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Abstract

In this paper, we introduce the p-adic Hardy type operator and obtain its sharp bound
on the p-adic Lebesgue product spaces. Meanwhile, an analogous result is computed
for the p-adic Lebesgue product spaces with power weights. In addition, we
characterize a sufficient and necessary condition which ensures that the weighted
p-adic Hardy type operator is bounded on the p-adic Lebesgue product spaces.
Furthermore, the p-adic weighted Hardy-Cesaro operator is also obtained.
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1 Introduction

p-adic numbers were introduced by Hensel at the end of the 19th century, they constitute
an integral part of number theory, algebraic geometry, representation theory and other
branches of modern mathematics (see [1, 2]). However, the geometry of the space Q, is
surprisingly unlike the geometry of the space R, in particular the Archimedean axiom is
not true in Q,. Therefore the field of p-adic numbers has natural hierarchical structures,
we refer the reader to [3-5]. In recent years, theories of functions and operators from Qj,
into R or C play an important role in the p-adic quantum mechanics, in p-adic analysis.
Studies of the p-adic Hardy operators have drawn more and more attention (for example,
see [6-9]).

For a prime number p, let Q, be the field of p-adic numbers. It is defined as the com-
pletion of the field of rational numbers Q, with respect to the non-Archimedean p-adic
norm | - |,. This norm is defined as follows: |0], = 0; if any non-zero rational number x is
represented as x = p” %, where y is an integer and the integers m, n are indivisible by p,
then |x|, = p77. It is easy to see that the norm satisfies the following properties:

(i) |x[, >0, Vx € Qy, |x|, =0 x=0;
(i) |xylp = [xlplylps Yo,y € Qp;
(iii) %+ yl, < max{|xly |¥l5}, Y%,y € Qp, and when x|, #|y|,, we have
% + y|p = max{|x|,, [y}

It is well known that Q,, is a typical model of non-Archimedean local fields. From the
standard p-adic analysis, we know that any non-zero element x of @, can be uniquely
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represented in the canonical series

[ee]
x=p’ Y ap, y=yWeL
j=0

where a; are integrals, 0 < 4; < p — 1, ap # 0. The series converges in the p-adic norm
because |a;p/|, = p7. Let Z, = {x € Q, : |x|, < 1} be the class of all p-adic integrals in Q,
and denote Z, = Z,\{0}.

The space Q) denotes a vector space over O, which consists of all points x = (x1,%2,...,

xy), where x; € Qp, i =1,2,...,n. The p-adic norm on Q} is
:= max {|x; B
#y 15i5n{|xl b} xe %

Denote by B, (a) = {x € Qy : lx —al, < p7}, the ball with center at a € Q) and radius p”,
and by S, (a) = {x € Q;’ :|x — al, = p”} the sphere with center at a € QZ and radius p?,
y € Z. 1t is clear that S, (a) = B, (a) \ B,_1(a), and we set B, (0) =B, and S, (0) = S,.

Since Q) is a locally compact commutative group with respect to addition, it follows
from the standard analysis that there exists a Harr measure dx on @, which is unique up
to a positive constant factor and is translation invariant. We normalize the measure dx
such that

f dx = |By(0)],, =1,
By(0)

where |B|y denotes the Harr measure of a measure subset B of QI’;. By simple calculation,
we obtain |B, (@)| = p", IS, (@)] = p'"(1 - p™).
The most fundamental averaging operator is Hardy operator defined by

Hf (%) := }C/o f(vdt,

where the function f is a nonnegative integrable function on R* and x > 0. A celebrated

integral inequality, due to Hardy [10], states that

1

H, +) =<
1Hf ey < )

If llzar+)

holds for 1 < g < 00, and the constant ﬁ is the best.
For the multidimensional case n > 2, generally speaking, there exist two different defi-

nitions. One is the rectangle averaging operator defined by

) x) := ! /01~~/0mf(tl,...,tm)dtm~~~dt1,

X1 X

where the function f is a nonnegative measurable function on (0,00)"”, and x; > 0, i =
1,2,...,m. The boundedness of the operator $) is discussed in [11-14]. ||$)||z4— 14, the norm

of 9, is (#)” and obviously depends on the dimension of the space.
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The other definition is the n-dimensional spherical averaging operator, which was in-
troduced by Christ and Grafakos in [15] as follows:

1
Q2 |x["

Hf (x) := /¢|< ‘f(t)dt, x e R"\ {0},

where Q,, is the volume of the unit ball in R”. The norm of H on L7(R") was evaluated
and found to be equal to that of the one-dimensional averaging operator. || |14, 4, that
is to say, does not depend on the dimension of the space.

In 2012, Fu et al. [16] defined the following n-dimensional p-adic Hardy operator:

1

4 - -
P = 50

[, roa cepo,

where f is a nonnegative measurable function on QZ, B(0, |x|,) is a ballin QZ with center at
0 € Q, and radius |x|,, and they proved the sharp estimates of the p-adic Hardy operator
on Lebesgue spaces with power weights.

In 2013, Lu et al. [17] gave the definition of Hardy operator on higher-dimensional prod-
uct spaces as follows:

m

1
e (T2 reeorY) dym -y,
H (f)(x) (1_[ |B(0; |xz|)|) /|yl|<|x1| ~/}’m<|xm|f(y1 g ) > "

i=1

where f is a nonnegative measurable function on R" x R" x --- x R, m e N, n; € N,
%= (X1,%2,...,%,) € R X R" x - x R™, x; € R" and []7 |x;| # 0. Furthermore, the
corresponding operator norm on the Lebesgue product spaces with power weights was
worked out.

Next, we will introduce the definition of Hardy type operator on the higher-dimensional
p-adic product spaces as follows and discuss the boundedness and best bound on the prod-
uct of p-adic Lebesgue spaces.

Definition1.1 Letme N, n; e N, x; € QZ’} i=1,...,m,and f be a nonnegative measurable
12

function on Q' x Q,? x -+ x Qy". The p-adic Hardy type operator is defined by
- 1
100 - (Mo ) [ [ Sonmddn,
l;[ B0, 1xilp)lt ) Jinipetsily  Jimlp<bomly e

where x = (x1,%2,...,%,) € Q' x Qp* x -+ X Qy with [T, |x:l, # 0.

In 1984, Carton-Lebrun and Fosset [18] defined the weighted Hardy operator H,, by

1
Hy () = /0 Fexy@Ods, xeR,

where v : [0,1] — [0,00) is a function, and they showed the boundedness of #, on
Lebesgue spaces and BMO(RR") spaces. Evidently the operator H,, deeply depends on the
nonnegative function y. For Example, when n =1 and v (x) = 1 for x € [0, 1], the operator
‘H, is just reduced to the classical Hardy operator.
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In 2006, Rim and Lee [7] defined the weighted p-adic Hardy operator 7—[{2 by
Hy () = f fey@d, xeQ,
Zy

where ¥ is a nonnegative function defined on Zj, and they gave the characterization of
the function ¢ for which ’Hﬁ is bounded on L9 (@Z), 1 < g < 00, they also got the cor-
responding operator norm. Obviously, if # =1 and ¥ (x) = 1, then ’Hf}j just reduces to the
p-adic Hardy operator H” on QQ,, which is defined by

HPf (x) := i/ﬂ N f(@)dt, x+#0.

%,

In 2013, Fu et al. [19] introduced the definition of weighted Hardy operator on higher-
dimensional product spaces as follows:

1 1
7—[;’,1(;”)(x)=/0 ~~~](;f(tlxl,...,tmxm)(p(tl,...,tm)dtl---dtm,

where the nonnegative function v defined on [0,1] x [0,1] x - -- x [0,1]. They obtained a
sufficient and necessary condition which ensures that the operator 7} is bounded on the
Lebesgue product spaces.

Next, we will extend the operator ;' to the higher-dimensional p-adic product spaces.

Definition1.2 Letm € N,n; € N,x; € Q,/,i=1,...,m, and f be a nonnegative measurable
function on @' x @, x --- x Qy. The p-adic weighted Hardy type operator is defined
by
Hﬁ,m(f)(x) = / cee / f(tlxb e bX) @by -y b)) diy -+ - dby,
Zp Zp
where ¢ is a nonnegative measurable function on Z; x Z7 x - -+ x Z,, and x = (x1,%2, ...,

%m) € Qpt X Q) X -+ x Q.

It follows from the Fubini theorem that we can easily formulate the dual operator of
H’,,» and denote it by H,,.

Definition1.3 Letm € N,n; € N,x; € Q,/,i=1,...,m, and f be a nonnegative measurable
function on Q' x @,* x - -- x Q. The dual operator of the p-adic weighted Hardy type
operator is defined by

/Hg'::n(f)(x) :/ f(xl/|t1|p:--~xxm/|tm|p)(p(tlx"wtm)

7y Ju [l - [Eml)

dty - dty,

where ¢ is a nonnegative measurable function on Z;‘, X Z;j X oeoe X Z;;, and x = (x1,%o,...,

xm) € Q' x Q2 X - x Q.

In 2014, Chuong and Hung[20] introduced the weighted Hardy-Cesaro operator, a more
general form of H, in the real case.
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Let ¢ : [0,1] — [0,00), s: [0,1] — R be measurable functions. The weighted Hardy-

Cesaro operator H;, associated to parameter curve s(x, ) = s(¢)«, is defined by

1
Hytf) = [ Flstemoco ds

for all measurable functions f on R”.
In 2014, Hung [21] considered the form of Hardy-Cesaro operator in p-adic analysis

HESf (x) 1= /Z*f(s(t)x)w(t) dt,

where s : Ly — Qpand: Ly — [0, 00) are measurable functions. The author investigated
the boundedness of the p-adic analog of the weighted Hardy-Cesaro operator on weighted
Lebesgue spaces and weighted BMO spaces. In each case, the corresponding operator
norms are obtained. In 2016, Chuong et al. [22] considered the boundedness of the p-adic
weighted Hardy-Cesaro operators and their commutators on weighted functional spaces
of Morrey type, and the corresponding operator norms are also computed.

Motivated by these famous results, first we will give a higher-dimensional version of the
p-adic weighted Hardy-Cesaro operator.

Definition1.4 Letm e N,n; e N, x; € in, i=1,...,m,andf be a nonnegative measurable
function on Q' x Q2 x -+ x Qy". The p-adic weighted Hardy-Cesaro type operator is

defined by
HES (1)) = / / FACC T U VR P
5 Jy

where s : Ly — Qp and ¢ : Ly x Ly x =+ X Ly — [0, 00) are measurable functions, and

x= (%1, %2, %m) € Qp x Qp? X -+ X Q.

The paper is organized as follows. Section 2 is devoted to the sharp estimates of H}, on
the p-adic Lebesgue product spaces with power weights. In Section 3, we present neces-
sary and sufficient conditions for the boundedness of the weighted Hardy type operator
and its dual operator. Furthermore, the p-adic weighted Hardy-Cesaro type operator also
has the corresponding conclusion. In Section 4, we state explicitly the main conclusions
of the research.

2 Sharp estimates for the p-adic Hardy type operator

Theorem2.1 Letl<g<oo,meN,n; €N, x; € QZ’} i=1...,mIff € L1(Qy xQp* x -+ x
Qpm), then the p-adic Hardy type operator Hiy is bounded on L1(Qp! x Q2 x -+ x QM)
moreover, the norm of Hb, can be obtained as follows:

m

1-p™i
p J1=2=£
”Hm ”Lq(leXQZZX~~x@Z'”)—>Lq(QZIxQZZX---xQZ’”) - l_[ 1 iy
=1 L=p1

We provide the following weighted extension of this result.
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Theorem 2.2 Let1<g<oo,meN, m eN, x;€Q),i=1,...,m. Iff € L1(Q},' x Q) x
—x Qpm, |x|§), where |x|§ = |xlpt X Jxly® X oo x |x|2m and a; < (q - 1)n;, then the p-adic
Hardy type operator H, is bounded on L1(Q,' x Qp* x - - x o, |xl,), moreover, the norm

of Hb, can be obtained as follows:

1-p™i
1HE | o v oy 1o o e iy = | | e
m || L(Q! x Q2 -+ x Q™ Il )= LU (@ x Q2 x--x Q™ Jx5) T
=1 1—-pa-4

When «; = 0, the sharp estimate of the p-adic Hardy type operator will be easy to get on

the p-adic Lebesgue product spaces, so we only provide the proof of Theorem 2.1.

Proof Without loss of generality, we consider only the situation when m = 2. Actually, a

similar procedure works for all m € N. We set

1 1
p)(1-p

g1, xp) = - / f F(aly 6, xal, 62) dés dé.
a- ) Jieyl,=1J gy =1

It is clear that gr(x1,%2) = gr(lx1 |1;1, [ |1;1), in the following we briefly call this function a

radial function on the p-adic Lebesgue product spaces with power weights. We have

1 1
HE (g w1, 0) = / / o) dys d
200 %) = B0 el TBO Wl )t Sty Sy, & 072 222

B 1 1 / / 1 1
[B(O, [x11p) |1 1BO, %20 ) |1t J iy p<tasly Jiyalpetnal, X =p7) (L= p72)

[ Rl ) e didn dy
[61lp=1 / |&2]p=1

By changing variables, z; = | yilglfi, i=1,2, we have

1 1 1 1
1 =p) A= p2) |B(O, [%1,) |1 |B(O, [%2]p) |

X/ / / / f(z1,22)
ilp<lxilp Jy2lp<ixalp Yl1z1lp=y1lp Jlz21p=ly2lp

x |yl |y2l," dza dzi dys dy:.
1 1 1 1
(1=p™) A - p™2) |B(O, |x1],) |1 |B(O, |%2|p) |1

—-n
|z1 ‘p<‘xl ‘p |12|p<‘x2|p ‘}’1 ‘p—‘zl|p ‘J/2|p—|22‘p

X |y2 |;n2 dyz dylf(zl, Zz) de le.

1 1 / /
= f(Zl, Zz) de le.
1B(O, [x11p) |1 1BO, |2 1p) |1t iy 1p<totlp 12 lp<lraly

= Hg(f)(xlrx2)-

H’S(gf)(xl,xz) =
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Using Holder’s inequality, we get
||g||Lq(Q”1 x Q2 &)
(L :
o Jop |- pm)(l P
x / / Sl 6 1], Er) dEa dEy
[€1lp=1 J[&2]p=1

([ fp ipmass
g Jopr A=p)1 (1= p2)1

x ( f If (I, &1, %2, 62) | d& d&)
[611p=1 / |621p=1

gq-1 1/q
X (/ / dé d$1> 1]t |a [ doco dxl)
[€1lp=1 J182]p=1
) 1 1
) (/Q;l /@;2 A -p7) A -p2)

1/q
x ( / If (I, &1, %2, &2) | d& d&) a5 |22 e dxl)
|&1 |p’1 & |p:1

: (Lo Lo (L ]
T (—p)ia (- P"Z)“q Qi lz1lp=lx1lp J 122lp=lx21p

q _ _
x |f(z1,20) "l %2, dzs dzl) 1]t 12 [, doco dx1)

(1 p nl)l/q (1 p nz)l/q(/rzl /;nz </;Cl|p |Zl‘p ~/|7‘2p|22|p

X |1l e [ does dxl) [f (z1,22)|? dzo le)

q l/q
[xl,! 2l doco dx1)

= ”f”Lq(QZI % ;2]&).
Therefore,

P P
HoDllaopxopar _ 1H2@) e <
< .
VN 2o <22 g Nl oyt xap2.2)

This implies the claim that if f is a radial function, then we have gr = f. This means that
the norm of the operator 5 is equal to the norm that makes 7} restricted to the set of
radial functions. Consequently, without loss of generality, it suffices to fulfil the proof of
the theorem by assuming f is a radial function.

Substituting the variable y; = |x,~|;1z,», i=1,2, we see that | H5(f) || L9Q < Q[2,) equals

(.1,
(o Lo

1/q
q
S ()61, 20) " |5 2|52 iy dx1>

1
)r 1B(O, [%2]p) |1
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q l/q
]t lea [ docs dx1>

x / / S1y2) dya dy
U’l|p<\x1|p |J’2\p<|x2\p

a1 a1
(/n /n / / Sl 2, %2l 20) dz dza
Q' Y2 Yz lp<t Jizalp<t

Using the generalized Minkowski’s inequality and noting that f is a radial function, we
have || H5 (f) || 9@ x that is not greater than

(/@m/

S (
lz1 |p<1 |22 |p<1

alpt yaly’ Ve
/ / (/ n lf(yl’yz)| p1 dy2 dyl) |z1 |;n1/q|Z2 |‘;n2/q dzydzn
|211p<1 J |z |p<1 Q2 Izl |221p2

—n- —ny—ay
/ / |z1]p ! |z2lp ! d22d21|lf||Lq(Q"1xQ”2,&)
lz11p<1 Jza|p<l ? »
.

q 1/q
1l,! %2 dxa dxl) .

1/q
dzy dz || [ %2 |,> dxs dxl)

-1 1
/ Szl ', 122, )
lz1lp<l /|z2]p<1

1/q
|21| X1, |Zz| %) M1 |V |2 |22 dxy dxy | dzodzy
p %2lp

l—p :
i=

Therefore,

1% <1—[1—7P”‘
2 I29(Qp" x Q2 ) > L9(Qy" x Q2 Jxf) = 1 M

Now let us prove that our estimate is sharp. For 0 < & < min{1, (g — 1)m1/q, (g — )na/q},
we take

—n-og ”2 O(Z
febenxa) =l © 0 x2lp T X<t Xilealp <1y (¥1,%2).-

It follows from the elementary calculation that [|fe [l ;4 , o2 5) 18
P P

n1+oz1 1/q
g, (e-272)q
(/ / |oe1 |p |62 |p v %[, doxa dx1>
[x1[p<1 ¢ w2 |p<l
1/q ny 1/q
(e-)q (e-"2)a
=(/ aly ) (/ foaly )
e [p<1 [x2p<1
_ 1 _p—nl 1/q 1 _p—nz l/q
- 1 _p—45 1 _p—qs :

We rewrite H5(f.)

Hg(fs)(xl:xZ)

1 / [
= SOny2) dya dy
B0, 51111 1B (%2l Sinipetonty Jatpetinty”
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1 / /
= flzlx,™, z2lx21,") dzy dzy
1B(O, [x11p) 11 [B(O, [%2p) 1 J i)t Jizy et ( ’ r )
—n -] o

1 1] Ty T2
= lzil, © lzalp ? dzy dz.
B0, [x11p) | 1B(O, %) |1 1 lp<1 22 p<1

Thus, we estimate the norm of |H5(f,)|| LaQ1 Q2 3) 3 follows:

”Hp(ﬁ? H Q' xQp23)

S J

"1 i
1 / 1 |Zl |p
} Hlz2lp<Llz2lp< }

{lz1lp<Llz1lp<

*11p %2lp
I q }
X |zalp © dzdaz| |l | TR x| day dx
nl i1 +€&
S5 A AT
[¥1lp<l J x2lp<L1V|z1]p<1 \22|p<1

—}12 otz
X |22 |p d22 dZ1

1 -m 1 _ —n-ap —ny—ay q
lop?l-p™ lz1], +€|Zz| T dznydn
p p p
T1-pwlop \z1|p<1 l2alp<1

m
= HL ”f”q
n‘+a:; nj—¢ Lq((@zle@zzy&‘)'

i-1 1— -p1

qe-m qe—ngy | .. Q
le 557" oo [5772 |x, oy doxy

Therefore,

2 —n

HH§HM<@ Lx Q2 Inld)— LUQY! x Q2 JxfE) = 1_1[ pqzﬁ_,,,_g

Consequently, using the definition of the norm of the operator and letting ¢ — 0, we con-
clude that

2

”HISHL‘I( Pt } Q2 Il —>L9(Q! x Q2 %15) H n’+f—ni.

This finishes the proof of the theorem. d

3 Necessary and sufficient conditions for the boundedness of the weighted

Hardy type operator
Theorem 3.1 Letl <g<oo,meN,n; eN,x; € in, i=1,...,m. ¢ is a nonnegative mea-
surable function on Ly x 3 x - -+ x L Iff € LQp' x Qp* x --- x Qym), then the p-adic

weighted Hardy type operator H, ,, is bounded on L1(Q,' x Q> x -+ x Q) if and only if
[ [ el ) o < .
* Z;

Proof Since the case g = oo is trivial, it suffices to consider the case 1 < g < co.
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We first prove the sufficiency of Theorem 3.1. Assume

/* /* |t1|;n1/LI. .. |tm|;nm/q§0(t1’-n;tm)dtl .. dtm < 00,
Z Z
P P

Page 10 0of 13

. . o . . 4 .
By the generalized Minkowski’s inequality, we get ||y, (f) | LOQU X QL2 QM) that is not

greater than

1/q
[ [ (o [t ) oty
» » \VQp Q"

Making the change of variables y; = x;t;, i = 1,...,m, we have

1/q
[ Lo o i)
Zy I \IQ Q"

X"t (s ) -ty

< |lf||Lq(Qzl>< ;2%‘%@;,,,)/* . ../* |t1|;”1/q~'Itm|;”m/‘7<p(t1,...,tm)dt1~~~dtm.
P ZI’
Since the inequality

// 6,0 bl (s )l -ty < 00
z% /S
P v

holds, this immediately implies that the operator H2,,, is bounded on L1(Q}," x Qp* x - - -

Qym), and

ol
HH%W! L‘I(lex sz---x ;m)eLq(Qzlx Zzwx ;m)

< [ I ) it
3 Uz

This completes the proof of the sufficiency of Theorem 3.1.

Next we prove the necessary of Theorem 3.1, if % ,, is bounded on L1(Q}' x Q}? x - -

Q;’m), then there exists a constant C > 0 such that
P
|| Hw,m(f) ||L7((Qg;,’1 x ;2 ><~~><sz) = C”f”Lq(QZl XQZZ X"‘XQZW')'
Now, for any 0 <& <1and |¢|, > 1, we take

0, |xi |p <1,
Ji#)= i

|xi|pq ) |xi|p >1,

and

fexr, %0, .05 %) = Hff(x).

i=1

- X
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Then a straightforward computation leads to

1-p~
q
[T @%—Hlpﬂ

Obviously, Hﬂ,m(f)(xl,xz,...,xm) = 0 while |x;|, < 1. Moreover, we also see that, if

xilp =1, HY () (%1, %0, ..., %) equals

_m_, _mm_,
il @ e Xl /1
<

B

—%1 £ ”’ —&
- el ?
<1 |p <ltmlp=1

lxm

X (p(tl,...,tm)dtm e 'dtl.

Since the inequality

”me(f)”Lq Q! x Q2 X x Q™) SC”f”Lq(QleszxmeZm)

applies to f;, we have

cPIfI?

LAQp! xQp? - x Q™)

= “H m”LqQ szx-nx(@zm)

_m_, g
q q
Z/ / (|x1|p “ | Xmlp )
[x1lp=1 [%m|p=1
_m_, _mm_,
x(/ o N
<lalp=<l <ltm|p=<1

\xl\ = mlp =

q
X(p(tl,...,tm)dtm~~~dt1> A%y -+ - dxy

> / .. / (|x1 |;n1—aq - |;Vlm—5q)
[x1lp>lelp [%mlp>lelp

_m_, _mm
X(/ / |t1|pq -~~|tm|pq
<ltlp=1 <<l

el Tl =

q
xgo(tl,...,tm)dtm-~~dt1> A% - - - dy

_ q —emq
= el g €17
_%1_8 _n7m_5 q
X lalp ® o ltmlp © @@t Al - dty )
\&l <lt1lp=1 |&| =ltmlp=1

Therefore,

_%1 e m C
/ / 211y Nl w(tl,...,tm)dtmmdtlsﬁ
<ltlp<l <ltmlp<l lelp

lelp = lelp =
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Now take & = p%,k =1,2,.... Then el = p* > 1. Letting k approach oo, then & approaches
km

0 and |¢[)" = p?”* approaches 1. Then by Fatou’s lemma, we obtain

f |t1|;n1/q' o |tm|1;nyn/q¢(t17--~:tm)dtl o 'dtm < Q.
zy  Jz
Thus, the proof of Theorem 3.1 is completed. g

Since the operator H%,, is the dual operator of H% ,,, we can immediately deduce the
following result.

Theorem 3.2 Let1l <g<oo,meN, n; €N, and ¢ be a nonnegative measurable function
on Ly X Lo x - - x Lo i=1,...,m.Iff € LUQp' x Qp* x - -- x Qym), then the p-adic weighted
Hardy type operator M, is bounded on L1(Q),' x Q) x --- x Qi) if and only if

_(g-Dm _(g=Dnm
[ [l T il et dnd <o
;g

Remark 3.1 Using methods similar to Theorem 3.1, we can easily see the proof of The-
orem 3.2. So we omit the details of the proof. In particular, if ¢ = 1, we know that the
operator H% , is not bounded on LY(Q,' x Q)? x -+ x Q™). In the same way, when ¢ =1,
we can also deduce that H%, is not bounded on L®(Q},' x Q,* x -+ - x Q).

We note that in [23], the authors proved the sharp bounds of a weighted multilinear
Hardy-Cesaro operator on the product of Lebesgue spaces and central Morrey spaces.
They also proved sufficient and necessary conditions of the weight functions so that the
commutators of weighted multilinear Hardy-Cesaro operator with symbols in central
BMO spaces.

Inspired by the paper, we will consider sufficient and necessary conditions of the
weighted Hardy-Cesaro type operator %5, on the p-adic Lebesgue product spaces.

Theorem 3.3 Supposel <q<oo,meN,n; €N.Lets:Z, — Q,bea measurable function
such that |s(t;)|, > |t; |§ Jor some real B and almost everywhere t; € Z,,. If f € L1(Qy' x
Q) x -+ % Qpm), then the p-adic weighted Hardy-Cesaro type operator HYon is bounded
on L1(Qy' x Q) x --- x Qym) if and only if

[,

Remark 3.2 Noting that Theorem 3.3 is a more general result than the above two the-

-nilq ~nmlq
s(tl)’p 1 ---IS(tm)!p o(ty,..., L) dt - - - dt,, < oo.

orems, the operator 14, is reduced to the weighted Hardy type operator and its dual
operator if s(¢) is equal to some suitable functions. The sufficiency of Theorem 3.3 can
be obtained easily by the generalized Minkowski inequality and a p-adic change of vari-
ables. It is worth pointing out that we need to make some appropriate modifications for
the necessity. Applying this condition |s(¢)|, > Itlﬁ, then the area of s(¢) is converted into
the relevant area of ¢, so it is easy to get the desired results by adopting the same method
as Theorem 3.1.
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4 Conclusions

In the present study, we introduced a class of p-adic Hardy type operator and considered
the problem of finding a bound for the norm of it from p-adic Lebesgue product spaces
with power weights to itself. Moreover, we characterized a sufficient and necessary condi-
tion which ensures that the weighted p-adic Hardy type operator is bounded on the p-adic
Lebesgue product spaces. In addition, we also extended the results to the p-adic weighted
Hardy-Cesaro operator.
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