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In this paper, we prove that the double inequalities

aNoa(a, b) + (1 - a)Gla, b) < TD[A(a, b),Gla,b)] < BNaala,b) + (1 - B)G(a, b),
MNagla,b) + (1 - MGla, b) < TD[A(g, b), Gla, b)] < uNaola, b) + (1 - 11)Gla, b)

hold for all a,b > 0 with a # b if and only if ¢ < 3/8,

B >4/l (log(1 ++/2) ++/2)] =0.5546 - - -, . < 3/10 and

w =8/ +2)]=04952---,where TD(q, b), G(a,b), Ala, b) and Noa(a, b), Nao(a, b) are
the Toader, geometric, arithmetic and two Neuman means of a and b, respectively.

MSC: 26E60; 33E05
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1 Introduction

For x,y,z > 0 with xy + xz + yz # 0 and r € (0,1), the symmetric integrals Rr(x,y,z) and
Rg(x,y,2) [1] of the first and second kinds, and the complete elliptic integrals /C(r) and
E(r) of the first and second kinds are defined by

Rr(x,9,2) = % /Ooo[(t +x)(E+y)(E+ z)]‘”2 dt,

Rg(x,9,2) = %/OOO[(tHc)(t +y)(t+z)]"”2(i + 2. L)tdt,

t+x +y L[+z

/2 )2
= / [L-Psin’0] Pd,  E0)= / [1-rsin?(@)]" dt,
0 0

respectively.
The well-known identities

K(r)=Re(0,1-7%1),  &(r) =2Rg(0,1-r%,1)

were established by Carlson in [1].
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Let a,b > 0 with a # b. Then the Toader mean TD(a, b) [2] and the Schwab-Borchardt
mean SB(a, b) [3-5] are respectively defined by

2 /2
TD(b) = = / Ja? cos2(t) + b sin (1) it
0

~ 2a€(/1-(bla)?)/w, a>b,
N obe( A= @)/, a<b,

(1.1)

and

/bz—a2

SB(a, b) = J%";

cosh™(a/b)’

a<b,

a>b,

where cos~!(x) and cosh™!(x) = log(x + ~/x2 — 1) are the inverse cosine and inverse hyper-
bolic cosine functions, respectively.

Very recently, Neuman [6] introduced the Neuman mean N(a, b) of the second kind as
follows:

1 b?
N(a,b) = §|:a+ S—B(a,b)]'

It is well known that the Toader mean TD(a, b), the Schwab-Borchardt mean SB(a, b)
and the Neuman mean of the second kind N(a, b) satisfy the identities (see [6, 7])

TD(a,b) = %RG (a*,5%,0)
2

- l/ooo[(t+a2)(t+b2)]‘”2( @ +m)ta’t,

T t+a?

SB(a,b) = 1/Rg(a*, b, b°)

.y /0 T+ @) e+ ) e+ 2] a,

N(a,b) = RG(LZZ, v, bz)

_1 0 ) ) 1172 612 hZ b2
_Z/o [(t+a*)(t+0%)(c+0%)] <t+a2+t+b2+t+b2 tdt.

Let p €e R and a,b > 0. Then the pth power mean M, (a, b) is defined by
My(a,b) = [(a +17)12]"(p #0),  Mo(a,b) = Vab. 1.2)
We clearly see that M, (a, b) is symmetric and homogeneous of degree one with respect
to a and b, strictly increasing with respect to p € R for fixed a,b > 0 with a # b, and the

inequalities

G(a,b) = My(a,b) < A(a, b) = M(a, b) < Q(a, b) = My(a, b)
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hold for a,b > 0 with a # b, where G(a,b) = vab, A(a,b) = (a + b)/2 and Q(a,b) =
V(@ + b?)/2 are the geometric, arithmetic and quadratic means of 2 and b, respectively.

In [6], Neuman presented the explicit formula for Nga(a, b) = N[Q(a, b), A(a, b)] and
Nug(a,b) = N[A(a, b), Q(a, b)] as follows:

Noa(a,b) = %A(ﬂ, b) [m + Si"h:(")}, (1.3)

Nagla,b) = %A(a, b) [1 + (1497 ta“:(v)} (1.4)
and proved that the inequalities

A(a, b) < Nga(a, b) < Nagla, b) < Q(a, b) (1.5)

hold for a, b > 0 with a # b, where v = (a — b)/(a + b).

Recently, the Toader mean has been the subject of intensive research. In particular, many
remarkable inequalities for Toader mean and other related means can be found in the
literature [8—41].

In [42], Vuorinen conjectured that
TD((Z, b) > Mg/z(d, b)
for all 4, b > 0 with a # b. This conjecture was proved by Qiu and Shen [43], and Barnard
et al. [44], respectively, and Alzer and Qiu [45] presented the best possible upper power
mean bound for the Toader mean as follows:

TD(a, b) < Miog2/10g(x/2)(a, D)

forall a,b > 0 with a # b.
Li, Qian and Chu [46] proved that the inequality

aNag(a,b) + (1 - a)A(a, b) < TD(a, b) < BNag(a, b) + (1 - B)A(a, b)
holds for all a,b > 0 with a # b if and only if « < 3/4 and 8 > 4(4 — n)/[n (7w - 2)] =
0.9573---.
Note that

G(a,b) < TD[A(a, b),G(a, b)] <A(a,b) (1.6)

forall a,b > 0 with a # b.

From inequalities (1.5) and (1.6) we clearly see that
G(a,b) < TD[A(a, b),G(a, b)] <Nga(a, b) < Nag(a,b)

forall a,b > 0 with a # b.



Yang and Qian Journal of Inequalities and Applications (2017) 2017:201 Page 4 of 10

The main purpose of this paper is to find the greatest values «, A and the least values 8,
w such that the double inequalities

aNoa(a,b) + (1 - @)G(a, b) < TD[A(a, b), G(a, b)] < BNga(a,b) + (1 - B)G(a, b),

ANao(a, b) + (1 - A)G(a, b) < TD[A(a,b), G(a, b)] < uNaq(a, b) + 1 - n)G(a, b)

hold for all a,b > 0 with a # b. As applications, we get two new bounds for the complete
elliptic integral of the second kind in terms of elementary functions.

2 Lemmas
In order to prove our main results, we need several lemmas, which we present in this
section.

For r € (0,1), we clearly see that
K(0%)=£(0%)=n/2, K@17)=+00, £(17)=1
and KC(r) and &(r) satisfy the formulas (see[21], Appendix E, pp.474-475)

dK(r) E(r)-(1-r)K(r) dé(r) &)= K(r)

dr r(l—r2) ’ dr r
dlE(r)-Kr)]  rE(r)
dr 12

Lemma 2.1 (see [21], Theorem 1.25) For —oco<a < b < +oo, let f,g: [a,b] — R be contin-
uous on |a, b] and differentiable on (a,b), and g'(x) # 0 on (a,b). If f'(x)/g (x) is increasing
(decreasing) on (a, b), then so are

1) -f(@) £ -f)
@-g@ “ qw-gb)

Iff'(x)/g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2 (see [21], Theorem 3.21(1), Exercise 3.43(11) and Exercise 3.43(29))
(1) The function r+— [E(r) = (1= r})K(r)]/r? is strictly increasing from (0,1) onto
(7 /4,1);
(2) The function r— [K(r) — E(r))/r?* is strictly increasing from (0,1) onto (1 /4, +00);
(3) The function r+— [(2 = r))K(r) — 2E(r)1/r? is strictly increasing from (0,1) onto
(7 /16, +00).

Lemma 2.3 The function r +— ¢1(r) = {%«/1 —r2[2E(r) = K(r)] + 2r* = 1}/r? is strictly in-
creasing from (0,1) onto (3/4,1).

Proof Simple computations lead to

1, (2.1)

hS)
S
—~
S
-
I

@y(r) = Fyl(r), (2.2)
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where
K(r)—-3&(r)
(r)= ———— +m, (2.3)
V-
n(0%) =0, (2.4)
, P 2=r)K(r) -2&@r)
n(r) = (1= 232 4 . (2.5)
From (2.5) and Lemma 2.2(3) we get
3
, Tr
]/1 (r) > m > 0. (26)
Therefore, Lemma 2.3 follows easily from (2.1), (2.2), (2.4) and (2.6). O

Lemma 2.4 The functionr — ¢,(r) = (2r* + v/'1 — r* =1)/r? is strictly decreasing from (0,1)
onto (1,2).

Proof 1t is easy to verify that

2(07) =2 @)=L (2.7)
) 2174 -1)
@y(r) = ———=—<0 (2.8)
r3v/1—rt
for r € (0,1).
Therefore, Lemma 2.4 follows easily from (2.7) and (2.8). O

Lemma 2.5 The function r — @3(r) = [2r2K(r) = 5£(r)]/v/1 = 12 is strictly increasing from
(0,1) onto (-57/2, +00).

Proof It is not difficult to verify that

@3(0%) = —;n, @3(17) = +o0, (2.9)

AUl N 5(r)]. (2.10)

(pé(r) = (1—% |:(5 — 372) r2

From (2.10) and Lemma 2.2(2) together with the monotonicity of £(r) on (0, 1) we clearly
see that

(> —— | (5-37)x = -2 L (2.11)
LEN A T T 4 2|7 a o :
forre (0,1).
Therefore, Lemma 2.5 follows from (2.9) and (2.11). O

Lemma2.6 Thefunctionr > @u(r) = {2/1—r2[2E(r)— (1+r*)K(r)] + 31> =1} /r? is strictly

T

increasing from (0,1) onto (3/4,2).

Page 5 of 10
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Proof Let ¢1(r) = 2+/1—r2[2E(r) — (1 + r2)K(r)] + 3r% — 1, ¢5(r) = r*. Then simple compu-

T
tations give

$1(0%) =$2(0) =0,  @a(r) = g1(r)/pa(r), (2.12)

ea(17) =2, (2.13)
4 1 E(r)-1-r)K 1

28 =3+ - 1—r2|: ) (r2 r) (r)] + ;wg(r). (2.14)

It follows from Lemma 2.2(1), Lemma 2.5 and the function r — +/1 — 72 strictly decreas-
ing that ¢;(r)/¢4(r) is strictly increasing on (0,1) and
$i(r) 3

¥a (O+) = rg%l_,, ¢é(r) - E' (2.15)

Therefore, Lemma 2.6 follows from Lemma 2.1, (2.12), (2.13) and (2.15) together with
the monotonicity of ¢;(r)/¢5(r). O

Lemma 2.7 The function ¢s(r) = [3r* + V1 — r2=1]/r? is strictly decreasing from (0,1) onto
(2,5/2).

Proof We clearly see that

5
% (O+) = E) Y5 1_) =2, (2'16)
1-+1-r2)?
/(r) - _ < 0 (2.17)
vs r3a/1-r2
for r € (0,1).
Therefore, Lemma 2.7 follows easily from (2.16) and (2.17). O

3 Main results
Theorem 3.1 The double inequality

aNga(a,b) + (1 - a)G(a, b) < TD[A(a, b), G(a, b)] < BNoal(a,b) + (1- B)G(a,b) (3.1)

holds for all a,b > 0 with a # b if and only if & < 3/8 and B > 4/[m(log(l + v/2) + /2)] =
0.5546--- .

Proof Since G(a,b), TD(a, b) and Ng4(a, b) are symmetric and homogenous of degree 1,
without loss of generality, we assume that a > b > 0 and let r = (@ — b)/(a + b) € (0,1). Then
(1.1)-(1.3) lead to

TD|[A(a,b),G(a,b)] = %A(a, b)E(r), (3.2)

sinh~(r)
]

G(a,b) = A(a,b)vV1 -2, Noa(a,b) = %A(a, b)[\/ 1472+ (3.3)
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It follows from (3.2)-(3.3) that
T[A(a,b),G(a,b)] — G(a,b)
Noal(a,b) - G(a,b)
%s(r) —V1-r2
LVIs P+ S0
%ra(r) —2r/1-12

= . 3.4
sinh™(r) + (rv/1 + 12 = 2rV/1 - 12) (34)
Let fi(r) = %rs(r) —2rv/1 -2, fo(r) = sinh ™ (r) + (r+/1 + 72 = 2r+/1 - r2) and
%ra(r) —2r/1-r2

/0= sinh ™ (r) + (r/1+ 72 = 2r/1—72) 33
Then simple computations lead to

£i(0%) =£(0) =0, (3.6)

A)  2V1=r22e(r) k(] +2r7 =1 @y(r) 37)

) 2r2+/1-r* -1 o) '

where ¢;(r) and ¢,(r) are defined as in Lemmas 2.3 and 2.4.
It follows from Lemmas 2.3-2.4 and (3.7) that f{(r)/f,(r) is strictly increasing on (0,1).
Then (3.5), (3.6) and Lemma 2.1 lead to the conclusion that f(r) is strictly increasing.

Moreover,
i %re(r) —2ra/1—r? 3 (3.8)
im =, .
0% ginh ' (r) + (/1 + 72 = 2r/1-12) 8
4
2re(r) —2rv/1—r? 4
e . (3.9)

li =
s sinh ™' (r) + (rV1+ 72 = 2rV/1=12)  w[mw(log( + +/2) + +/2)]

Therefore, Theorem 3.1 follows easily from (3.4), (3.8) and (3.9) together with the mono-
tonicity of f(r). g

Theorem 3.2 The double inequality

ANaq(a, b) + (1 - 1)G(a, b) < TD[A(a,b), G(a, )]

< uNaq(a, b) + (1 - n)G(a, b) (3.10)
holds for all a,b > 0 with a # b if and only if » <3/10 and u > 8/[m (7 +2)] = 0.4952- - - .

Proof Without loss of generality, we assume thata > b > 0 and let 7 = (a-b)/(a+b) € (0,1).
Then from (1.4) we get

(3.11)

-1
NAQ(a, b) = %A(a, b) [1 + (1 N r2) tan (r):|

r
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It follows from (3.2), (3.11) and G(a, b) = A(a, b)~/1 —r? that
TD[A(a, b), G(a,b)] - G(a, b) 28(r) - V1~ 12
Nagla,b) - G(a, b) %[14_(1_”,2)@]_ 1—72

_ [4r8(r) 2rd/1-7r2]/(1 + %)
" tan- L)+ (r— 2;"\/1—r2)/1+r2

(3.12)

Let gi(r) = [2rE(r) = 2rv/1 =12/ + %), &2(r) = tan™} (r) + (r = 2rv/1 - 12)/(1 + r*) and

" [%rg(r)—2rv1—r2]/(1+r2) (3.13)
r) = . .
£ tan~1(r) + (r — 2r/1—=1r2)/(1 + r2)

Then simple computations lead to

21(0") =(0) =0, (3.14)
g 2V1-r2[2e(r) - 1+ ()] + 3r* - 1 alr) (315)
gﬁ(’”)_ 3r2+4/1-r2-1 Cos(r) '

where ¢4(r) and ¢s5(r) are defined as in Lemmas 2.6 and 2.7.
It follows from Lemmas 2.6-2.7 and (3.15) that g;(r)/g}(r) is strictly increasing on (0,1).
Then (3.13), (3.14) and Lemma 2.1 lead to the conclusion that g(r) is strictly increasing.

Moreover,

[(2re(r) —2rv1-r2]/(1+ 1) 3

. _3 3.16

0% tan~1(r) + (r — 2r+/1—12)/(1L + %) 10 (316
re(r) 2rv/1-12]/(1 + %) 8

(3.17)

lim .
=17 tan=1(r) + (r — 2rv/1 = 1r2)/(1 + 12) T r(m+2)

Therefore, Theorem 3.2 follows from (3.12), (3.16) and (3.17) together with the mono-
tonicity of g(r). O

From Theorems 3.1-3.2 we get the following Corollary 3.3 immediately.

Corollary 3.3 Let o = 3/8, B = 4/[m(log(1 + \/— V2)] =05546---, A = 3/10 and =
8/[m(w +2)] =0.4952 - - - . Then the double inequalities

PR |
im[m—zﬁ“‘h S

<& < —71,3 Vitr2+ sinh- (r):| + %n(l—ﬂ)«/l—rz,

<&(r)< l
4

—m[ 1+ )taln ] —m(l-A)V1-r?
Jur eSO Ly

hold for all r € (0,1).
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4 Results and discussion

In this paper, we provide the sharp bounds for the Toader-type mean in terms of the convex
combination of geometric and Neuman means. As applications, we find new bounds for
the complete elliptic integral of the second kind.

5 Conclusion

In the article, we present the optimal convex combination bounds of the geometric and
Neuman means for the Toader-type mean, and give several new upper and lower bounds
for the complete elliptic integral of the second kind. The given results are the improve-
ments of some previously known results.
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