz

rniC)(#5%) — 0 and then limsup, . (90 — f(q0)Jp(q0 — %nu1)) < 0. Thus
limsup,,_, ., e <o.

Employing (2.12) again, we have

%2 = qoll” = %41 = qoll” )
+e,.

D

llocn = qoll” <
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Assumption (iv) implies that liminf,_, w =0. Then

&n

Xn—qoll? = |%ue1 — qoll? .
I, — goll (1|)| w1 — 4ol + limsupe® <0,

En n—00

lim ||x, — qo|” < liminf
n—00 n—00

Then the result that x,, — ¢q¢ follows.

Case 2.If {|lx, —qoll} is not eventually decreasing, then we can find a subsequence {||x,, —
qoll} so that [|x,, — qoll < |l%4,,, — qoll for all kK > 1. From Lemma 1.7, we can define a
subsequence {x(n) — oI} 50 that max{[x<(n) — ol %~ Goll} < %1 ~gol forall n > .
This enables us to deduce that (similar to Case 1)

3 1 2
0 <&l < el (5 = 1%cun = qol1?) + (I%cen = qoll? = %21 = golIP) — O,

and then copying Case 1, we have lim,_.« [|%7(:) — go |l = 0. Thus 0 < |l%, — qoll < Xz (m)+1 —
qoll = 0,as n — oo.

This completes the proof. d

Remark 2.3 Theorem 2.2 is reasonable if we suppose X = D = (-00, +00), take f(x) = 7,

@_1 1
Aix:Cix—zz’Wx 2L+1’9 2w = w; :?,Ol,,ZI 2’ﬁn:n3’ —Sn:;:snzgn
Qi+l 3, 1 1
1 27T
ﬂn=bn=n—z,%’=2ﬁ,m=w,mz 2n+l forneNandieN.

Remark 2.4 Our differences from the main references are:
(i) the normalized duality mapping J : E — E* is no longer required to be weakly

sequentially continuous at zero as that in [9];

(ii) the parameter {r,;} in the resolvent ]qu ; does not need satisfying the condition
S i1 = Tuil < +00 and 1, > € > 0 for i € N and some ¢ > 0’ as that in [3]
or [9];

(ili) Lemma 1.7 plays an important role in the proof of strong convergence of the
iterative sequence, which leads to different restrictions on the parameters and

different proof techniques compared to the already existing similar works.

3 Applications
3.1 Integro-differential systems
In Section 3.1, we shall investigate the following nonlinear integro-differential systems

involving the generalized p;-Laplacian, which have been studied in [3]:

2060 _ Giv[(Clx, ) + [Vl [2) 2 VD] 4 &2,
+g(xul) Vu”)+aifQ Vdx = f(x,t), (x,t)eQ2x(0,T),
—(9,(Cx, ) + |V 2) S Yy e B(u?), (x,t)el x(0,T),
D(x,0)=ud(x,T), x€,ieN,

(3.1)

where 2 is a bounded conical domain of a Euclidean space RN (N >1),T is the boundary
of Q with I' € C! and ¥ denotes the exterior normal derivative to I'. (-,-) and | - | denote
the Euclidean inner—product and the Euclidean norm in R, respectively. T is a positive

()u(')
Bx1 7 Qxy <)x

X2,...,4N) € Q. By is the subdifferential of

constant. V) = (2
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©x, where ¢, = p(x,-) : R— R for x € I'. a and ¢ are non-expansive constants, 0 < C(x, ) €
N5 Vi = (5 140, T3 W), £ ) € (N Ws o= (5 L0 (0, T; L™ 08i ()
and g: Q x RN*! — R are given functions.

Just like [3], we need the following assumptions to discuss (3.1).

. ] : 2N ool
Assumption 1 {p;}7] is a real number sequence with =5 < p; < +00, {6;}7] is any real

number sequence in (0,1] and {r;}{° is a real number sequence satisfying % <r <

Lyl -Jandl+d=1forieN.
pi P rp T

min{p;, p}} < +00.
Assumption 2 Green’s formula is available.

Assumption 3 For each x € T, ¢, = ¢(x,-) : R — R is a proper, convex and lower-
semicontinuous function and ¢,(0) = 0.

Assumption 4 0 € ,(0) and for each ¢ € R, the function x e I' — (I + AB,)7!(¢) e R is
measurable for A > 0.

Assumption 5 Suppose that g: Q x RN*1 — R satisfies the following conditions:
(a) Carathéodory’s conditions;
(b) Growth condition.

o . )
gGer1, ) [P < |y, )P+ Biln 7,

where (r1,79,...,7n41) € RN*L, hi(x, t) € W; and b; is a positive constant for i € N;
(c) Monotone condition. g is monotone in the following sense:

(g(x,71,~--;7N+1) _g(xrtl;"'ytN+1)) > (rl - tl)
forallx € Q and (r1,...,rns1), (b - » Ene1) € RVFL

Assumption 6 For i € N, let V} denote the dual space of V;. The norm in V;, || - ||v;, is
defined by

T X bpi
||u(x,t)||vi:( [ ||u(x,t)||1‘7);1,pi(mdt> L umt) e V.
0

Definition 3.1 ([3]) For i € N, define the operator B; : V; — V* by

T pi=2 T
(w,Biu):/ /((C(x,t)+|Vu|2)Tw,vW>dxdt+s/ /|u|’i-2uwdxdt
0 Q 0 Q
foru,we V,.

Definition 3.2 ([3]) For i € N, define the function ®;: V; — R by

T
®,(u) = /0 /F s (1l (6, 1)) AT (x) dt

for u(x,t) € V;.
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Definition 3.3 ([3]) For i € N, define S; : D(S;) = {u(x,t) € V; : 36—’: € Vi ux,0) =
ulx, T)} - V¥ by
ou

0
Siu=—+a— | udx.
ot ot Jo

Lemma 3.4 ([3]) Foric N, define a mapping A; : W; — 2Vi as follows:
D(A) = {u € Wj|there exists an f € W; such that f € Biju + 0P;(u) + Siu},

where 0®; : V; — V[ is the subdifferential of ®;. For u € D(A;), we set Aju = {f € Wi|f €
Biu + 0®;(u) + Siu}. Then A; : W; — 2Wi is m-accretive, where i € N.

Lemma 3.5 ([3]) Define C;: D(C;) = L™>Wiri (0, T; Wh™Pir}(Q)) ¢ W; — W, by
(Ciu)(x, ) = (o, 1, Vi) — f (x, £)

for VYu(x,t) € D(C;) and f(x,t) is the same as that in (3.1), where i € N. Then C; : D(C;) C
W; — W, is continuous and strongly accretive. If we further assume that g(x,11,...,7N41) =
1, then C; is 6;-inversely strongly accretive, where i € N.

Lemma 3.6 ([3]) Forf(x,t) € (i Wi, integro-differential systems (3.1) have a unique so-
Iution u®(x,t) € W; fori e N.

Lemma 3.7 ([3]) Ife=0,g(x,n,...,rna) =11 and f(x,t) =k, where k is a constant, then
u(x,t) = k is the unique solution of integro-differential systems (3.1). Moreover, {u(x,t) €
Nisy Wilu(x, ) = k satisfying (3.1)} = (o N(4; + C)).

Remark 3.8 ([3]) Set p := infjcn(min{p;, p;}) and g := sup,(max{p;, p}).
Let X := Lminle) (0, T; L™nP#')(Q)), where Ilg + [% -1
Let D := Lmx(ad) (0, T; Wwimax(a4')(Q)), where é + % =1.

Then X = L#(0, T; 17(R2)), D = L4(0, T; W*(Q)) and D C W; C X, Vi € N.

Theorem 3.9 Let D and X be the same as those in Remark 3.8. Suppose A; and C; are
the same as those in Lemmas 3.4 and 3.5, respectively. Let f : X — X be a fixed contrac-
tive mapping with coefficient k € (0,1) and W; : X — X be u;-strictly pseudo-contractive
mappings and y;-strongly accretive mappings with u; +y; > 1 for i € N. Suppose that {a)gl)},
(02, {and, (Bubs {8uhs (v, (Eabs {8a), {8}, (rnihs 1} C X and {b,} C D satisfy the same
conditions as those in Theorem 2.2, where n € N and i € N. Let {x,} be generated by the
following iterative algorithm:

x1 €D,

u, = Qp(anXy + Buan),

Vi = Oty + Uy ey O i (I = 1, C (202 4 &b,

pat = 8uf () + (L= 8, = 6 Yoo @0V W) 2% @ T (= 1 C) (“2322),  meN.

(3.2)

If, in integro-differential systems (3.1), ¢ = 0, g(x,ry,...,7ny1) = 11 and f(x,t) = k,
then under the following assumptions in Theorem 2.2, the iterative sequence x, — qo €



Wei et al. Journal of Inequalities and Applications (2017) 2017:227 Page 21 of 22

Ny N(A; + C;), which is the unique solution of integro-differential systems (3.1) and which
satisfies the following variational inequality: for Vy € (5 N(A; + Cy),

((I=f)qo(x, 1), ] (q0(x, £) - y)) < 0.

3.2 Convex minimization problems
Let H be a real Hilbert space. Suppose 4; : H — (—00, +00) are proper convex, lower-
semicontinuous and nonsmooth functions [2], suppose g; : H — (—00, +00) are convex
and smooth functions for i € N. We use Vg; to denote the gradient of g; and d4; the sub-
differential of /4; for i € N.

The convex minimization problems are to find x* € H such that

hi(x*) + gi(x*) < hi(x) + gi(x), i€N, (3.3)

for Vx € H.
By Fermats’ rule, (3.3) is equivalent to finding x* € H such that

0 € dh;(x*) + Vgi(x*), ieN. (3.4)

Theorem 3.10 Let H be a real Hilbert space and D be the nonempty closed convex sunny
non-expansive retract of H. Let Qp be the sunny non-expansive retraction of H onto D.
Let f: H— H be a contraction with coefficient k € (0,1). Let h; : H — (—00, +00) be proper
convex, lower-semicontinuous and nonsmooth functions and g; : H — (—00, +00) be convex
and smooth functions fori € N.Let W; : H — H be ;-strictly pseudo-contractive mappings
and y;-strongly accretive mappings with u; + v; > 1 for i € N. Suppose {a)gl)}, {“)EZ)}' {a,},
{Bu}s (Onhs {0} {8}y (8}, {8n)s {rni} € (0,+00), {an} C H and {b,} C D satisfy the same
conditions as those in Theorem 2.2, where n € N and i € N. Let {x,} be generated by the

following iterative algorithm:

X1 eD,

Up = QD(anxn + /3,,(1,,),
2) 70h; ntVn
Vi = Oulhy + Uy Yoy a)l( )],m. (I = rniVg)(*5*2) + &,by,

Xt = 8uf (@) + (1= 8,0 = £, X2 0P W) 320, 00 (1 = 1, Vg)(“22¥1),  me N.

(3.5)

If, further, suppose Vg; is é-Lipschitz continuous and h; + g; attains a minimizer, then
{x,} converges strongly to the minimizer of h; + g; fori € N.

Proof It follows from [2] that d/; is m-accretive. From [19], since Vg; is %-Lipschitz con-
tinuous, then Vg; is 0;-inversely strongly accretive. Thus Theorem 2.2 ensures the result.
This completes the proof. d
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