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Abstract

In this paper, we investigate the closure property of H-tensors under the Hadamard
product. It is shown that the Hadamard products of Hadamard powers of strong
‘H-tensors are still strong H-tensors. We then bound the minimal real eigenvalues of
the comparison tensors of the Hadamard products involving strong H-tensors.
Finally, we show how to attain the bounds by characterizing these H-tensors.
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1 Introduction

The study of tensors with their various applications has increasingly attracted extensive
attention and interest [1-5]. A tensor can be regarded as a higher-order generalization of
a matrix in linear algebra. However, unlike matrices, the problems for tensors are gener-
ally nonlinear. Hence, there is a large need to investigate tensor problems. Recently, some
structured tensors such as nonnegative tensors, M-tensors and H-tensors have been in-
troduced and studied well, and many interesting results for these tensors have been ob-
tained because of their special structure properties [6—15]. These structural tensors have
a wide range of applications such as spectral hypergraph theory, higher-order Markov
chains, big amounts of data, polynomial optimization, magnetic resonance imaging, sim-
ulation, automatic control, and quantum entanglement problems [1, 2, 4-8, 10-18]. For
example, the positive definiteness of an even-degree homogeneous polynomial form f(x)
plays an important role in the stability study of nonlinear autonomous systems via Lya-
punov’s direct method in automatic control [19]. In [6], it is shown that the homoge-
neous polynomial form f(x) is equivalent to the tensor product Ax™ of an mth-order,
n-dimensional supersymmetric tensor A and «”, defined by the following equation (1.1)
(see [4,19]). In [16], Qi pointed out that f(x) is positive definite if and only if the real su-
persymmetric tensor A is positive definite. For an even-order real supersymmetric tensor
A of order m and dimension #, with all diagonal elements a;_x > 0, if A is an H-tensor,
then A is positive definite [19]. The main aim of this paper is to study the closure property
of structure properties of H-tensors under the Hadamard product.
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An mth-order n-dimensional real tensor A is a multidimensional array of n” real entries

of the form
A=(ai. i), @i ER1I<i1,...,0im <n

The entries a;;_; are called the diagonal entries of A. If all its off-diagonal entries are zero,
then A is diagonal. The identity tensor 7 is a diagonal tensor all of whose diagonal entries
are 1. In the sequel, we denote by R the set of all mth-order n-dimensional real tensors.
For a tensor A € R"" and avector x = (x1,...,%,)" € C”, the tensor-vector multiplication
Ax™1 is defined as an n-vector whose ith entries are

n
(.Axmfl)i = Z Aiiy iy Kiy ++ +Kipyr i= 1, 2, Y /N (11)

2yl =1

If there are a number A and a nonzero vector x € C” such that
Ax = plm1,

then A is called the eigenvalue of A and « is the eigenvector of A associated with A, where
xlm1 is the Hadamard power of x, i.e., x"~1 = (¢, ..., 2" 1)T. Note that the definition
of eigenvalues of tensors was independently introduced by Qi [16] and Lim [20]. Denote
by ¢(A) the set of all the eigenvalues of A € R, and denote

p(A) = max{|k||k € (p(.A)}, 7(A) = min{ReAlA € go(A)},

where Re A is the real part of A. It is well known that if A € R"" is a nonnegative tensor
(i.e., all its entries are nonnegative), then p(.4) must be its eigenvalue [13, 14]; and if A €
R is an M-tensor, then 7(A) must be its eigenvalue [15].

A tensor A € R is said to be a (strong) M -tensor if A can be written as A = sZ — B3,
where B € R is nonnegative and s(>) > p(B). In this case, according to the proof of [15,
Theorem 3.3], 7(A) = s — p(B). For a tensor A = (a;,..;,) € R the comparison tensor
M(A) = (m;,_;,) € R is defined as

lay.i |, ifii=- =iy
Miy.cim = e C o 1<iy...ig<n
—lai..i,,|, otherwise,

Definition 1.1 ([8, 11]) A tensor A € R"" is called a (strong) H-tensor if its comparison
tensor M(A) is a (strong) M-tensor. We denote o (A) = t(M(A)).

For a nonnegative tensor A = (aj,,..;,,) € R | the matrix R(A) = (ry) € R is called

the representation of 4, where

rij = E aiiz...imr i,j= 1,2,...,}’[.

{l'anl'm }9}

Definition 1.2 ([9, 10]) A tensor A = (a;;,..;,) € R is called weakly irreducible if the
representation R(|.A|) of | A] is irreducible. We denote |A| = (|4;s,..i\, |)-
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Many interesting properties have been provided for M-tensors. Recall that A € R
is an H-tensor if and only if M(A) € R"" is an M-tensor. So using [15, Theorem 3.4]
and [8, Theorem 3], we have the following facts on H-tensors that will be frequently used
in the next sections:
(P1) If A e R is an H-tensor, then o (A) = o (].A|), which is the minimal real
eigenvalue of M(A). Further, let M(A) = sZ — B where B is nonnegative and
s> p(B). Then o (A) =s — p(B).

(P2) If A e R is a weakly irreducible strong -tensor, then o (A) > 0, and there
exists an n-vector x > 0 such that M(A)x"" = o (A)xl"1,

(P3) A tensor A € R is a strong H-tensor if and only if there exists an #-vector
x> 0 such that M(A)x"1 > 0.

Clearly, these interesting results are due to the special structures of -tensors. So it is
natural to consider how to preserve the structure properties under certain operations. In
addition, many interesting results have been obtained for the Hadamard products involv-
ing M-matrices and H-matrices [21]. It is natural to ask whether we can provide similar
results for the tensor case. Motivated by these facts, the aim of this paper is to investigate

the closure property of H-tensors under the Hadamard product.

Definition 1.3 Given two tensors A = (a;,. ;,,), B = (bi;..i,,) € R the Hadamard prod-
uct of A and B is defined as A o B = (a;,..,,bi;..i,,) € R and the rth Hadamard power
of Ais defined as A" = (a] , )€ R"" forr > 0.

To obtain our results, we need the following two famous inequalities:
» Holder’s inequality: let a; and b; be nonnegative numbers for i =1,2,...,#n, and let
0<r<1.Then

n n r n 1-r
> = (Y (L)
i=1 i=1 i=1
and the equality holds if and only if, for all i = 1,2,...,n, a; = Ib; for some constant /.
o Minkowski’s inequality: let a; be nonnegative numbers for i =1,2,...,n, and let r > 1.
Then

n n r
2 : r 2
a; = ai | ,
i=1 i=1

and the equality holds if and only if there is at most one nonzero number for
a,ay,...,ay.

The rest of the paper is organized as follows. In Section 2, we show the closure property
of the Hadamard products of Hadamard powers of strong #-tensors. In Section 3, we
bound the minimal real eigenvalues of the comparison tensors of the Hadamard products
involving strong H-tensors. In Section 4, we characterize these strong H-tensors such
that the bounds can be obtained.

2 The closure property
In this section, we provide the closure property of the Hadamard products of Hadamard

powers of strong H-tensors.
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Lemma 2.1 Let A, B € R"" be strong H-tensors and let 0 < r < 1. Then A" o Bl isq

strong H-tensor.

Proof Set A =(ai,.i,) and B = (by;,..i,). By (P3), there exist positive vectors x = (x;) € R”
and y = (;) € R” such that M(A)x"™! > 0 and M(B)y"! > 0, respectively. This means
that, foralli=1,2,...,n,

|ai x> Z | @ity |ty -+ - X
and
byl > Z 1Dty |Yig + Vi
Note that 0 <r < 1. Thus, using the Holder inequality, we have

.
1- 1-r\ (m-1)
il 1bii..i| " (%[5 ") >< Z | @iiy..iy |xi2-~xim)
(

12eriyps)F o)

1-r
x ( Z [Diiy .0 | Vi ~~~}’im)

(250v0sim ) # (s}

rr r 1-r, 1-r 1-r
> E iiy...ipg "y %, iy i Yy 0
(8250e0irm) el

Set z = (x/y}™") € R". Then the inequality above gives M (A" o B-"1)z-1 > 0, from which
it follows by (P3) that A" o B1~" is a strong H-tensor. The result is proved. O

Lemma 2.2 Let A € R"" be a strong H-tensor and let t > 1. Then AY is a strong H-
tensor.

Proof Set A = (a;,..,). Clearly, there exists a positive vector x = (x;) € R” such that
M(A)x"1>0andso, foralli=1,2,...,n,

|a x> Z | @ity ..oy | Xy« + Ky
from which we get, by considering ¢ > 1 and using the Minkowski inequality,

t
(m-1)
laii..q|" (x0) > ( Z | @iy . i - ~xi,,,>

(i250v0sin ) #isevosd)

Lt L
> E |dii2...im| Xy oo X e
(i) £ iond)

Set z = (x!) € R”. Then M(A)z"! > 0 and thus A is a strong H-tensor by (P3). The
result is proved. g

Now we are ready to present the main result of this section.
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Theorem 2.3 Let A, ..., Ax € R pe strong H-tensors and let 1, ..., ry be positive num-
bers with Y% r; > 1. Then Ao .o ,Aﬁ:k] is a strong H-tensor.

Proof Consider that A € R is a strong H-tensor if and only if |.4| € R"" is a strong
‘H-tensor. So, without loss of generality, assume that all the tensors .A; are nonnegative for
i=1,2,...,k. We first use the induction on k to prove the result in the case that ZL ri=1
Clearly, the result is true for k = 2 by Lemma 2.1. Assume that the result is true for k — 1.
Now let

Bl = Agrl] 0---0 .A,[:f{l]‘

Recall that each 4; is nonnegative. Then

(5]

(L] b
B:All ‘ °"'°-Ak1_1k .

Note that Zi:ll 1_rirk = 1. Hence, using the induction assumption, we conclude that B is a
strong tensor. Further, by Lemma 2.1, B1="l o A,[:"] is a strong H-tensor. So the result is
true in the case that 35 r; = 1.

Now consider the general case ¢ = ZL r;>1.Letl;=rt Tt foralli=1,2,...,k. Then
Zle I; = 1. Thus, following the case above, we know that C = Ao . .o AE(I’(] isa strong H-
tensor. Further, by considering ¢ > 1, using Lemma 2.2 we find that ¥ = A" 5.5 Agk]

is a strong H-tensor. The result is proved. O

Example 2.1 Let A; = (a;u), As = (byin), As = (cir) € R™) be defined as follows:

ann =4, a2 = 2,a33s3 = 2,42 = dan = a1113 = dzi1 = L, otherwise a; = 0,
3 .
bun = 5,b2222 = 3,b3333 = 3, b1m12 = b = 2,b1m3 = by = 5, otherwise by = 0,

3 5 ;
cin = 6,202 = 3, ¢3333 = 4, C1112 = €111 = 5,€1113 = C3111 = 3, otherwise ¢y = 0.

By (P3), it is ensured that A;, A5, and Asj are strong #-tensors. Setr; =r, =r3 =1 and x =
(xl,xg,xg)T = (1, 2, 2)T. Then D = A%’l] o .A[zrz] o Ag‘B] = (di]'kl)r where duu = 120, d2222 = 18,
d3333 = 24, dyi1p = 3, doun = 3, dinz = 2, dsin = 22, otherwise djq = 0. Since

|d1111|x§’ =120 x1=120 > |d1112|x%x2 + Idluglx%xg =3 x 12 x 1+ % X 12 X 2= %,
|danalxs = 18 x 23 =144 > |dyyy |a3 =3 x 13 =3,

|d33331a3 = 24 x 22 =192 > |dy o} = 2 x 13 = 13,
we see by (P3) that D is a strong #-tensor.

3 Bounding the minimal real eigenvalues
In this section, we bound the minimal real eigenvalues of the comparison tensors of the
Hadamard products involving strong #-tensors.

Let A = (ai,..i,) € R and let o C {1,2,...,n} with |o| = k, where || denotes the

number of elements of . A principal subtensor A[«] of A is an mth-order k-dimensional



Zhou et al. Journal of Inequalities and Applications (2017) 2017:231 Page 6 of 15

subtensor consisting of k" elements defined as
A[(X] = (ﬂhizml'm)’ where il,iz,...,im €.

For a nonnegative tensor B € R, let B[a] be a principal subtensor with |a| < 7. Then
p(Bla]) < p(B) by [10, Lemma 2.2]. Further, if B is weakly irreducible, then p(B[e]) < p(B)
by [12, Theorem 3.3] or [11, Proposition 2.5]. Thus we immediately have the following
result.

Lemma3.1 Let A € R"" be a strong H-tensor and let Ala] be a principal subtensor with
|| < n. Then Ala] is a strong H-tensor and o (Ala]) > o (A). Furthermore, if A is weakly
irreducible, then o (Ala]) > o (A).

Proof Let M(A) =sZ - B, where B is a nonnegative tensor and s > p(3). Then M(A[a]) =
sZ - Bla] and s — p(Bla]) > s — p(B) > 0. So Al«] is a strong H-tensor with o (A[«]) >
o (A). Further, if A is weakly irreducible, then B is also weakly irreducible by Definition 1.2,
so p(Bla]) < p(B), which implies that o (A[«]) > o (A). The result is proved. d

For a nonnegative tensor B € R"", by [10, Theorem 5.2], there exists a partition
{ar,...,0,) of {1,2,...,n} such that the principal subtensor B[e;] is weakly irreducible for
i=12,...,p. Also, p(B) = p(Bla;]) for some 1 < ¢t < p. Thus we immediately have the
following result.

Lemma 3.2 Let A € R pe g strong H-tensor. Then there exists o  {1,2,...,n} such
that Ala] is a weakly irreducible strong H-tensor with o (A) = o (Al«]).

Proof Let M(A) = sZ — B, where B is a nonnegative tensor and s > p(B3). Assume that
Bl«] is a weakly irreducible principal subtensor of B such that p(B) = p(B[«]). Then, by
Definition 1.2 and Lemma 3.1, A[«] is a weakly irreducible strong 7{-tensor. Moreover,
o(A) =s—p(B) =s— p(Bla]) = 0 (A[«]). The result is proved. O

Lemma 3.3 ([13, Lemma 5.3]) Let B € R"" be a nonnegative tensor and let x = (x;) € R"
be a positive vector. Then
(Bx ), (Bx™);

< < max
< p(B) = max P

min T
1<i<n xl’,”‘

Lemma 3.4 Let A € R"" be an M-tensor and let Az"" > kz!"Y for a positive vector
z€R". Then t(A) > k.

Proof Let A = sT — B, where B3 is a nonnegative tensor and s > p(B3). Since Az"! > kzl"*-1
for z=(z;) e R” > 0, we have, foralli =1,2,...,n,

szt = (B2"Y), = kg,

1

from which it follows that

So, by Lemma 3.3, p(B) <s - k. Thus t(A) =s - p(B) > k. The result is proved. O
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Lemma 3.5 Let A, B € R"" pe strong H-tensors, and let 0 <r <1. Then
o (A" o B > o (A) o (B). 3.1)

Proof The result is trivial for r = 0,1. So let 0 < r < 1. We first consider the case where
Al o B0 is weakly irreducible. Obviously, both A and B must be weakly irreducible.
Thus, by (P2), there exist positive eigenvectors x = (x;) € R” and y = (y;) € R” such that
M(A)x" 1 = o (A)x1 and M(B)y" ! = o (B)yl"-Y, respectively. Let A = (a;y;,..;,,) and
B = (biiy..i,,)- Then, foralli=1,2,...,n,

19 yeeey L ) F L.y i (3'2)

~~~~~~~~~~~~

Set z = (x/y1™") € R”. Then, by the Hélder inequality, we have, foralli =1,2,...,,

(M(A" o B[I_r])zm_l)i = (|flii...i|x;n_l)r(|bﬂ...i|ylm_1)l_r

- Z (1@ityipn %2y i) (1Biy.is i -+ Vi)

1-r

> (laii.ila]"™") (1bii.. |J’zm_1)l_r

r
- ( Z @iy .o i xzm)

(8251vesin ) # st

1-r
X ( Z 1Dity..ips Vi "'yim>

(250v0sim ) # (i)

.
1
> <|6lii...i s E | @iy .y i - - 'xim)

()

1-r
X <|bii.‘.i|y;’n_l - Z [Disy...ips | Vi ..-J/im)

(250eesi) #(byeveri)
= (o (A ™) (e By ) =0 (Ao (B) . (33)

So M(A" o B zm1 > & (A) o (B)' "z for z > 0. Consider that A"! o B~ is a strong
H-tensor by Theorem 2.3. Thus, using Lemma 3.4, we get o (A" o B > o (A) o (B)!".

Now we consider the general case. Recall that A" o B!~ is a strong H-tensor. By
Lemma 3.2, there exists a € {1,2,...,n} such that (A" o BN [«] = (A[a])" o (B[e])"
is a weakly irreducible #-tensor with o (A" o B = o (A" 0 BU~"1)[a]). Note that A[a]
and Bl«] are strong H-tensors. Thus, according to the case above, using Lemma 3.1 we
get

o (A0 B = o ((Ale])" o (Bla])' ™) = o (Al]) o (Bled)' ™ > o (A) o (B).
The result is proved. d

Lemma 3.6 Let A € R"" be a strong H-tensor, and let t > 1. Then o (A¥) > o (A)*.
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Proof First assume that A is weakly irreducible. Obviously, A is weakly irreducible.
Then by (P2), there exists a positive eigenvector x = (x;) € R” such that M(A)x"! =
o (Al Let A= (@iriy..iny)- Then, foralli=1,2,...,n,

@il = Y iy iy -, = 0 (A > 0. (3.4)

(MAD"), = al |G = 30 ay -,

=o(A)fz" 1, (3.5)

So M(AM)z"1 > o (A)fz" Y for z > 0. Consider that A is a strong #-tensor by
Lemma 2.2. Thus, using Lemma 3.4, we get o (A) > o (A)*.

Now we consider the general case. Recall that A is a strong H-tensor. By Lemma 3.2,
there exists & C {1,2,...,n} such that A[a] = (A[a]) is a weakly irreducible H-tensor

with o (A®) = o (A [«]). Thus, according to the case above, using Lemma 3.1 we get
o (A1) = o ((Ale])") = o (Ala])’ > o (A).
The result is proved. O
Our main result of this section is the following.

Theorem 3.7 Let Aj, As,..., Ar € R be strong H-tensors and let r1,r3,...,ry be posi-
tive numbers such that ZL r; > 1. Then

o (A o AT o0 AT > o (A 16(Ay)2 - o (AR)E (3.6)

Proof By (P1), without loss of generality, assume that all the tensors A; are nonnegative for
i=1,2,...,k. We first use the induction on k to prove the result in the case that Zf;l ri=1.
Obviously, the result is true for k = 2 by Lemma 3.5. Assume the result is true for k — 1.
Now let

Bl — Agrl] 6.0 -A/[(rfil]

Consider that each 4, is nonnegative. Then

(L]

B _ All—r‘k

(£50]
o -0 A,
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Note that Zf:ll T - =1 Thus B is a strong #-tensor by Theorem 2.3. Therefore, using the

induction assumption, we get
G(Ayl] OA[ZVZ] P OAE:k]) _ G(B[l_rk] OAE{”k]) ZG(B)I—rkO_(Ak)rk

o L] 1-ry 7,
> (0 (A) ™k - o (Ar) k) o (Ar)™
=0 (A)" o (Are) o (A 3.7)
So the result is true in the case that Zile ri=1
Now we consider the general case ¢ = Zfﬂ r;>1.Setl;=rt fori=1,2,...,k. Then
K L=1.ThusC = Ao AP)o. ..o .Agk Vis a strong 7{-tensor by Theorem 2.3. Therefore,
according to the case above, using Lemma 3.6 we get
(A[rl] A ”2] X A[Vk]) (C[t]) > U(C)t
= (0 (Ao (A2)2 -0 (AD*)
=0 (A)" o (Ap)”? -+ o (A™.

The result is proved. O

Example 3.1 Let A; = (a;), As = (bjia), As = (cjir) € R™? be defined as follows:

ann =4, dmz = dn = i = dnot = Laxng =2,  otherwise ayy = 0,
bun = 5,bmi2 = bout = bionn = buoi =1,b9292 =4,  otherwise by =0

cun = 6,¢l12 = doinn = Cion = Cuz1 = 1,¢0000 =4, otherwise ¢y = 0.

By (P3), it is assured that A;, Aj, and A3 are strong H-tensors. Now set r; = ry = r3 = 1.
Then D A[rl [e] [r2 A[rg = ( Ukl)’ where dun = 120, d2222 = 32, dlllZ = 1, lell = ].,
dion =1,dun =1, otherw1se djw = 0. By Corollary 2 of Qi [16], we get

@[M(A})] = {1,2,2,3.547 + 2.125/,3.547 — 2.125/,5.905},

Q[M(Ay)] = {2.422,4,4,4.756 + 2.239i,4.756 — 2.239i,7.065},
@[M(A3)] = {3,4,4,5.547 + 2.125i,5.547 — 2.1251,7.905},

o[M(D)] = {31.999,32,32,119.663 + 0.585/,119.663 — 0.585/,120.672}.

So o (D) =31.999 > o (A))o(Ay)o(A3) =1 x 2.422 x 3 =7.266.

4 Characterizations for the equality case
In this section, we characterize the strong H-tensors such that the equality of (3.6) holds.

Lemma 4.1 ([12, Lemma 3.2]) Let B € R"" be a weakly irreducible nonnegative tensor
and let Bz"' < p(B)z!"Y for a positive vector z € R". Then Bz = p(B)z"1.

Using Lemma 4.1, we immediately get the following result.

Lemma 4.2 Let A € R"" be a weakly irreducible strong M-tensor and let Az"' >
t(A)z"Y for a positive vector z € R". Then Az = 1(A)z"-1,
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Proof Let A =sZ -3, where B is a nonnegative tensor and s > p(B8). Obviously, 5 is weakly
irreducible. Since Az"! > t(A)z!"1 where t(A) = s — p(B), we have Bz"! < p(B)zl"-1
for z > 0. Thus, by Lemma 4.1, Bz"! = p(B)z""Y. So Az"! = t(A)z"Y. The result is
proved. d

For a tensor A = (a;;,..i,) € R and a nonsingular diagonal matrix D = diag(d;;) €
R"*" the tensor C =AD"V .D...D= (Cirig.im) € R is defined as
R/_J

m-1

~(m-1)
Citiy.iy = ﬂiliz...imd d --d

iL,i1 in,ip © 1 =< ilriZ; .. ';im <n.

Insim?

It must be pointed out that A and C have the same eigenvalues [13]. In particular, if A and
C are strong H-tensors, then M(C) = M(A)|D|""D .|D|---|D|, so o(A) = o (C).
—_——

m-1

Lemma 4.3 Let A,B € R"" be weakly irreducible strong H-tensors and let 0 < r < 1.
Then

o (A" o B = 6 (A) o (B)"
if and only if there exist y > 0 and a positive diagonal matrix D € R™*" such that

|Al = y|BID""V.D...D.
B

m-1

Proof As regards sufficiency, we have o (A) o (B)™" = y o (B) o (B)" = y"o (B) and

O.(A[V] o B[I*r]) — U(|A|[f] ° |B|[1*r])

= o (y"(IBI" o 18I0 (D7) " . D7 DY)
m-1

=y'o(B),

and thus the sufficiency is true.
Necessarily, according to the proof of Lemma 3.5, there exists o C {1,2,...,n} such that

(Al o BO-[«] is a weakly irreducible H-tensor and

U(A[r] o B[l—r]) - U((A[r] o B[l_'])[a])

o‘((.A[Ot])[r] o (B[a])[l—r]) > O'(.A[Ol])rO'(B[O{])l_r.

Recall that A = (aj;,..;,,) and B = (b;;,..;,,) are weakly irreducible strong #-tensors. Thus,
if |a| < n, then, by Lemma 3.1, o (A[«]) > 0 (A) and o (B[«]) > o (), from which it follows
that o (A" o BI1) > o (A) o (B)'", a contradiction. So |«| = #. Hence, A" o BA~"1 must

be weakly irreducible and thus, according to the proof of Lemma 3.5, (3.3) is true, i.e.,

M(A[r] ° B[l—r])zm—l > O_(A)ro_(B)l—rz[m—I]

=o (A o BN AmU 0 <z = (alyi ") e RY,
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from which it follows by Lemma 4.2 that

M(A[V} o B[l—r])zm—l _ O'(.A)rO'(B)l_rZ[m_H.

This means that the two Holder inequalities of (3.3) are equalities and so, for all i =
1,2,...,n,

| @iy iy 1Ky - Kiy = Kil Dy i Vi - Viggr Vg eviriy) # (G0, 0)

for some constant k; and for some constant /;

.....

..........

= li(|bii...i |)’f"_l - Z(iz i) (byennrd) |bii2...z’m |yi2 .. ~yim)’

,,,,,,,,,,

from which we get k; = [; and

@iy iy 1Ky - Ky = Kil Dy i Vi - Vigyr Vil

A
By considering (3.2),
A) xmt
(A = ko By = k= o(A) x, .
o(B) 77
Therefore we have, foralli=1,2,...,n,
o(A) "y, i
iigin | = |Diiy... L2222 1<iy,ee,ipm < H. 4.1
| @iiy...ipy | = | 2""”'0(8)y{”‘1x,-2 oy <y i <m (4.1)

Set D = diag(%,...,i—i) eR™ and y = ‘;((é)) Then (4.1) implies that |A| = y|B|D""V .
D---D. The result is proved.
—

O
m-1

Now we characterize strong H-tensors such that the equality of (3.6) holds in the case
that Y%, 7, = 1.

Theorem 4.4 Let Ay, Ay, ..., Ax € R be strong H-tensors and let r1,rs,..., 1y be posi-
tive numbers such that ZL ri=1. Then

o (A 0 AP o0 AT = 6 (A0 (Ar) - o (ALY

if and only if there exists o C {1,2,...,n} such that A;[o] is weakly irreducible with
o(Aila]l)=o(A) foralli=1,2,...,k and

|Aile]| = yi| Aila]| D} Dy Dy, i=2,.00k
——
m-1

(4.2)

where y; > 0 and D; € R"*" is a positive diagonal matrix.
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Proof As regards sufficiency, using Lemma 3.1 and Theorem 3.7, we have

(Ao AP o0 M) <o (A0 A o0 AM) @)
= o (| Ailal]™ o [ Asla]|" o - o | Ala] ™)
=y vto ([Ailal])
= o (o)) o (Axla])? -+ o (Acla])*
=0 (A1) 0 (Az)? -+ o (A)™*
<o(AM ol o0 AT

and thus the sufficiency is true.

Necessarily, by (P1), without loss of generality, assume that A; is nonnegative for all i =

.,k.Note that C = A" o A 5.0 .A,[:" Vis a strong #{-tensor by Theorem 2.3. Thus

by Lemma 3.2, thereexists « C {1,2,..., n} such that C[«] is a weakly irreducible strong -
tensor with o (C) = o (C[«]). Consider that C[a] = (Ai[a]) o - - - o (Ax[ee])U). Thus A; [oc]
is a weakly irreducible strong #-tensor for i =1,2,...,k. Denote BD Wl = (A [oz])[”]
(Aj_1[a])%1), which is weakly irreducible. Then B = (A4, [Ol]) = o---o(Ar 1[0{]) i ’k] is
a weakly irreducible strong #-tensor. Hence, by Theorem 3.7 and Lemma 3.1, we have

o (C) = o (B o (Ale]) ™) = o (B) "o (Axla])*

> (o (Aual) 7 -+ (A [a]) 75 ) 7 (Aelar])*
o (Ael)” o (e o)) o (Aulel)
> 0 (A -0 (A1) 1o (A = o (C), 43)

Thus o (A;[a]) =0 (A;) forall i =1,2,..., k. Thus according to the observation that
o ((Ailel)™ oo (Ala)) ™) = o (Aife])" -0 (Apale]) o (Aeler]) ™,

where each A;[«] is a weakly irreducible strong H-tensor, we use the induction on & to
prove that (4.2) is true. Clearly, (4.2) is true for k = 2 by Lemma 4.3. Assume that (4.2) is
true for k — 1. Now by (4.3) we have the following statements:
o o(BYH o (Ar[a])PH) = o (B)Y"o (Ax[a])* and so, by Lemma 4.3, there exist y > 0
and a positive diagonal matrix D} € R"*” such that

(m-1)

| Ale]| = vBI(D) ™" - D+ - D). (4.4)

‘h\(—/
m-1

L Tk=1
e 0(B)=o(Aila]) 7k -0 (Ara[e]) T and thus, by the induction assumption, we find
that, forall i = 2,...,k — 1, there exist y; > 0 and a positive diagonal matrix D; € R"*"
such that

[Alle| = [ Aile][D7" - Di--- Dy (4.5)

m-1
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« Using (4.4) and (4.5), we derive that there exist yx > 0 and a positive diagonal matrix
Dy € R™" such that

| Axle]| = ye| Aile] D" D+ Dy
N e’

m-1

Thus the result is proved. O

Next we characterize strong 7 -tensors such that the equality of (3.6) holds in the case
that 5 7, >1.

Lemma 4.5 Let A € R"" be a weakly irreducible strong H-tensor and let t > 1. Then
o (AY) = 6 (A) if and only if n = 1.

Proof The sufficiency is trivial. Necessarily, A is obviously a weakly irreducible strong
‘H-tensor and thus, according to the proof of Lemma 3.6, (3.5) is true, i.e.,

/\/I(A[t])z’”*1 > o (A2 =g (A1 0<z= (x) e R,
from which it follows by Lemma 4.2 that
M (A7 = o (A) .

This means that the two Minkowski inequalities of (3.5) are equalities, and so, for all i =
1,...,n, there is at most one nonzero element for the elements

|ﬂii2‘“im |xi2 cooXi V(iz, eey lm) 7{ (l, veey l),

and there is at most one nonzero element for the two elements

m—1
E | @iy iy« + - X5 @, ilx]™ — E | @iy | Ky« + - K-
(8200 ) F(lyernsl) (1 2 E ()

So, because of (3.4), we have, foralli=1,...,n,
Aiiy iy = 0, V(lg,,lm) #(l,,l),

by considering the fact that x;, ...x;, > 0, which means that .4 is diagonal. Recall that A is
weakly irreducible. So, n = 1. The result is proved. O

Theorem 4.6 Let Ay, A,,..., A € RV be strong H-tensors and let 11,15, ...,y be posi-
tive numbers such that Zf;l r;>1. Then

O'(.A{rl] o A[2r2] 6.0 -A][(rk]) _ O_(Al)rla(Az)rg ...O'(Ak)rk

if and only if there exists o C {1,2,...,n} with |«a| = 1 such that o (A;[a]) = 0(A;) for all
i=1,2,...,k
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Proof As regards sufficiency, by considering |«| = 1, using Lemma 3.1 and Theorem 3.7,
we have

o (Ao AT oo A <o (A0 ALY o 0 AT [a])
= o (o) o (Aala]) - o (Arla])
=0 (A1) 0 (Ap)™? o (A)*
<o (Ao Al 6. o AMHY,

and thus the sufficiency is true.

Without loss of generality, assume that .4; is nonnegative for all i = 1,2,..., k. Note that
C=AMoAlrlo... o A,[(rk] is a strong #-tensor by Theorem 2.3. Thus, by Lemma 3.2,
there exists & C {1,2,...,n} such that C[«] is a weakly irreducible strong H-tensor with
o(C) = o(Cla]). Set t = Zle riand [; = r;t™! for i =1,2,...,k. Denote B = Ayﬂ ) A[212] o
-0 AE’( | Then B [«] is a weakly irreducible strong H-tensor. Hence, by using Lemma 3.6,
Theorem 3.7 and Lemma 3.1,

o(C) = o (Clel) = o ((Blel)"™) = o (Blal)*
> (o (Aila]) o (Asla])? - o (Acle])*)’
=o(Aile])" o (As[a])? - o (Akle]) ™
>0 (A)"0(A2)? -0 (A)* =0 (C),

from which it follows that o (A;[«]) = 0 (A4;) forall i = 1,2,...,k and o (B[a])) = o (B[«])?,
which implies by Lemma 4.5 that || = 1. The result is proved. g

5 Conclusions

In this paper, we investigate the closure property of 7 -tensors under the Hadamard prod-
uct. It is shown that the Hadamard products of Hadamard powers of strong H-tensors
are still strong H-tensors. We then bound the minimal real eigenvalues of the comparison
tensors of the Hadamard products involving strong H-tensors. Finally, we show how to
attain the bounds by characterizing these H-tensors.
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