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1 Introduction
The classical Hardy’s inequalities on C state that if f(z) = > ¢, axz* belongs to the ordinary
Hardy space H?(C), 0 < p <1, then one has the following results for the coefficients:

|ax] < k7| f | v

and

oo
> ke + 1P arP < pllf I
k=0

where ¢, depends only on p (see Theorems 6.2 and 6.4 in [1]).

The proofs of these inequalities are based on the atomic characterization of Hardy
spaces. Using this idea, similar inequalities have been established for the discrete and con-
tinuous Fourier transforms [2—4], for Hermite expansions [5-9], for Laguerre expansions
[6, 7, 10], and for special Hermite expansions [9, 11, 12]. More works related to this topic
can be found in [13-16]. Now in this paper we continue to study Hardy’s inequalities for

the twisted convolution with Laguerre functions defined by

1
QDk(Z) _ Lz—1<§|z|2)e—izl2'

In [9], Radha and Thangavelu gave the following theorem, but the proof is left to the in-

terested reader.
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Theorem 1.1 Suppose f € H;(C") with O < p < 1. Then there exists a constant c such that

oo
DI x ek + )7 <clf Iy
k=0

where o = (”T”)(Z -p).

Here H%(C") is the atomic Hardy space defined in terms of an atomic decomposition.
When p =1, this inequality has been established by Thangavelu [12]. The key tool they
provided to prove this result was the estimate for the ordinary differential of Laguerre
functions

sup|dZ i (z)| < ck™ 1“1,
z

In this article we shall use an estimate related to the Heisenberg left-invariant vectors of
the special Hermite functions, together with Taylor formula of Heisenberg group, to gain

a new proof of this theorem. Moreover, we build another type of Hardy’s inequality.

Theorem 1.2 Suppose f € HY(C") with 0 < p < 1. Then there exists a constant c such that

If x @ill2 < ¢k + m)*I|f | g2y
where T = (n(l% -1)-1)/2.

Comparing Theorems 1.1 and 1.2 with the classical Hardy’s inequalities, we find that the
varieties of indexes for 2k + n and k + 1 have the same similarity. We shall show this fact
in the last section.

The outline of this paper is as follows. In Section 2 we briefly summarize the harmonic
analysis on the Heisenberg group and the atomic theory needed in the sequel. Section 3
is devoted to the proof of our main result. In order to do this, some lemmas are stated in
this section. We will adopt the convention that ¢ denotes constants which may be different

from one statement to another.

2 Preliminaries
The (2n + 1)-dimensional Heisenberg group H" is a Lie group structure on C” x R with

the multiplication law
/4 / / 1 )
(z,1)(2,¢) = z+z,t+t+§Imzz’ ,

wherezz' = Z;I:l z,z_’,». The Lie algebra G of H”, which admits a stratification by G = V1 @ V5,

is generated by the left-invariant vector fields

3 i_ 9 -9 i 0
Z=—

= — 4+ —-zi—, <j<m,
=% a0t /

— __Zj_’ 1_ =
0z, 4ot

and T = % The horizontal layer is just the first layer V; generated by Z;, Z;,1 <j < n.
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Nowleto = (01,...,09,,00,41) = (1,...,1,2), I = (iy,..., i) with iy,..., i € {1,2,...,2n+1},
and use the notation o (/) = 0, + - - - + 0y, to denote the homogeneous length of I. We also
write X; = Z;, X,,,; = Zj,l <j <n, Xp,.1 = T and use the notation X; = X, - - - X;, to denote
the left-invariant differential operator.

A function P on H" is called a polynomial if P o exp is a polynomial on G. Every polyno-
mial on H” can be written uniquely as a finite sum

i J
P=Y"am, ajeCn=n} nfi,
]

where n; = jolog, {1,...,{2u4 is the basis for G* dual to the basis X, ..., Xy, for G. The
monomial 77/ is homogeneous of degree d(J) = 212:1 Ji+2jau41 and the homogeneous degree
of P is given by d(P) = max{d(J) : a; # 0}. For s € N = {0,1,2,...}, we denote by »; the
space of polynomials whose homogeneous degree < s. Let f € C**(H"), the left Taylor
polynomial of f at (z, t) € H” of homogeneous degree s is the unique Ps(f, (z,t)) € £ such
that X;Ps(f, (z,£))(0) = Xif (z,¢) for o(I) <s. Let (2,¢),(2,0) € H" and suppose that f €
C*1(k € N), then by Bonfiglioli [17] one has the following horizontal Taylor formula with
integral remainder for the Heisenberg group:

k X /, t/
f((Z/, t/)(Z,O)) =f(Z/, t’) : Z Z #Sil .. 'Eil
1=1 I=(iy,niy) :
i1500i]<2n

1 _y
+ Z -‘Eil...gik+1/0 (XJ)((Z/,t/).exp(zssixj)>%ds’

I=(i1seeifer1) j<2n
1 5enipp1=2n

where the notation log(z, 0) = ngn £X;.
Now we pick up the orthonormal basis in L2(R”) to be the Hermite functions given by
12 e T
— (9ll e -lE1 2 .
Dy (€) = (2"aty/m) " Te P ] Hay (),

j-1

where Hy(s) = (—l)kesz(%)k(e‘sz) is the Hermite polynomial. For A € R\{0}, the Schrodin-
ger representation IT; of H” acts on L*(R"”) by

. . 1
M (2,09 (§) = e 2 g (€ 1 ),

where z = x + iy. Moreover, IT,(z, £) is a strongly continuous unitary representation satis-
fying

H)L(Z, t)H)L(Z/, If/) = 1_[)L ((Z, t)(Z/, t/)),

and I, (z, t)¢ converges to ¢ in L*(R") as (z,£) — 0 in H". If we set @, 4(z, t) = (IT1(z, £) Py,
®g) and I(z) = I11(z,0), then & g(2) = Py p(2,0) = (TT(2) Py, Pp) is called the special Her-
mite function and {®,4(z)} forms an orthonormal basis for L*(C"). Note that the operator
I is an irreducible projective representation of C” into L*(R") such that

Iz +w) = H(z)l'[(w)e’% Tmzw,
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and the integral

/ f2)T(z)dz
Ccn
is nothing but the Weyl transform of f. Now suppose f € L*>(C"), one has the expansion

f@ =" (fs ®ap)Pas(2),

aeN" BeN"

from which, together with the relation of the special Hermite function and the Laguerre

function

D ®au(2) = 21) 2 gi(2)

o=k

and the twisted convolution of functions f and g

fxglz)= /«: fe- w)g(w)e? ™ gy,

one can rewrite the special Hermite expansion as

f@=0m)" ) f x pil2).
k=0

For various results related to these expansions, readers can refer to [18, 19].

Now we are going to introduce the atomic Hardy spaces HE(C"). For 0 < p<l<g=<
00,p#q,s € Nand s > [2n(1/p — 1)], a function « is called the (p, g, s)-atom with the cen-
ter zo if it satisfies (i) supp(a) C B,(2o), (ii) l|all, < [B,(z0)|"/%"""7, and (iii) the cancelation
conditions an a(z)P(z — zo)e% ImzZ0 gz = 0 for any polynomial P whose degree < s.

For 0 < p <1, a tempered distribution f is said to be an element of the atomic Hardy

space HY(C") if it can be characterized by the decomposition
f@ =) 1a(2),
j=1

where a;s are (p, g, s)-atoms and Z}‘fl |Aj}? < co. Moreover, the space HY(C™) can be made

into a metric space by means of the quasi-norm defined by

o0 o
1L, = inf{Z 217 1 = Z%ﬂ;}-
j=1 j=1

Note that the cancelation condition of (p, ¢, s)-atom is defined in consideration of the Weyl
transform, and thus the atomic Hardy space H%(C") defined above is different from the

ordinary Hardy space H?(C") for 0 < p <1 (see [9]).
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3 Proofs of the main results
We are now in a position to give the proofs of the main results. First we state some crucial

lemmas.

Lemma 3.1 Forany (z,t) € H” and « € N", we have

Z |X1(DD,Y,3(Z, t)|2 <c(2la|+ n)a(l).

BeNn

Proof Expanding IT;(z, £)®,(£) in terms of &g by

Mi(z, )P (€) = Y _(TMi(z, 1) P, Dp) D (E),
B

we get

qDOl,Ot ((_Z) —t)(Z, t)) = (HI(Z: t)q>ar Hl(zr t)q)ot)

= Y (Mg t)®a, D) (g, (2, 1) Pa )
peN”

= Z |q>a,/3(zi t)lzy

BeN"
from which together with the facts that &, ,((—z, —t)(z,£)) = ©4,,(0,0) =1andforl <j <,

qu)a,ﬁ (Z> t) = l(2(¥1 + 2)1/2q)a+e/,ﬁ(z, t),

Zj®4 (2, 1) = i(20)"* Py, 4 (2, ),
where {ey,...,e,} is the standard basis of R”, we then deduce this lemma. O

Lemma 3.2 Let Pr(P,,,,0) be the horizontal Taylor polynomial of ®,,, at the origin of
homogeneous degree k. Then, for (z,0),(zo,0) € H", we have

2
> @, 4(20,0)(Pay (2,0) — Pe(Pay, 0)(2,0)) | < crlzl*(2l| + 1
Y

)/(+1

2

BeNn

Proof For the special Hermite functions, we find that

Dy (20 +2) = Z D, 4(20) Py y (2)e2 ™70,
v

Hence

> @, 4(20,0)X; Doy (2, 0)’ = |X;®a,5((20,0)(z,0))]-
Y

Then, for (z,0) = eXP(ngzn &X;), by the horizontal Taylor formula and Lemma 3.1, we



Xiao and He Journal of Inequalities and Applications (2017) 2017:226 Page 6 of 9

have
2
D@y p(z20)(Pay (2,0) = Pe(Pay, 0)(2, 0))
peNr! y
PRSI MRS
peNtl oy N=(ig ik+1)
il ..... zk+1§2n
-9\
/XIQDQV(exp(ZsE,X,»))TdS
j<2n
<D0 D lEE L
BEN" I=(iy,.igs1)
i1 yeenrlfy1 <20
! (=g
X Z ; ZCD},,;;(ZO,O)XIQDD,,}, exp Zsé,'Xj 7 ds
I=(i1,00ik41) 14 j=<2n
yeenifp1 <21

2k+2 (1—5)2k
< C |Z| Z / Z |X1‘baﬁ Z(),O) Zs, ‘ ds / k')2

. 0
I=(i1,if41) BeN”
i1 yeenrlfey1 <20

k+1
< clz* 2 (20| +n)"",

where we have used the notation (z;,0) = exp(Z]<2n s&;X;) and the fact |§;| < c|(2,0)| = c|z|
(see Lemma 3 of [17]) in the second inequality. O

Lemma 3.3 Suppose that f is a (p,2,s)-atom supported in a ball B,(zo). Then we have

s+1l+n

IIf x </’k||2 <c(k+n 5+”|lf|| Alp=172)

Proof From p.58 of [19] we see that

fx @) =Qr)" > > (f, Pup) Pap(2).

|or|=k BeN"

It follows that

If x @el3 = @m)* > S|, ).

|or|=k BeN"

Now let Py(®y,,,0)(z,0) be the Taylor polynomial of @, (z,0) at the origin of homoge-
neous degree s. Then, by the cancelation condition of p-atom and Lemma 3.2, we have

3 S @ap)|

| =k BeNn

=2

la|=k B

2

f 20 +2) D p(20 +2)dz
B,(0)
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2

=2

lal=k B

- Z Z Z¢V /3(20)/ f(ZO +z ( a,y(2,0) — Pg(Py,,,0)(z, 0))ezlmzzo dz

lel=k B ' v

<2/ [fzo+z| dzZ/

la|=k

<c Y IFI3(2lel + n)s+1/ o 12|%*2 dz
Br(0

la|=k

/ Flzo+2) Y @,5(20) Pay (2Dt ™0 dz
B(0) "

2

2

,/3 ZO)( a y(zr 0) _PS((D(X,]/! 0)(z, O)) dz

25+2+2n
< C(2k + n)s.Hq ”f” ~ 2n(1/p-172) ,

where in the last inequality we have used (ii) of p-atom. d

Proof of Theorem 1.1 For f € H}(C"), it follows that f = Z]ofl Aja;, where aj’s are (p,2,s)-
atoms supported in B,(zg). Then we get

DO x gellb @k +m) <> IniPllag x @il (2K +m) ™

k=0 k=0 j=1

SZIMI‘”( Z + Z >||a/x<pk||§(2k+n)"’
=

2k+n>r=2  2k+n<r-2

= Y 3PS+ S2),

j=1

from which we see that, to get this theorem, it suffices to show that $; and S, are bounded.
For the term S;, Holder’s inequality gives

Si= Yl x gl (2k +m)™

2k+n>r—2
p P
9 2 _ 20 2
<( D lax el > (@k+n) T
2k+n>r=2 2k+n>r—2
< C||ﬂ ”19 20+p—2

< Crnp—2nr2<7 +p-2

:C,

11
where the last inequality follows from the fact |||, < cr?a7p),

Now, for the term S,, by Lemma 3.3, we have

Sp= Y llayx glly2k+m)™

2k+n<r—2

p(- 2n(sl+/;1;tq/2)) —o +(s+n)p/2
< llajll, > @k+n)

2k+n<r=2
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< Cr(s+1)p—2n+2npr2<r—(s+n)p—2

1]
I3

The proof of this theorem is completed. O

Proof of Theorem 1.2 Again assume f = Z/Ofl Aja;, where a;’s are (p, 2,s)-atoms supported
in B,(zp), then

o0
If % @xlla < I2llas x gl
j=1

In view of this, it is enough to show that
2 1y
laj x illa < c(2k +m)" >V,

Firstly, if 72 < 2k + n, by the property (ii) of p-atom, we have

lay x @el2 = ¢ > " (@) Pap)|

lor|=k BeN"

<X 3 [ [0upta dell

|or|=k BeN"

2 2
<ca™aly Y

o=k
11
< o270 2k + m)" !

< o2k +m)" 5O,

Now, if 72 > 2k + n, then by Lemma 3.3 we get

s+l+n
n(1/p-1/2)

2—
2
laj x @iclly = ek + )™ |lall,

< C(2k+ n)s+nr—2(2n(},—1)—s—1)

<c(2k + n)"(%_l)_l.

This ends the proof of this theorem. d

4 Conclusion and remark
In this paper we have used the Heisenberg method to prove two Hardy’s inequalities for the
twisted convolution with Laguerre functions. We also note that the two classical Hardy’s

inequalities can be written as

(k + 1P Magl? < cllf 15

and

oo
Y e+ 17 Magl <clf I
k=0

Page 8 of 9
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Obviously, the difference of the powers of k + 1 in these two inequalities is 1. At present
situation, our results show that

(2/( + l’l) % |f X (/’k”p =C ”.f”HP (cn)

and

Z(Zk + )P If < 5= C, |[fHHp(Cn
which indicate that the difference of the powers for 2k + n is also 1.
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