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Abstract

Let M™ be a compact convex hypersurface in R™*1. In this paper, we prove that if the
principal curvatures A; of M™ satisfy 0 < Ay < -+ < Ay and 34, < Z/'Zﬂ Aj, then there
exists no nonconstant stable F-stationary map between M and a compact
Riemannian manifold when (6) or (7) holds.
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1 Introduction

Let u: (M™,g) — (N", h) be a smooth map between Riemannian manifolds (M",g) and
(N", h). Recently, Kawai and Nakauchi [1] introduced a functional related to the pullback
metric u*h as follows:

1
P() = / |u*n|® dv,, (1)
M
(see [2—4]), where u*} is the symmetric 2-tensor defined by
(u*h)(X,Y) = h(du(X),du(Y))

for any vector fields X, Y on M and ||u*/| is given by

m

|uth|? = Z[h(du(ei),du(ej))]z,

ij=1

with respect to a local orthonormal frame (ey, ..., e,) on (M,g). The map u is stationary
for @ if it is a critical point of ®(u) with respect to any compact supported variation of «,
and u is stable if the second variation for the functional ® () is nonnegative. They showed
the nonexistence of a nonconstant stable stationary map for ®, either from " (m > 5) to
any manifold, or from any compact Riemannian manifold to §” (# > 5). In this paper, for a
smooth function F : [0, 00) — [0, 00) such that F(0) = 0 and F'(¢) > 0 on ¢ € (0, 00), we are
concerned with the instability of F-stationary maps which is the generalization of a sta-
tionary map for ® introduced by Asserda in [4]. In [4], they obtained some monotonicity
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formulas for F-stationary maps via the coarea formula and the comparison theorem. Also,
by using monotonicity formulas, they got some Liouville type results for these maps.

The authors in [5] obtained the first and second variation formula for F-stationary maps.
By using the second variation formula, they proved that every stable F-stationary map
from §”(1) to any Riemannian manifold is constant if

*7 012 * 710012
/ ||u*h||2{pv(%)”umuz+(4_m)p(llu4h|| )}dvgw, @)
Sm

or every F-stationary map from any compact Riemannian manifold N” to $” is constant

if
*7,112 *1112
[ ||u*h||2{p"(%>||u*h||2+(4_m)p<@>}dvg<o. 3)
NVI

In this paper, we obtain the results on the instability of F-stationary maps which are from

or into the compact convex hypersurfaces in the Euclidean space.

2 Preliminaries

Let F : [0,00) — [0,00) be a C2-function such that F(0) = 0 and F'(¢) > 0 on ¢ € (0,00).
For a smooth map u : (M, g) — (N, i) between compact Riemannian manifolds (M, g) and
(N, h) with Riemannian metrics g and /, respectively, following Ara [6] for an F-harmonic
map (also see [7-10]), Asserda in [4] gave the following definition.

Definition 2.1 We call # an F-stationary map for @ if

d
E(DF(ut”t:O =0

for any compactly supported variation u, : M — N with uy = u, where

* 2
c1>F(,,¢):/MmF(””4 | )dvg.

Let V and V'V always denote the Levi-Civita connections of M and N, respectively. Let v

be the induced connection on ! TN defined by %XW =N Vauery W, where X is a tangent
vector of M and W is a section of "' TN. We choose a local orthonormal frame field {e;}
on M. We define the F-tension field o, (1) of u by

* 2
(2
*7.112 * 10 (12
= F/< ||u4h|| ) divgy(oy) + oy <grad(F’(—”u4h” ))), (4)

where g, = Z/ h(du(-), du(e;))du(e;), which was defined in [1].
We need the following second variation formula for F-stationary maps (cf. [5]). Let u :

(M,g) — (N, h)be an F-stationary map. Let i, : M — N (—¢ < s,t < ¢) be a compactly sup-
ported two-parameter variation such that u#yo = #, and set V = ;—tus,th,t:o, W= %us,t|s,t:0-
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Then

2

q> ( )| =l / " ” ] ” ( ’ >( ’ ) g
8 a Us s,t=0 l ; L oy ; W oy dl
F St 1s,t o

M

<||u*h||2) h(Ve,V, Vo W)h(duley), du(e))) dv,

ij=1

3

Ilu*hll2
+ > h(Ve,V,duley)h(Ve, W, dule))) dvg

ij=1

m

"”*hnz > (¥, V.d v
o; u(e,))h(du(ei), Ve, W) dvg

ij=1

* 2
+ / F/(M)h(RN(V, du(ei)) W, du(e/))h(du(ei),du(e/)) dvy,
" 4

where (-, -) is the inner product on T*M ® "' TN and RY is the curvature tensor of N
We put

82
I(V, W) = —— Pp(ts)5,1-0- 5)

0sdt
An F-stationary map u is called stable if I(V, V) > 0 for any compactly supported vector
field V along u.

3 F-stationary maps from compact convex hypersurfaces
In this section, we obtain the following result.

Theorem 3.1 Let M C R™ be a compact convex hypersurface. Assume that the principal
curvatures h; of M satisfy 0 < iy <--- < Ay, and 3A,, < ZZII Ai. Then every nonconstant
F-stationary map from M to any compact Riemannian manifold N is unstable if there
exists a constant cp = inf{c > O|F'(£)/t¢ is nonincreasing} such that

1
6p<?lr<131<11n{ (Zkk—2k 21 )} (6)

or when F'(t) = F'(t) (for example, F(t) = exp(t))

||u*h|| < —2 1r<r11n { ,(Z Ak —2A; — 2)%) } (7)
k=1

Proof In order to prove the instability of u : M — N, we need to consider some special
variational vector fields along u. To do this, we choose an orthonormal field {e;, €41},
i=1,...,m, of R"! such that {e;} are tangent to M™ C R™!, e, is normal to M" and
V.ejlp = 0. Meanwhile, we take a fixed orthonormal basis E4, A =1,...,m +1, of R"*! and
set

m
VA = Zvilei’ VfA = <EAr ei)»"zﬁl = (EA’eWH'l)’ (8)
i=1
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where (-, -) denotes the canonical Fuclidean inner product. Then du(V,) € I'(z!TN) and

> Vi =Y (Eae)Ene) =5, ©
A A

Ve,v Vy= V:‘nﬂBl'je]', (10)
Vei(Ve,Va) = =viBuBje; + Vi (Ve,hye, .

Ve (du(V,, Va)) = =X BaBydu(e))
+ VY +1(VelB,])du(e]) + VZ’”BUVeldu(e,) (12)
where B;; denotes the components of the second fundamental form of M™ in R"*. Sup-

pose that u : M — N is a nonconstant F-stationary map. Then the condition z(u) =
~§(F'(12112)5,) = 0 implies that

*1012
Z/Mmp(nu:n ><(Adu)(VA),au(VA)>dVg
A
5% /M ] F,(llu4 I )VZI/A((Adu)(ei),gu(e,))dvg
A
9> /M ) p(%)(mdu)(@),gu(el.»dvg

_ f F(M)((Adu),ou)dvg
Mm 4

_ /M m<8du,8(l—"/(%>ou)>dvg:0. (13)

It follows from the Weitzenbock formula that

=) " RN(du(X), duer))dulex) + du(Ric™ (X)) = Adu(X) + V>du(X), (14)
k=1

where X is any smooth vector field on M"™. With respect to the variational vector field
du(Vy) along u, it follows from (13) and (14) that

> 1 du(Va), du( V)
A

*I’l 2
:/F”("” | )Zw (Va),ou)’ dv
M

A

(Hu*hHZ) 3 (Veidu(Va), Vo du(Va))(dules), diney)) v

i,A
(IIM"‘hII2
+

Zh V Adu(Vy), du(e])) (Veidu(VA),du(ej)) dv,
i, A

*7,112
+ F’(”” a >Zh (Ve,du(Va), du(e))) h (dule:), Ve, du(Va)) dv,

ij,A
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) B
M A
* 2
+/A‘4 <||u k|| >Zh (V2du)(Va), 0,(Va)) dv,.

For any fixed point P € M, choose {e;} such that V,e;|p = 0. We have

V2du(Va) = Ve, Ve, (du(Va)) = 29, (du(Ve, Vi) + du(Ve, Ve, Va)

and

*h 2 ~
(”” ” ) (¥ TtV 00 V) vy

l

* 2
th( (V) ve[ ("”f” )au(vA)deg

- - , *h 2
_/M;h<ve,.du(vA),vei[p(llu4 I )i|gu(VA)> dv,

_'/Mzh<§eidu(vfl))1:/(HWZI'P)%%UM(VA)) dVg
A,i

- - , *h 2

_/M;h<veidu(VA),Vei[F (””4 ” )}mm) dv,

- / F'(M>Zh(%eidu(vA),%e,du(e,))h(du(vA),du(e,)) dv,
" 4

Ay

* 2
_/ F(”u dl )Zh Veldu(VA) du(e])) (Vsidu(VA),du(e/)) dvg
M

A,iyj

* 2
- f P’(M)Zh(%eidu(vA),du(ej))h(du(vA),%e,,du(e,)) dv,.
M 4

Ayif

Substituting (16) and (17) into (15), we have

> 1(du(Va), du(Va))
A

7/ ||M*h”2>
- 2 (Vd 2)
/[‘VI{F ( V M(VA 0,

A

(e (5 ) o

/ <”M*h”2>h( o (A(V, V)

+du(Ve, Ve, Vi) — du(Ric™” (V4)), 0,(Va)) dvg

<1112
+/M <”u 5 >Zh (Ve, du(Vy), Ve,d”(VA)) (duler), dule) dvy

i, A

Page 5 of 13

(15)

(16)

17)
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s /M F/(llulhni’)Zh(%,.du(vA),du(e,-))h(du(ei),%e,du(vA))dvg

iy

* 2
_ / p(llu:H )Zh(%eidu(v,\),%idu(e]«))h(du(VA),du(e,)) dv
M

Asij

<

* 2
- f F(M) S W(Todu(Va), dule)) h(du( V), V. dule) dv,. (18)
" 4

Ayif

In the following, we shall estimate each term in (18). Because trace is independent of the
choice of orthonormal basis, we can take pointwisely {e;, e,..1} such that B; = ;5.
A straightforward computation shows

* 2
Zh<%eidu<vA>,%e,,[F/<"“ o )]ou(vA))
A

*7,112 *7,112
_ ZF//<||U4I’1” )Ve,(||u4h|| )h(VZlHBikdu(ek) +vff‘Vel.du(ek), Vgau(el))
A

* 7,112 *1 (12
:F,,(IIM Al )gei(””:’“ )h(Vel,du(ek),Uu(ek))

4

* 2
- pf/(%) (Vo dut, 0,2 (19)
and
* 2
ZP”(%)(VW(VA),%V
A

_ ZF// ”M*hnz m+1 k7 2
= — (Vi Bydu(ex) + Vi Ve, duler), ou(e;))
A

* 2
SYF (@) (BB duter), oule))h(dute),0.(e)

A

+ (Ve duler), 0(e)) (Ve duler), 0e))) }

* 2
= ZP”( ||"‘4h|| ){Aikjh(du(ei),au(ei))h(du(e/),au(e/)) + (%eidu, au)z}. (20)
A

Then it follows from (19) and (20) that

/M{F (%) S (Fdu(Va), o)

A

- h(%eidu(vA), 7., [F( ||”1h||2):|ou(VA)> } dvg

(I o
=| F ) ki)»,»h(du(ei),au(ei))h(du(e,),au(e,)) dvy. (21)
M

From the Gauss equation it follows that

Ric™(V,) = v/, (BikBij — BuBjx)e;. (22)
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Using (10), (11),(12) and (22), we have

*11|12
/ F (M)h(—zﬁi (du(V,,Va))
M 4

+du(Ve, Ve, Va) — du(Ric™” (Va)), 0,(Va)) dvg

_ 4 ||Lt*h||2 k m+1

= F 4 {[h(ZvABikBijdu(ej) —Va Vei (Bl,)du(e,)
M
~VIB N, du(e)), vyou(er) ]
+ h(—VA ByBydul(e)) + v (Ve,By)du(ey), v 0u(e)))

+ h(vﬁBikBljdu(ej) - VQBkkBljdu(ej), vicru(el))} dv,

uw*h|? ,
= / F <%> {h(2v§BikB,7du(ej) — v\, BiBydu(e)), v, 0, (er)} dve
M

- /M F’(@) Z{[%‘ - (Xk: )\k)})\ih(du(ei),ou(ei))}dvg.

A straightforward computation shows
s > h(Ve,du(Va), Veydu(Va)) h(duer), dudey)) dv
" 4 e A Ve A i)s j g
if,A
*h 2 »
_ / F’(%)h(vﬁ“&kdu(ek)+vﬁveidu(ek),
M

VX’*IBﬂdu(e;) + qu %e/.du(el))h(du(ei), du(ej)) dv,

—]F/ VI B (i), disten) r(duend
=/, ) wBjih (dulex), du(e)) h(dule;), du(e)))
+ h(%idu(ek), %ejdu(ek))h(du(ei),du(ej))} dv,
* 1112
:/ F(%){Alk,h(du(e,),du(e]))h(du(el),du(e,))
M

+ h(Ve,duler), Ve, duler)) h(duler), duley)) } dve
and

*7,12
/ F’(%) > h(Ve,du(Va), duley)h(dule), Veydu(Vy)) dvg
M ijA

_ / ”u*h”2 m+1l k<
= MF 2 {h(vi' Bidulex) + V4 Ve duler), dule)))
X h(du(e,»), V;\””Bjkdu(ek) + vﬁ%ejdu(ek))} dv,
* 1112
= / F/<%) {Alk,h(du(e,),du(e]))h(du(el),du(e,))
M

+ h(Ve,duer), dule))) (Vo duler), duer)) } dvg

Page 7 of 13

(23)

(24)

(25)
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and
(Nu*h)? S S
/F ) Zh(Veldu(VA),Veidu(ej))h(du(VA),du(ej))dvg
M A
_/F/ ||I/l*h||2 m+1 k< Y
=/ 1 {h(vA Bikdu(ek)+VAVeidu(ek),Veidu(ej))
x h(vidu(er), du(ey)) } dvg
:/ F’(%)h(%idu(ek), %eidu(e,»))h(du(ek),du(ej)) dv,
M
and

* 2
/ F(%) " WV du(Vi), due)) h(du( V), Vo duley)) dv,
M

A

*h 2 -
- / p(llu4 || ){h(V’Af’+lBikdu(ek)+V§Veidu(ek),du(ej))
M

X h(qudu(e;), %el. du(e,»))} dv,

= / F’( ||”Z”||2 )h(%eidu(ek), du(ej))h(du(ek), %eidu(e,')) dvy.
M
From (18), (21), (23), (24), (25), (26), (27) and V. dul(e;) = V., du(e;), we obtain

> 1 du(Va), du( Vi)

A

_ o Nlwhl®
_/MF ) Ai)»/h(du(ei),au(ei))h(du(ej),au(ej)) dv,
*7,012
¥ /M F’(%)Z{[zxi— (;Ak)]xih(du(ei),au(ei))}dvg

* 2
+2/ F’(”u4h|| ))\,»)»,'h(du(e,'),du(ej))h(du(ei),du(e,)) dvg
M

5/ F”(”u*hHZ)Aikjh(du(ei),Uu(e,-))h(du(ej),Uu(ej))dvg
" 4

+ jMF/< IIM’ZIHZ) Z{ |:2Ai - (Xk: )\k)]xih(du(ei),ou(ei))}dvg

i

* 2
+2 f F/(”“ il )A,»)\mh(du(e,»),ou(ei)) dv,
y 4

o
= MF 1 )»,-)»jh(du(ei),Uu(ei))h(du(ej),ou(ej))dVg

, *h 2
+ /1\‘41: <%> Xl:{ [2Ai + 2 — <Xk: Ak)}kih(du(ei),au(ei))} dvy.

Page 8 of 13

(28)
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If F’(t) = F'(t), then (28) leads to the following inequality:

> I1(du(Va), du(Va))
A

* 2
< [ (M Yatenl o
M 4
o Nw*h? *
[ () e[ (20) o
* 2
SR [ IR AR
M
[z () o >

If there exists a constant ¢y such that i/c(rt) is nonincreasing, it follows that F”(¢£)t < cpF'(¢)

on t € (0,00), thus (28) implies

> 1 du(Va), du( V)

A
* 1112
<[ 4CPF’<M)Afn||u*h||2dvg
M 4

+/F, luhl? max { | 2X; + 24, — Z)‘k Ai ”"‘*hHZdV

M 4, 1<i<m ! " P l ¢
(Nl h? *

L

+ 11;15;(”{ |:2A,- + 2A, — (Xk: Ak>])\i} } dvy. (30)

If u is nonconstant and (6) or (7) holds, we have

> 1(du(Va),du(Vy)) <0 (31)
A

and u is unstable. O

Corollary 3.2 Letu:S"™ — N be a nonconstant F-stationary map and m > 4. If cp < 7 —1

or ||[u*h||* < m — 4, then u is unstable.

4 F-stationary maps into compact convex hypersurfaces
In this section, we obtain the following result.

Theorem 4.1 With the same assumption on M™ as in Theorem 3.1, every nonconstant F-
stationary map from any compact Riemannian manifold N to M is unstable if (6) or (7)
holds.

Proof In order to prove the instability of i : N” — M"™, we need to consider some special
variational vector fields along u. To do this, we choose an orthonormal field {€y, €41},
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a =1,...,m, of R such that {e,} are tangent to M™ C R™*!, €,,,; is normal to M",
M"Y, €slp =0 and Byg = 1,845, where B,z denotes the components of the second funda-
mental form of M in R"*1. Meanwhile, take a fixed orthonormal basis E4, A =1,...,m+1,

of R"*! and set

m

Va = Zvieon Vil\ = (EA,6a>) Vzwrl = <EA) 6m+1>) (32)

a=1

where (-, -) denotes the canonical Euclidean inner product. We shall consider the second

variation

21 _ 7 ”u*h”2 ad d
(VAI VA) = F 4 (va:Uu><VVAyUu>dVg
A N

lloe* ]|
4 ‘

ij=1

m
WV, Va, Ve, Va)h(dule;), dule;)) dv,

Z h(%ei V4, dll(ej))h(%ei Va, du(e}')) dVg

* 2 m - N
. /N F,< [l ) > (Ve Va, duley) h(dule), Ve, Via) dvg
< ) Z h(RMm (VA’ du(el)) Va, Gu(ei)) dVg; (33)

where {ey,...,e,} is the local orthonormal frame of N".

Firstly, we compute the first term of (33)

7/ ||M*h||2 < ad
2o (T )V 0 (T Vi o) v
A N

- 2
Z h(%ei Va, ou(e,')):| dvg

r 2
Z h(Mm Vdu(e,‘) Va,0u (ez)):| dVg

- 2
Z v;‘”*luj?‘Ba,gh(eﬁ, au(ei))] dv,

- 2
Z Vi Aah(ea, au(ei))] dvg

-

(=2

(=2
e

(=2

(=2

(=2

hadph(u€q, 0(e)) (1l €5, 04(e))) dv. (34)
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The second term of (33)

2 m
5 [ (M) S ot ) v

ij=1

ll*h*

h Vdu (e7) VA: Vdu(ej) VA)h(du(ei)r du(ej)) dVg

hll2

Vea Vi, M Veg A)h(du(ei),du(e/)) dv,

x.»-b

ll*hl*

Jr (%5
/N (*
o
fN (

Aahph (U €ar U] eﬁ) (dule;), dule))) dv,

R"P

)u u; BayB,g(;h ey,e(g)h(du(e,) du(e,)) dv,
)k h u; eo,,du(e,)) (du(ei),du(ej)) dvy. (35)

Jr (%

The third term of (33)

2 m
() St

ij=1

* 2
_ / F/(”“f” )Aakﬁh(uf‘ea,du(ej))h(ufeﬂ,du(ej))dvg. (36)
N

The fourth term of (33)

*7,112 m
Z / F’(”” h” )Zh (., Vo duley)) h(duten), Vo, Va) dvg

ij=1

* 2
_ / F’(||u4h|| )M,\ﬁh(u;vea,du(e,))h(du(e,-),uﬁeﬂ)dvg. 37)
N
The fifth term of (33)
* 2

:/N (
/F,(n 4||2
(

(

Z (RMm (VA, du(e,’)) VA;Uu(ei)) dVg

i

N———"

llu*hl*

VAVAh( " (€ar duler))eg, ouler) dvg

x.»-b

ul u?h (RMm (€ar €y )€asr €5) h(dule;), dule))) dvy

z

[r o)

= F
N

I/l:/ M;S [BaSBya - BaaB},g]h (du(ei), du(e])) dVg

[ (Zkﬂ) ] (dule;), dule;)) dv,

z

[l ||2

IS

\_/V\_/\_/
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- AF/(%) [Ai - (; Aﬂ)xa}h(ufea,u}’ey)h(du(ei),du(e,»)) dvg
_/ (Ilu*h||2)|: (Z >A i| ule du(er))h(du(e) du(e«)) dv (38)
= . . a ar j i) ] g

From (33)-(38), we have

Z I( VA7 VA)
A
= [ (M Yo ahtat coronea) et vy
e R T——
N

* 2
+/ F’(%)Aa)\ﬁh(uf‘ea,du(e,»))h(u?eﬁ,du(ej)) dv,
N

* 2
+/F/<”u4h|| ))\a)\ﬁh(u‘;‘ea,du(ej))h(du(ei),M]ﬁé,s)dVg
N
*7,112
5/ F”(%)Aakﬁh(u‘;ea,au(ei))h(u;"ea,au(e,-))dvg
N

[ (M) [ (0 ottt v

+/F/<||u*h||2)2Aakmh(uf‘ea,du(ej))h(du(ei),du(e,»))dvg
N 4

AV .
= 7 alp (Mi Eatau(ei))h(uj Eouau(ej))dvg
N
(Nwh)? 2 o
+| F{—, 222+ 2hakm — | D hp ) ha B €as 0u(er) vy (39)
N
B
If F’(t) = F'(¢), then (39) leads to the following inequality:
u*h||?
S ivavi = [ F (P pen e
A
2 —
+1r51(11a§xm|:2ka+2)\akm (ZA,g) :“dvg (40)

F)

If there exists a constant cr such that

is nonincreasing, it follows that F”(¢£)t < cpF'(¢)
on t € (0,00), thus (39) implies

ZI(VA, VA)S/ (||u Hl? >|| *h|| {4@)\3"
A
+ max {[2)\a + 2 — (Z ,\ﬂ>]xa”dvg. (41)

B



Li et al. Journal of Inequalities and Applications (2017) 2017:214 Page 13 0f 13

Now, if u : N — M™ is a nonconstant F-stationary map and (6) or (7) holds, then, from
(41) or (40), we know that )", I(V4, V4) < 0 and u is unstable. O

Corollary 4.2 Let u: N — S be a nonconstant F-stationary map with m > 4, where N is

any compact Riemannian manifold. If cr < 7 =1 or luw*h||? < m — 4, then u is unstable.

5 Conclusions

In this paper, we investigate F-stationary maps between the compact convex hypersurface

M™ and any compact Riemannian manifold N. Assume that the principal curvatures A;

of M" satisfy 0 < A; <--- <A, and 31, < ZZII A;, then every nonconstant F-stationary
map from M™ to N or from N to M™ is unstable if (6) or (7) holds. We mainly use the
second variation formula for F-stationary maps (cf. [5]) to get the instability. In particu-

lar, we consider S” as a special case of compact convex hypersurfaces and obtain similar

inferences.
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