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Abstract
LetMm be a compact convex hypersurface in Rm+1. In this paper, we prove that if the
principal curvatures λi ofMm satisfy 0 < λ1 ≤ · · · ≤ λm and 3λm <

∑m–1
j=1 λj , then there

exists no nonconstant stable F-stationary map betweenM and a compact
Riemannian manifold when (6) or (7) holds.
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1 Introduction
Let u : (Mm, g) → (Nn, h) be a smooth map between Riemannian manifolds (Mm, g) and
(Nn, h). Recently, Kawai and Nakauchi [] introduced a functional related to the pullback
metric u∗h as follows:

�(u) =



∫

M

∥
∥u∗h

∥
∥ dvg , ()

(see [–]), where u∗h is the symmetric -tensor defined by

(
u∗h

)
(X, Y ) = h

(
du(X), du(Y )

)

for any vector fields X, Y on M and ‖u∗h‖ is given by

∥
∥u∗h

∥
∥ =

m∑

i,j=

[
h
(
du(ei), du(ej)

)],

with respect to a local orthonormal frame (e, . . . , em) on (M, g). The map u is stationary
for � if it is a critical point of �(u) with respect to any compact supported variation of u,
and u is stable if the second variation for the functional �(u) is nonnegative. They showed
the nonexistence of a nonconstant stable stationary map for �, either from Sm (m ≥ ) to
any manifold, or from any compact Riemannian manifold to Sn (n ≥ ). In this paper, for a
smooth function F : [,∞) → [,∞) such that F() =  and F ′(t) >  on t ∈ (,∞), we are
concerned with the instability of F-stationary maps which is the generalization of a sta-
tionary map for � introduced by Asserda in []. In [], they obtained some monotonicity

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

http://dx.doi.org/10.1186/s13660-017-1483-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1483-z&domain=pdf
mailto:pbzhao@njust.edu.cn


Li et al. Journal of Inequalities and Applications  (2017) 2017:214 Page 2 of 13

formulas for F-stationary maps via the coarea formula and the comparison theorem. Also,
by using monotonicity formulas, they got some Liouville type results for these maps.

The authors in [] obtained the first and second variation formula for F-stationary maps.
By using the second variation formula, they proved that every stable F-stationary map
from Sm() to any Riemannian manifold is constant if

∫

Sm

∥
∥u∗h

∥
∥

{

F ′′
(‖u∗h‖



)
∥
∥u∗h

∥
∥ + ( – m)F ′

(‖u∗h‖



)}

dvg < , ()

or every F-stationary map from any compact Riemannian manifold Nn to Sm is constant
if

∫

Nn

∥
∥u∗h

∥
∥

{

F ′′
(‖u∗h‖



)
∥
∥u∗h

∥
∥ + ( – m)F ′

(‖u∗h‖



)}

dvg < . ()

In this paper, we obtain the results on the instability of F-stationary maps which are from
or into the compact convex hypersurfaces in the Euclidean space.

2 Preliminaries
Let F : [,∞) → [,∞) be a C-function such that F() =  and F ′(t) >  on t ∈ (,∞).
For a smooth map u : (M, g) → (N , h) between compact Riemannian manifolds (M, g) and
(N , h) with Riemannian metrics g and h, respectively, following Ara [] for an F-harmonic
map (also see [–]), Asserda in [] gave the following definition.

Definition . We call u an F-stationary map for �F if

d
dt

�F (ut)|t= = 

for any compactly supported variation ut : M → N with u = u, where

�F (u) =
∫

Mm
F
(‖u∗h‖



)

dvg .

Let ∇ and N∇ always denote the Levi-Civita connections of M and N , respectively. Let ∇̃
be the induced connection on u–TN defined by ∇̃XW =N ∇du(X)W , where X is a tangent
vector of M and W is a section of u–TN . We choose a local orthonormal frame field {ei}
on M. We define the F-tension field τ�F (u) of u by

τ�F (u) = –δ

(

F ′
(‖u∗h‖



)

σu

)

= F ′
(‖u∗h‖



)

divg(σu) + σu

(

grad

(

F ′
(‖u∗h‖



)))

, ()

where σu =
∑

j h(du(·), du(ej))du(ej), which was defined in [].
We need the following second variation formula for F-stationary maps (cf. []). Let u :

(M, g) → (N , h) be an F-stationary map. Let us,t : M → N (–ε < s, t < ε) be a compactly sup-
ported two-parameter variation such that u, = u, and set V = ∂

∂t us,t|s,t=, W = ∂
∂s us,t|s,t=.
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Then

∂

∂s∂t
�F (us,t)|s,t= =

∫

M
F ′′

(‖u∗h‖



)

〈∇̃V ,σu〉〈∇̃W ,σu〉dvg

+
∫

M
F ′

(‖u∗h‖



) m∑

i,j=

h(∇̃ei V , ∇̃ej W )h
(
du(ei), du(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



) m∑

i,j=

h
(∇̃ei V , du(ej)

)
h
(∇̃ei W , du(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



) m∑

i,j=

h
(∇̃ei V , du(ej)

)
h
(
du(ei), ∇̃ej W

)
dvg

+
∫

M
F ′

(‖u∗h‖



)

h
(
RN(

V , du(ei)
)
W , du(ej)

)
h
(
du(ei), du(ej)

)
dvg ,

where 〈·, ·〉 is the inner product on T∗M ⊗ u–TN and RN is the curvature tensor of N .
We put

I(V , W ) =
∂

∂s∂t
�F (us,t)|s,t=. ()

An F-stationary map u is called stable if I(V , V ) ≥  for any compactly supported vector
field V along u.

3 F-stationary maps from compact convex hypersurfaces
In this section, we obtain the following result.

Theorem . Let M ⊂ Rm+ be a compact convex hypersurface. Assume that the principal
curvatures λi of Mm satisfy  < λ ≤ · · · ≤ λm and λm <

∑m–
i= λi. Then every nonconstant

F-stationary map from M to any compact Riemannian manifold N is unstable if there
exists a constant cF = inf{c ≥ |F ′(t)/tc is nonincreasing} such that

cF <


λ
m

min
≤i≤m

{

λi

( m∑

k=

λk – λi – λm

)}

()

or when F ′′(t) = F ′(t) (for example, F(t) = exp(t))

∥
∥u∗h

∥
∥ <


λ

m
min

≤i≤m

{

λi

( m∑

k=

λk – λi – λm

)}

. ()

Proof In order to prove the instability of u : Mm → N , we need to consider some special
variational vector fields along u. To do this, we choose an orthonormal field {ei, em+},
i = , . . . , m, of Rm+ such that {ei} are tangent to Mm ⊂ Rm+, em+ is normal to Mm and
∇ei ej|P = . Meanwhile, we take a fixed orthonormal basis EA, A = , . . . , m + , of Rm+ and
set

VA =
m∑

i=

vi
Aei, vi

A = 〈EA, ei〉, vm+
A = 〈EA, em+〉, ()
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where 〈·, ·〉 denotes the canonical Euclidean inner product. Then du(VA) ∈ 	(u–TN) and

∑

A

vi
Avj

A =
∑

A

〈EA, ei〉〈EA, ej〉 = δij, ()

∇ei VA = vm+
A Bijej, ()

∇ei (∇ei VA) = –vk
ABikBijej + vm+

A (∇ei hij)ej, ()

∇̃ei

(
du(∇ei VA)

)
= –vk

ABikBijdu(ej)

+ vm+
A (∇ei Bij)du(ej) + vm+

A Bij∇̃ei du(ej), ()

where Bij denotes the components of the second fundamental form of Mm in Rm+. Sup-
pose that u : Mm → N is a nonconstant F-stationary map. Then the condition τF (u) =
–δ(F ′( ‖u∗h‖

 )σu) =  implies that

∑

A

∫

Mm
F ′

(‖u∗h‖



)
〈
(�du)(VA),σu(VA)

〉
dvg

=
∑

A

∫

Mm
F ′

(‖u∗h‖



)

vi
Avj

A
〈
(�du)(ei),σu(ej)

〉
dvg

=
∑

i

∫

Mm
F ′

(‖u∗h‖



)
〈
(�du)(ei),σu(ei)

〉
dvg

=
∫

Mm
F ′

(‖u∗h‖



)
〈
(�du),σu

〉
dvg

=
∫

Mm

〈

δdu, δ
(

F ′
(‖u∗h‖



)

σu

)〉

dvg = . ()

It follows from the Weitzenböck formula that

–
m∑

k=

RN(
du(X), du(ek)

)
du(ek) + du

(
RicM(X)

)
= �du(X) + ∇̃du(X), ()

where X is any smooth vector field on Mm. With respect to the variational vector field
du(VA) along u, it follows from () and () that

∑

A

I
(
du(VA), du(VA)

)

=
∫

M
F ′′

(‖u∗h‖



)∑

A

〈∇̃du(VA),σu
〉 dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), ∇̃ej du(VA)

)
h
(
du(ei), du(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), du(ej)

)
h
(∇̃ei du(VA), du(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), du(ej)

)
h
(
du(ei), ∇̃ej du(VA)

)
dvg
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–
∫

M
F ′

(‖u∗h‖



)∑

A

h
(
du

(
RicMm

(VA)
)
,σu(VA)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

A

h
((∇̃du

)
(VA),σu(VA)

)
dvg . ()

For any fixed point P ∈ M, choose {ei} such that ∇ei ej|P = . We have

∇̃du(VA) = ∇̃ei∇̃ei

(
du(VA)

)
– ∇̃ei

(
du(∇ei VA)

)
+ du(∇ei∇ei VA) ()

and

∫

M
F ′

(‖u∗h‖



)∑

A,i

h
(∇̃ei∇̃ei du(VA),σu(VA)

)
dvg

= –
∫

M

∑

A,i

h
(

∇̃ei du(VA), ∇̃ei

[

F ′
(‖u∗h‖



)

σu(VA)
])

dvg

= –
∫

M

∑

A,i

h
(

∇̃ei du(VA), ∇̃ei

[

F ′
(‖u∗h‖



)]

σu(VA)
)

dvg

–
∫

M

∑

A,i

h
(

∇̃ei du(VA), F ′
(‖u∗h‖



)

∇̃eiσu(VA)
)

dvg

= –
∫

M

∑

A,i

h
(

∇̃ei du(VA), ∇̃ei

[

F ′
(‖u∗h‖



)]

σu(VA)
)

dvg

–
∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), ∇̃ei du(ej)

)
h
(
du(VA), du(ej)

)
dvg

–
∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), du(ej)

)
h
(∇̃ei du(VA), du(ej)

)
dvg

–
∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), du(ej)

)
h
(
du(VA), ∇̃ei du(ej)

)
dvg . ()

Substituting () and () into (), we have

∑

A

I
(
du(VA), du(VA)

)

=
∫

M

{

F ′′
(‖u∗h‖



)∑

A

〈∇̃du(VA),σu
〉

– h
(

∇̃ei du(VA), ∇̃ei

[

F ′
(‖u∗h‖



)]

σu(VA)
)}

dvg

+
∫

M
F ′

(‖u∗h‖



)

h
(
–∇̃ei

(
du(∇ei VA)

)

+ du(∇ei∇ei VA) – du
(
RicMm

(VA)
)
,σu(VA)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), ∇̃ej du(VA)

)
h
(
du(ei), du(ej)

)
dvg
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+
∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), du(ej)

)
h
(
du(ei), ∇̃ej du(VA)

)
dvg

–
∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), ∇̃ei du(ej)

)
h
(
du(VA), du(ej)

)
dvg

–
∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), du(ej)

)
h
(
du(VA), ∇̃ei du(ej)

)
dvg . ()

In the following, we shall estimate each term in (). Because trace is independent of the
choice of orthonormal basis, we can take pointwisely {ei, em+} such that Bij = λiδij.

A straightforward computation shows

∑

A

h
(

∇̃ei du(VA), ∇̃ei

[

F ′
(‖u∗h‖



)]

σu(VA)
)

=
∑

A

F ′′
(‖u∗h‖



)

∇̃ei

(‖u∗h‖



)

h
(
vm+

A Bikdu(ek) + vk
A∇̃ei du(ek), vl

Aσu(el)
)

= F ′′
(‖u∗h‖



)

∇̃ei

(‖u∗h‖



)

h
(∇̃ei du(ek),σu(ek)

)

= F ′′
(‖u∗h‖



)

〈∇̃ei du,σu〉 ()

and

∑

A

F ′′
(‖u∗h‖



)
〈∇̃du(VA),σu

〉

=
∑

A

F ′′
(‖u∗h‖



)
〈
vm+

A Bikdu(ek) + vk
A∇̃ei du(ek),σu(ei)

〉

=
∑

A

F ′′
(‖u∗h‖



)
{

BikBjlh
(
du(ek),σu(ei)

)
h
(
du(el),σu(ej)

)

+ h
(∇̃ei du(ek),σu(ei)

)
h
(∇̃ej du(ek),σu(ej)

)}

=
∑

A

F ′′
(‖u∗h‖



)
{
λiλjh

(
du(ei),σu(ei)

)
h
(
du(ej),σu(ej)

)
+ 〈∇̃ei du,σu〉}. ()

Then it follows from () and () that

∫

M

{

F ′′
(‖u∗h‖



)∑

A

〈∇̃du(VA),σu
〉

– h
(

∇̃ei du(VA), ∇̃ei

[

F ′
(‖u∗h‖



)]

σu(VA)
)}

dvg

=
∫

M
F ′′

(‖u∗h‖



)

λiλjh
(
du(ei),σu(ei)

)
h
(
du(ej),σu(ej)

)
dvg . ()

From the Gauss equation it follows that

RicM(VA) = vi
A(BkkBij – BikBjk)ej. ()
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Using (), (),() and (), we have

∫

M
F ′

(‖u∗h‖



)

h
(
–∇̃ei

(
du(∇ei VA)

)

+ du(∇ei∇ei VA) – du
(
RicMm

(VA)
)
,σu(VA)

)
dvg

=
∫

M
F ′

(‖u∗h‖



)
{[

h
(
vk

ABikBijdu(ej) – vm+
A ∇ei (Bij)du(ej)

– vm+
A Bij∇̃ei du(ej), vl

Aσu(el)
)]

+ h
(
–vk

ABikBijdu(ej) + vm+
A (∇ei Bij)du(ej), vl

Aσu(el)
)

+ h
(
vk

ABikBijdu(ej) – vi
ABkkBijdu(ej), vl

Aσu(el)
)}

dvg

=
∫

M
F ′

(‖u∗h‖



)
{

h
(
vk

ABikBijdu(ej) – vi
ABkkBijdu(ej), vl

Aσu(el)
)}

dvg

=
∫

M
F ′

(‖u∗h‖



)∑

i

{[

λi –
(∑

k

λk

)]

λih
(
du(ei),σu(ei)

)
}

dvg . ()

A straightforward computation shows

∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), ∇̃ej du(VA)

)
h
(
du(ei), du(ej)

)
dvg

=
∫

M
F ′

(‖u∗h‖



)

h
(
vm+

A Bikdu(ek) + vk
A∇̃ei du(ek),

vm+
A Bjldu(el) + vl

A∇̃ej du(el)
)
h
(
du(ei), du(ej)

)
dvg

=
∫

M
F ′

(‖u∗h‖



)
{

BikBjlh
(
du(ek), du(el)

)
h
(
du(ei), du(ej)

)

+ h
(∇̃ei du(ek), ∇̃ej du(ek)

)
h
(
du(ei), du(ej)

)}
dvg

=
∫

M
F ′

(‖u∗h‖



)
{
λiλjh

(
du(ei), du(ej)

)
h
(
du(ei), du(ej)

)

+ h
(∇̃ei du(ek), ∇̃ej du(ek)

)
h
(
du(ei), du(ej)

)}
dvg ()

and

∫

M
F ′

(‖u∗h‖



)∑

i,j,A

h
(∇̃ei du(VA), du(ej)

)
h
(
du(ei), ∇̃ej du(VA)

)
dvg

=
∫

M
F ′

(‖u∗h‖



)
{

h
(
vm+

A Bikdu(ek) + vk
A∇̃ei du(ek), du(ej)

)

× h
(
du(ei), vm+

A Bjkdu(ek) + vk
A∇̃ej du(ek)

)}
dvg

=
∫

M
F ′

(‖u∗h‖



)
{
λiλjh

(
du(ei), du(ej)

)
h
(
du(ei), du(ej)

)

+ h
(∇̃ei du(ek), du(ej)

)
h
(∇̃ej du(ek), du(ei)

)}
dvg ()
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and

∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), ∇̃ei du(ej)

)
h
(
du(VA), du(ej)

)
dvg

=
∫

M
F ′

(‖u∗h‖



)
{

h
(
vm+

A Bikdu(ek) + vk
A∇̃ei du(ek), ∇̃ei du(ej)

)

× h
(
vl

Adu(el), du(ej)
)}

dvg

=
∫

M
F ′

(‖u∗h‖



)

h
(∇̃ei du(ek), ∇̃ei du(ej)

)
h
(
du(ek), du(ej)

)
dvg ()

and

∫

M
F ′

(‖u∗h‖



)∑

A,i,j

h
(∇̃ei du(VA), du(ej)

)
h
(
du(VA), ∇̃ei du(ej)

)
dvg

=
∫

M
F ′

(‖u∗h‖



)
{

h
(
vm+

A Bikdu(ek) + vk
A∇̃ei du(ek), du(ej)

)

× h
(
vl

Adu(el), ∇̃ei du(ej)
)}

dvg

=
∫

M
F ′

(‖u∗h‖



)

h
(∇̃ei du(ek), du(ej)

)
h
(
du(ek), ∇̃ei du(ej)

)
dvg . ()

From (), (), (), (), (), (), () and ∇̃ei du(ej) = ∇̃ej du(ei), we obtain

∑

A

I
(
du(VA), du(VA)

)

=
∫

M
F ′′

(‖u∗h‖



)

λiλjh
(
du(ei),σu(ei)

)
h
(
du(ej),σu(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i

{[

λi –
(∑

k

λk

)]

λih
(
du(ei),σu(ei)

)
}

dvg

+ 
∫

M
F ′

(‖u∗h‖



)

λiλjh
(
du(ei), du(ej)

)
h
(
du(ei), du(ej)

)
dvg

≤
∫

M
F ′′

(‖u∗h‖



)

λiλjh
(
du(ei),σu(ei)

)
h
(
du(ej),σu(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i

{[

λi –
(∑

k

λk

)]

λih
(
du(ei),σu(ei)

)
}

dvg

+ 
∫

M
F ′

(‖u∗h‖



)

λiλmh
(
du(ei),σu(ei)

)
dvg

=
∫

M
F ′′

(‖u∗h‖



)

λiλjh
(
du(ei),σu(ei)

)
h
(
du(ej),σu(ej)

)
dvg

+
∫

M
F ′

(‖u∗h‖



)∑

i

{[

λi + λm –
(∑

k

λk

)]

λih
(
du(ei),σu(ei)

)
}

dvg . ()
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If F ′′(t) = F ′(t), then () leads to the following inequality:

∑

A

I
(
du(VA), du(VA)

)

≤
∫

M
F ′

(‖u∗h‖



)

λ
m
∥
∥u∗h

∥
∥ dvg

+
∫

M
F ′

(‖u∗h‖



)

max
≤i≤m

{[

λi + λm –
(∑

k

λk

)]

λi

}
∥
∥u∗h

∥
∥ dvg

=
∫

M
F ′

(‖u∗h‖



)
∥
∥u∗h

∥
∥

{

λ
m
∥
∥u∗h

∥
∥

+ max
≤i≤m

{[

λi + λm –
(∑

k

λk

)]

λi

}}

dvg . ()

If there exists a constant cF such that F ′(t)
tcF is nonincreasing, it follows that F ′′(t)t ≤ cF F ′(t)

on t ∈ (,∞), thus () implies

∑

A

I
(
du(VA), du(VA)

)

≤
∫

M
cF F ′

(‖u∗h‖



)

λ
m
∥
∥u∗h

∥
∥ dvg

+
∫

M
F ′

(‖u∗h‖



)

max
≤i≤m

{[

λi + λm –
(∑

k

λk

)]

λi

}
∥
∥u∗h

∥
∥ dvg

=
∫

M
F ′

(‖u∗h‖



)
∥
∥u∗h

∥
∥

{

cFλ
m

+ max
≤i≤m

{[

λi + λm –
(∑

k

λk

)]

λi

}}

dvg . ()

If u is nonconstant and () or () holds, we have

∑

A

I
(
du(VA), du(VA)

)
<  ()

and u is unstable. �

Corollary . Let u : Sm → N be a nonconstant F-stationary map and m > . If cF < m
 – 

or ‖u∗h‖ < m – , then u is unstable.

4 F-stationary maps into compact convex hypersurfaces
In this section, we obtain the following result.

Theorem . With the same assumption on Mm as in Theorem ., every nonconstant F-
stationary map from any compact Riemannian manifold N to Mm is unstable if () or ()
holds.

Proof In order to prove the instability of u : Nn → Mm, we need to consider some special
variational vector fields along u. To do this, we choose an orthonormal field {εα , εm+},
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α = , . . . , m, of Rm+ such that {εα} are tangent to Mm ⊂ Rm+, εm+ is normal to Mm,
Mm∇εα εβ |P =  and Bαβ = λαδαβ , where Bαβ denotes the components of the second funda-
mental form of Mm in Rm+. Meanwhile, take a fixed orthonormal basis EA, A = , . . . , m + ,
of Rm+ and set

VA =
m∑

α=

vα
Aεα , vα

A = 〈EA, εα〉, vm+
A = 〈EA, εm+〉, ()

where 〈·, ·〉 denotes the canonical Euclidean inner product. We shall consider the second
variation

∑

A

I(VA, VA) =
∫

N
F ′′

(‖u∗h‖



)

〈∇̃VA,σu〉〈∇̃VA,σu〉dvg

+
∫

N
F ′

(‖u∗h‖



) m∑

i,j=

h(∇̃ei VA, ∇̃ej VA)h
(
du(ei), du(ej)

)
dvg

+
∫

N
F ′

(‖u∗h‖



) m∑

i,j=

h
(∇̃ei VA, du(ej)

)
h
(∇̃ei VA, du(ej)

)
dvg

+
∫

N
F ′

(‖u∗h‖



) m∑

i,j=

h
(∇̃ei VA, du(ej)

)
h
(
du(ei), ∇̃ej VA

)
dvg

+
∫

N
F ′

(‖u∗h‖



)∑

i

h
(
RMm(

VA, du(ei)
)
VA,σu(ei)

)
dvg , ()

where {e, . . . , en} is the local orthonormal frame of Nn.
Firstly, we compute the first term of ()

∑

A

∫

N
F ′′

(‖u∗h‖



)

〈∇̃VA,σu〉〈∇̃VA,σu〉dvg

=
∫

N
F ′′

(‖u∗h‖



)[∑

i

h
(∇̃ei VA,σu(ei)

)
]

dvg

=
∫

N
F ′′

(‖u∗h‖



)[∑

i

h
(Mm∇du(ei)VA,σu(ei)

)
]

dvg

=
∫

N
F ′′

(‖u∗h‖



)[∑

i

uα
i h

(Mm∇εα VA,σu(ei)
)
]

dvg

=
∫

N
F ′′

(‖u∗h‖



)[∑

i

vm+
A uα

i Bαβh
(
εβ ,σu(ei)

)
]

dvg

=
∫

N
F ′′

(‖u∗h‖



)[∑

i

vm+
A uα

i λαh
(
εα ,σu(ei)

)
]

dvg

=
∫

N
F ′′

(‖u∗h‖



)

λαλβh
(
uα

i εα ,σu(ei)
)
h
(
uβ

j εβ ,σu(ej)
)

dvg . ()
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The second term of ()

∑

A

∫

N
F ′

(‖u∗h‖



) m∑

i,j=

h(∇̃ei VA, ∇̃ej VA)h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

h
(Mm∇du(ei)VA, Mm∇du(ej)VA

)
h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

uα
i uβ

j h
(Mm∇εα VA, Mm∇εβ VA

)
h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

uα
i uβ

j Bαγ Bβδh(εγ , εδ)h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

λαλβh
(
uα

i εα , uβ

j εβ

)
h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

λ
αh

(
uα

i εα , du(ej)
)
h
(
du(ei), du(ej)

)
dvg . ()

The third term of ()

∑

A

∫

N
F ′

(‖u∗h‖



) m∑

i,j=

h
(∇̃ei VA, du(ej)

)
h
(∇̃ei VA, du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

λαλβh
(
uα

i εα , du(ej)
)
h
(
uβ

i εβ , du(ej)
)

dvg . ()

The fourth term of ()

∑

A

∫

N
F ′

(‖u∗h‖



) m∑

i,j=

h
(∇̃ei VA, du(ej)

)
h
(
du(ei), ∇̃ej VA

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

λαλβh
(
uα

i εα , du(ej)
)
h
(
du(ei), uβ

j εβ

)
dvg . ()

The fifth term of ()

∑

A

∫

N
F ′

(‖u∗h‖



)∑

i

h
(
RMm(

VA, du(ei)
)
VA,σu(ei)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

vα
Avβ

Ah
(
RMm(

εα , du(ei)
)
εβ ,σu(ei)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

uγ

i uδ
j h

(
RMm

(εα , εγ )εα , εδ

)
h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

uγ

i uδ
j [BαδBγ α – BααBγ δ]h

(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)

uα
i uα

j

[

λ
α –

(∑

β

λβ

)

λα

]

h
(
du(ei), du(ej)

)
dvg
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=
∫

N
F ′

(‖u∗h‖



)[

λ
α –

(∑

β

λβ

)

λα

]

h
(
uα

i εα , uγ

j εγ

)
h
(
du(ei), du(ej)

)
dvg

=
∫

N
F ′

(‖u∗h‖



)[

λ
α –

(∑

β

λβ

)

λα

]

h
(
uα

i εα , du(ej)
)
h
(
du(ei), du(ej)

)
dvg . ()

From ()-(), we have

∑

A

I(VA, VA)

=
∫

N
F ′′

(‖u∗h‖



)

λαλβh
(
uα

i εα ,σu(ei)
)
h
(
uα

j εα ,σu(ej)
)

dvg

+
∫

N
F ′

(‖u∗h‖



)[

λ
α –

(∑

β

λβ

)

λα

]

h
(
uα

i εα , du(ej)
)
h
(
du(ei), du(ej)

)
dvg

+
∫

N
F ′

(‖u∗h‖



)

λαλβh
(
uα

i εα , du(ej)
)
h
(
uβ

i εβ , du(ej)
)

dvg

+
∫

N
F ′

(‖u∗h‖



)

λαλβh
(
uα

i εα , du(ej)
)
h
(
du(ei), uβ

j εβ

)
dvg

≤
∫

N
F ′′

(‖u∗h‖



)

λαλβh
(
uα

i εα ,σu(ei)
)
h
(
uα

j εα ,σu(ej)
)

dvg

+
∫

N
F ′

(‖u∗h‖



)[

λ
α –

(∑

β

λβ

)

λα

]

h
(
uα

i εα , du(ej)
)
h
(
du(ei), du(ej)

)
dvg

+
∫

N
F ′

(‖u∗h‖



)

λαλmh
(
uα

i εα , du(ej)
)
h
(
du(ei), du(ej)

)
dvg

≤
∫

N
F ′′

(‖u∗h‖



)

λαλβh
(
uα

i εα ,σu(ei)
)
h
(
uα

j εα ,σu(ej)
)

dvg

+
∫

N
F ′

(‖u∗h‖



)[

λ
α + λαλm –

(∑

β

λβ

)

λα

]

h
(
uα

i εα ,σu(ei)
)

dvg . ()

If F ′′(t) = F ′(t), then () leads to the following inequality:

∑

A

I(VA, VA) ≤
∫

N
F ′

(‖u∗h‖



)
∥
∥u∗h

∥
∥

{
∥
∥u∗h

∥
∥

λ
m

+ max
≤α≤m

[

λ
α + λαλm –

(∑

β

λβ

)

λα

]}

dvg . ()

If there exists a constant cF such that F ′(t)
tcF is nonincreasing, it follows that F ′′(t)t ≤ cF F ′(t)

on t ∈ (,∞), thus () implies

∑

A

I(VA, VA) ≤
∫

M
F ′

(‖u∗h‖



)
∥
∥u∗h

∥
∥

{

cFλ
m

+ max
≤α≤m

{[

λα + λm –
(∑

β

λβ

)]

λα

}}

dvg . ()
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Now, if u : N → Mm is a nonconstant F-stationary map and () or () holds, then, from
() or (), we know that

∑
A I(VA, VA) <  and u is unstable. �

Corollary . Let u : N → Sm be a nonconstant F-stationary map with m > , where N is
any compact Riemannian manifold. If cF < m

 –  or ‖u∗h‖ < m – , then u is unstable.

5 Conclusions
In this paper, we investigate F-stationary maps between the compact convex hypersurface
Mm and any compact Riemannian manifold N . Assume that the principal curvatures λi

of Mm satisfy  < λ ≤ · · · ≤ λm and λm <
∑m–

i= λi, then every nonconstant F-stationary
map from Mm to N or from N to Mm is unstable if () or () holds. We mainly use the
second variation formula for F-stationary maps (cf. []) to get the instability. In particu-
lar, we consider Sm as a special case of compact convex hypersurfaces and obtain similar
inferences.
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