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Abstract

In this paper, we introduce the binomial sequence spaces b2°(8™), b°(B™) and
bgf(5<m>) by combining the binomial transformation and difference operator. We
prove the BK-property and some inclusion relations. Furthermore, we obtain
Schauder bases and compute the «-, 8- and y-duals of these sequence spaces.
Finally, we characterize matrix transformations on the sequence space b?b(BW).
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1 Introduction and preliminaries
Let w denote the space of all sequences. By £, £, ¢ and ¢y, we denote the spaces of
absolutely p-summable, bounded, convergent and null sequences, respectively, where
1 < p < 00. A Banach sequence space Z is called a BK-space [1] provided each of the maps
Pn: Z — Cdefined by p,,(x) = x, is continuous for all # € N, which is of great importance in
the characterization of matrix transformations between sequence spaces. One can prove
that the sequence spaces £, ¢ and ¢y are BK-spaces with their usual sup-norm.

Let Z be a sequence space, then Kizmaz [2] introduced the following difference sequence

spaces:
Z(A) = {(xk) ew:(Axy) € Z}

for Z € {€s,c,co}, where Axy = xx — xp41 for each k € N. Et and Colak [3] defined the
generalization of the difference sequence spaces

Z(A™) = {(x) e w: (A"xx) € Z}

for Z € {£s, ¢, co}, where m € N, A%x; = x; and A"x; = A" Ly — A" Ly, foreach k e N,
which is equivalent to the binomial representation A"xy = > (~1)!("7)#,. Since then,
many authors have studied further generalization of the difference sequence spaces [4—7].
Moreover, Altay and Polat [8], Basarir and Kara [9-13], Basarir, Kara and Konca [14], Kara
[15], Kara and Ilkhan [16, 17], Polat and Basar [18], Song and Meng [19] and many others
have studied new sequence spaces from matrix point of view that represent difference
operators.

For an infinite matrix A = (a,x) and x = (xx) € w, the A-transform of x is defined by

Ax = {(Ax),} and is supposed to be convergent for all # € N, where (Ax), = > 1o dni¥k-
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For two sequence spaces X and Y and an infinite matrix A = (a,), the sequence space X4
is defined by

X ={x=(w)ew:Ax € X}, 11)
which is called the domain of matrix A in the space X. By (X : Y), we denote the class of

all matrices such that X C Y.
The Euler means E” of order r is defined by the matrix E" = (e}, ), where 0 < r <1 and

(Z)(l—r)”‘krk if0<k<n,

e’k—
§ 0 if k> n.

The Euler sequence spaces e, e/ and e/, were defined by Altay and Basar [20] and Altay,
Basar and Mursaleen [21] as follows:

ey = {x = (ax) € w nlLIIOloZ (Z) A - r)"Frkx = 0} ,
k=0

n
e = {x = (xx) € w: lim E (7) (1= r)" "k exists} ,
n—00 k
k=0

m}.

Altay and Polat [8] defined further generalization of the Euler sequence spaces e} (V), €(V)
and e/ (V) by

and

> (Z) (1)

k=0

e, =1x=(x;) ew:sup
neN

Z(V) = {x =(xr) ew: (Vay) € Z}

for Z € {ep, e, €.}, where Vg = x; — x;_; for each k € N. Here any term with negative
subscript is equal to naught.

Polat and Basar [18] employed the matrix domain technique of the triangle limitation
method for obtaining the following sequence spaces:

Z(V) = {x = (x) e w: (V") € Z}
for Z € (e}, e/, ¢l }, where V™ = (5\) is a triangle matrix defined by

5m) (-1"*(,)") ifmax{0,n-m} <k <n,
k=
" 0 if 0 < k < max{0,n — m} or k > n,

for all k,n, m € N. Also, Basarir and Kayikci [22] defined the matrix B/ = (b%’()) by

L) () )rmrksnk i max{0,n —m} <k <n,

0 if 0 < k < max{0,n — m} or k > n,
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which is reduced to the matrix V" in the case r = 1, s = —1. Kara and Basarir [23] intro-
duced the spaces e}, (B, ez(B(’”)) and ego(B(’”)) of B"_difference sequences.

Recently Bisgin [24, 25] defined another generalization of the Euler sequence spaces and
introduced the binomial sequence spaces b3?, b*?, b% and b;'h .Leta,beRanda,b#0.
Then the binomial matrix B*? = (iji) is defined by

1 n —kpk s
b“’b_ W(k)an b 1f0§/<§n,
k .
" ifk>n,

for all k,n € N. For ab > 0 we have
(i) 1B“?|| < oo,
(i) limyo0 b} = 0 for each k €N,
(iii) 1imy o0 Y 6% = 1.
Thus, the binomial matrix B*? is regular for ab > 0. Unless stated otherwise, we assume
that ab > 0. If we take a + b = 1, we obtain the Euler matrix E’, so the binomial matrix

generalizes the Euler matrix. Biggin defined the following binomial sequence spaces:

b L 1 (1) ik
b; :{xz(xk)ew.nll)rgomz X a” b x=0¢,

k=0

1 n
b = !x = (xp) ew: nlggo @i Z <Z) a" ¥ bk exists} ,

k=0
m}.

The purpose of the present paper is to study the binomial difference spaces bg‘b(B(”’)),

and

1 = (n n—k 1.k
(a+b)nz(k>“ b

b‘o’f = {x = (xx) € w:sup
k=0

neN

bob (B")Y and b%b (B")) whose B*?(B")-transforms are in the spaces c,, ¢ and £, respec-
tively. These new sequence spaces are the generalization of the sequence spaces defined
in [24, 25] and [23]. Also, we give some inclusion relations and compute the bases and -,
B- and y-duals of these sequence spaces.

2 The binomial difference sequence spaces
In this section, we introduce the spaces bg’b(B(m)), bZ'b(B(”‘)) and bgf (B™) and prove the
BK-property and inclusion relations.

We first define the binomial difference sequence spaces bg’b (B, bf’b(B(m)) and
b= (B™) by

Z(B(”’)) = {x =(x) Ew: (B('")xk) € Z}

for Z € {b&", b%, b%"}. By using the notion of (1.1), the sequence spaces b3 (B"™), b**(B")
and b‘o’;f’ (B") can be redefined by

BB = (0 s BB = () BB = () 2)
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It is obvious that the sequence spaces bg’b (B, b?'b(B(”’)) and bg;f’ (B")) may be re-
duced to some sequence spaces in the special cases of a,b,s,r and m € N. For instance,
if we take a + b =1, then we obtain the spaces ¢ (B, eZ(B(m)) and e, (B"), defined by
Kara and Basarir [23]. If we take a + b =1, r =1 and s = -1, then we obtain the spaces
e(’)(V(’”)),eZ(V(’”)) and €/,_(V"), defined by Polat and Basar [18]. Especially, taking r = 1
and s = —1, we obtain the new binomial difference sequence spaces bg’b(V(”’)),bZ'b (V)
and b‘o‘;}b(V(”‘)).

Let us define the sequence y = (y,) as the B**(B")-transform of a sequence x = (xy),
that is,

1 e . .
Y = [Ba,b (B(m)xk)]n _ (a " b)n Z Z (l Tk) (’:) anfzbzrerk—zsz—kxk (2.2)
k=0 i=k

for each 1 € N. Then the sequence spaces b’ (B™), b**(B®) and b%*(B") can be rede-
fined by all sequences whose B*(B")-transforms are in the spaces ¢y, ¢ and £n..

Theorem 2.1 The sequence spaces bg’b (B, b‘;’b (B and bgf (B™)) are BK -spaces with
their sup-norm defined by

”x”bﬂ'h(B(m)) = ”x”bﬂ,b(B(m)) = ”x”bﬂ:b(B(m)) = Sup‘[me(B(m)Xk)]n‘.
0 ¢ o0 neN

Proof The sequence spaces bg’b, b®" and b% are BK -spaces with their sup-norm (see [24],
Theorem 2.1 and [25], Theorem 2.1). Moreover, B" is a triangle matrix and (2.1) holds.
By using Theorem 4.3.12 of Wilansky [26], we deduce that the binomial sequence spaces
bg’b(B(m)), b%(B™)) and b%*(B"™) are BK -spaces. O

Theorem 2.2 The sequence spaces bg’b(B(”’)), h?’b (B™) and bg’ob (B")) are linearly isomor-
phic to the spaces cy, c and £, respectively.

Proof Similarly, we prove the theorem only for the space bg'b (B™). To prove bg’b (B") =
o, we must show the existence of a linear bijection between the spaces bg’b(B(”’)) and ¢g.
Consider bg’b (B") — ¢y by T(x) = B**(B"x). The linearity of T is obvious and x = 0
whenever T'(x) = 0. Therefore, T is injective.
Let y = (y») € ¢o and define the sequence x = (xy) by

- o (mak=j-1\ [\ %7,
Xk = Z(ﬂ + l’)) Z k _j ; m(—&l)] b l_)/i (23)
i=0 Jj=i

for each k € N. Then we have

1 ay
. a, m) _ n-k m) 1 _
lim [B b (B x)], = lim @b E (k) a"*bF (B xy) = nlgrgoy,, =0,

n—00 n—00
k=0

which implies that x € bg’b(B(”‘) ) and T'(x) = y. Consequently, T is surjective and is norm
preserving. Thus, b2’ (B™) = . O

The following theorems give some inclusion relations for this class of sequence spaces.
We have the well known inclusion ¢y € ¢ C £, then the corresponding extended versions
also preserve this inclusion.
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Theorem 2.3 The inclusion bg’b(B(’”)) - b?’b (B C b‘;;)b (B holds.

Theorem 2.4 The inclusions e2(B™) C b%*(B"™), ¢*(B™) C b**(B"™) and € (B™) C
bg'ob (B") strictly hold.

Proof Similarly, we only prove the inclusion e4(B™)) C bg'b(B(”‘)). If a + b =1, we have

E% = B’ So eg(B(’”)) C bg’b(B(”‘)) holds. Let 0 < a <1 and b = 4. We define a sequence
x = (wr) by xx = (—%)k for each k € N. It is clear that

E* (B(’")xk) = (Z (7:1) sty (—;)l(—Z - a)”) ¢ co
i=0

and

o)~ (5 (1)) (52 ) e

So, we have x € bg'b(B(”’)) \ e4(B"™). This shows that the inclusion e%(B™) C bg’b(B(”’))
strictly holds. O

3 The Schauder basis and a-, 8- and y-duals
For a normed space (X, || - ||), a sequence {xy : xx € X}xen is called a Schauder basis 1] if
for every x € X, there is a unique scalar sequence (i) such that [lx — Y }_o Awxkll — 0
as n — 0o. We shall construct Schauder bases for the sequence spaces bg’b(B(’”)) and
b=b(Bm).

We define the sequence g®(a,b) = {gfk) (a,b)}ien by

if0 <i<k,
@+ b S (" () SEcay ™t ik,

i ) i) i

&P, b) =

for each k € N.

Theorem 3.1 The sequence (g% (a,b))ren is a Schauder basis for the binomial sequence
space bg’b(B(’”)) and every x = (x;) € bg’b(B(”‘)) has a unique representation by

x= la,b)g"(a,b), (3.1)
k

where Ai(a,b) = [B**(B"x;)] for each k € N.

Proof Obviously, B# (B(’”)gi(k) (a,b)) = ex € ¢, where ey is the sequence with 1 in the kth
place and zeros elsewhere for each k € N. This implies that g®(a, b) € bg’b(B(’")) for each
keN.

Forx e bg’b(B(’”)) and 7 € N, we put

2 =% " ula b)gV(a,b).
k=0
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By the linearity of B**(B"), we have

B (B™x") = " ai(a, )B* (B™g(a, b)) = > Mela, b)ex
k=0 k=0

and

0 if0<k<n,

Bvb(Bm) x; _x(.n) =
[ ( ( i ))] [Ba,b(B(m)xi)]k lf k >n,

k

for each k € N.

For every ¢ > 0, there is a positive integer ny such that

&

B ()], < &

for all k > ny. Then we have

&
b= g gy = Sl (B5)), | < s 894 ) < 5 <

which implies that x € bg’b (B") is represented as in (3.1).

To show the uniqueness of this representation, we assume that

2= ula,b)g"(@b).
k

Then we have

(B (B™x:)], = > ma(a, B)[ B* (B"g(a, b)), = > 1@, b)ex)x = uila, b),
k k

which is a contradiction with the assumption that A (a, b) = [B*?(B"x;)]; for each k € N.

This shows the uniqueness of this representation. d

Theorem 3.2 Letg = (1,1,1,1,...) and lim_, oohi(a, b) = . The set {g, g% (a, b),g(a, b), ...,
g®(a,b),...} is a Schauder basis for the space bZ’b(B(”’)) and every x € b?’h(B(m)) has a
unique representation by

x=lg+ Z[Ak(a, b) - l]g(k)(a, b). (3.2)
k

Proof Obviously, B*? (B(’”)gf (a,b)) =execand g € bf'b (B“). For x € bf'b (B™), we put
y=x—lgand we havey e bg’b(B(”’)). Hence, we deduce that y has a unique representation
by (3.1), which implies that x has a unique representation by (3.2). Thus, we complete the
proof. d

Corollary 3.3 The sequence spaces bg'b(B(”‘) ) and b (B™) are separable.

Page 6 of 11
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Kothe and Toeplitz [27] first computed the dual whose elements can be represented as
sequences and defined the «-dual (or Kéthe-Toeplitz dual). Next, we compute the «-,8-
and y -duals of the sequence spaces bg’b (B™), b (B™) and b%b(B™).

For the sequence spaces X and Y, define multiplier space M(X,Y) by

M(X,Y) = {u = (ux) € w:ux = (ugxy) € Y for all x = (xy) EX}.
Then the «-, 8- and y-duals of a sequence space X are defined by
X*=M(X,t), XP=M(X,c) and X" =M(X,lx),

respectively.
Let us give the following properties:

sup ank| < 00, (3.3)

supZ |ank| < 00, (3.4)

neN k

lim a,x =a; foreachkeN, (3.5)

n— o0

nlLrI;o Z“”'k =a, (3.6)
k

Tim > il = | tim angl,
k k
where T is the collection of all finite subsets of N.

Lemma 3.4 ([28]) Let A = (a,x) be an infinite matrix. Then the following statements hold:
(i) A€(co:21)=(c:41)=loo:£y) if and only if (3.3) holds.
(i) A € (co:c¢)ifand only if (3.4) and (3.5) hold.
(ii) A € (c:c)ifand only if (3.4), (3.5) and (3.6) hold.
(iv) A € (b : ) if and only if (3.5) and (3.7) hold.
(V) A€(co:loo)=(c:€oo) = (Loo : €oo) if and only if (3.4) holds.

Theorem 3.5 The a-dual of the spaces b&(B™), b®*(B™) and b%>(B"™) is the set

ek

ieK

¥

Proof Let u = (ux) € wand x = (x4) be defined by (2.3), then we have

LI“b :u (ux) ew: supZ

(="
pmrk—j

b7 (—ay " uy

k—j
wn- Y2 (") () o - @,
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for each k € N, where G** = ,’flb ) is defined by

wp | (@a+b) ijzl,(m;fj*l) () %b‘f(—a)j‘iuk if0<i<k,
8ki = e
ifi>k.
Therefore, we deduce that ux = (uxx;) € €1 whenever x € bg‘h(B(’”)), b2 (B™) or b (B™),
if and only if G*?y € £;, whenever y € ¢y, ¢ or £+,. This implies that u = (i) € [bg’b(B(m))]"‘,

[bf’b(B(m))]"‘ or [bg;)b(B(m))]"‘ if and only if G € (co:41), G*? € (c: £1) or G*P € (U0 : £1) by
Parts (i) of Lemma 3.4. So we obtain

u=(u) e [bg,b(B(m))]a _ [bf’b(B(m))]a _ [bgf(B(m))]a

if and only if

k g
, mak—j-1\ (j\ 7 . .,
b)’ b (~a) .
X (7)) () e

ieK L
Thus, we have [b5”(B")]® = [b#(B™)]* = [b%2(B")]* = UL, O

Now, we define the sets U5, U7, UL” and U” by

L[g'b = {u =(uy) € w:supz [t k] < oo},

neN P

L[;”b = {u = (ux) e w: lim u, exists for each k € N},
n—00

l

UZ’b = {u = () €w: lim Z |4, = Z‘ lim u, %
n— 00 k k n— 00

and

n—00

Ug’b = {u = (ux) € w: lim Z Unk exists},
k

where

Unj = (@ + D)~ (m " l _,j B 1) <j ) ()7 (—ay*(b)7u,.

_ pm+i—j
ppier i—j k

Theorem 3.6 We have the following relations:
(i) [B§" B = g’ N ug”,
(i) [p%(B™))F = U$? N UL’ nugt,
(i) [b%2(BY)]F = ULP nug”.
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Proof Let u = (ux) € w and x = (xx) be defined by (2.3), then we consider the following

equation:

K (mr k- j-1 (=s)k
> = S| D> () () S o
i=0

per k—-j

n n i L . i—j
et () (e

k=0 i=k j=k

= (uu’by)n’

where U%? = (uﬁi) is defined by

oo | @D T (MY (]) S cay b T 10 <k <,
nk = .
ifk>n.
Therefore, we deduce that ux = (u;x;) € ¢ whenever x € bg’b (B") if and only if U/*"y € ¢
whenever y € ¢g, which implies that u = (u) € [bg’b(B(’”))]ﬂ if and only if L/*" € (cy : ) by
Part (ii) of Lemma 3.4. So we obtain [bg’b (B]8 = ug"’ N L[?‘f‘b. Using Parts (iii), (iv) instead

of Part (ii) of Lemma 3.4, the proof can be completed in a similar way. g
Similarly, we give the following theorem without proof.

Theorem 3.7 The y-dual of the spaces bg’b(B('")), b%*(B") and b%P(B"™) is the set ng’b .

4 Certain matrix mappings on the space b%?(B™)

In this section, we characterize matrix transformations from b‘;”’ (B into £y, s and c.
Let us define the matrix ® = (,,x) via an infinite matrix A = (A,.x) by ® = A(B*?(B"))~1,
that is,

Qn,k = (6l + b)k Z (m T } 1) (k) (rmsjn:/ ( ﬂ)j_kb_j)&n,jr (4.1)

j=k n _]

where (B#?(B"))~! is the inverse of the B**(B")-transform. We now give the following

lemmas.

Lemma 4.1 Let Z be any given sequence space and the entries of the matrices A = (A,x)
and © = (0,.x) are connected with equation (4.1). If (A i)k € [bZ’b(B(”’))]ﬂfor alln € N, then
A€ (bf’b(B(’”)) :Z) ifand only if ® € (c: Z).

Proof Let A € (b?'b(B(’")) :Z) and y = (y,) € c. For every x = (x¢) € b?’b(B(’")), we have x; =
[(B“(BU)) 1y, ]1. Since (A )k € [b%*(BY)]P for all n € N, this implies the existence of the
A-transform of x, i.e. Ax exists. So we obtain Ax = A(B**(B"™))~1y = ®y, which implies
that ©® € (c: 2).

Conversely, let ® € (c: Z) and x € b (B™)). For every y € ¢, we have y, = [B** (B™x)],.
Since (A i)k € [b?'b (B")]# for all n € N, this implies that ®y exists, which can be proved
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in a similar way to the proof of Theorem 3.6. So we have ®y = ®B**(B"))x = Ax, which
shows that A € (bf’b (B Z2). (]

Lemma 4.2 ([28]) Let A = (a,x) be an infinite matrix. Then the following statement holds:
A€ (c:¥,) ifand only if

sup Z Zﬂn k

Kel' = kek

<oo, 1<p<oo. (4.2)

For brevity of notation, we write

bk = 61 + b Z Z (Wl +i _] 1) (;() imsgll_j( ﬂ)/_k(b)_jﬂn,/;

i=k j=k

k (ﬂ+b)kZZ(m+l_] 1) (I]<) (mSJr);_]( a)] k(b) ]ﬂnj

i=k j=k

forallm,k e N.
By using Lemma 4.1, there are some immediate consequences with ¢, or ti:,k in place
of a, ; in Lemma 3.4 and Lemma 4.2.

Theorem 4.3 A € (b*2(B™) : ¢,,) if and only if

SIS |

sup <00, (4.3)

Ker i

Lok exists for each k,n e N, (4.4)

Z tux converges foreach n € N, (4.5)
k

sup Z‘ti,J <oo, meNlN. (4.6)

le

Theorem 4.4 A € (b%(B"™): €y.) if and only if (4.4) and (4.6) hold, and

supZ [t k] < 00. (4.7)
neN k

Theorem 4.5 A € (b?'b(B(”‘)) :¢) if and only if (4.4), (4.6) and (4.7) hold, and

lim t,; exists for each k € N, (4.8)

n— o0

nlgrgo Z Lok  exists. (4.9)
k

5 Conclusion

By considering the definitions of the binomial matrix B** = (b i) and the difference op-
erator, we introduce the sequence spaces by b(Bm), b% (B and b‘o’o” (B™). These spaces
are the natural continuation of [18, 23—25]. Our results are the generalization of the matrix
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domain of the Euler matrix. In order to give full knowledge to the reader on related topics
with applications and a possible line of further investigation, the e-book [29] is added to
the list of references.
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